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1. Introduction

The study of the QCD phase diagram started even before the discdeeynoptotic freedom.
One early question was the high-temperature fate of a gas of hadronswétieaincreasing den-
sity of states. After the advent of QCD, important developments in our stadeting of thermal
field theory took place. The motivation was, and to a large extent still is, eailgrse cosmology,
since for a time on the order of the microsecond the temperature was highrefuouhe elemen-
tary degrees of freedom of QCD to be in a deconfined state. Experimenltalgccess to such
extreme conditions of temperature is possible through heavy-ion collisiessf@s instance the
overview given by J.-P. Blaizot in these proceedings). Since an eXyelylgamical system is cre-
ated in these collisions, making contact with the equilibrium properties of fimieeeature QCD
is a non-trivial task which motivates in turn that a robust control overetipesperties be reached
computationally. The leading ab-initio computational method to achieve this goad igldmte-
Carlo importance sampling of the lattice-regularized QCD path integral. Areg¢eldiguess for the
equation of state could be made by the early eighties (see for insfgndatitli)was impossible to
infer the order of the QCD transition (1st order, 2nd order or craa3dased on general arguments,
and showing convincingly that it is a crossover is a unique achievemédattioe QCD [2[B[}].

In this review for non-experts we consider the phase diagram as &duoraf temperature
and baryon chemical potential (sg¢ [5] for an introduction to the subjéctiepresentation of
our current knowledge of the QCD phase diagifamm lattice simulationss displayed in Fig[]1.
First, at vanishing chemical potential the transition from the low-temperdbadronic phase to
the high-temperature, deconfined and chirally symmetric phase, is aveo§8d3,[}#]. Second,
the transition temperatui® is only weakly dependent on the chemical potenfig]][6, 7]. As a rule of
thumb, to lowerT; by 10MeV, the chemical potential must be turned up to half the nucleon mass.
Furthermore, it has been shown that the width of the transition is initially onlklyependent
on the chemical potentidl][6] (see SEk. 3). What happens bey®rd500MeV remains, however,
uncertain, due to the limitation of the current Monte-Carlo methods.

2. Static quantitiesat ug =0

The thermodynamic properties of QCD have been calculated with diffeténelactions. The
most commonly used action, with so far the most complete results, is the rootgdrstdgormu-
lation of lattice QCD. Even within this formulation, a lot of freedom remains to cotafylspecify
the action. The most recently used actions are the ‘stout’ adfion [8] andHiI$®" action [9].
Typical criteria used to optimize the choice of action are the requirementaifttnaum-like dis-
persion relation and small mass splittings among the sixteen pseudoscalas.blateed, in the
hadronic phase the latter turn out to be the dominant source of discretieatas on the static
guantities. At this point, good agreement has been reached betweendhpeBt+Wuppertal and
the hotQCD collaborations, in particular for the renormalized Polyakov lodgte quark number
susceptibilities[[8]]9].

The WHOT collaboration obtained results with @p{mproved) Wilson fermions using the so-
called fixed-scale approach, which means that the temperature is vardbdibging\; [LQ]. This
has the significant advantage that the bare parameters of the theoriyrdgeddo be tuned to yield
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Figure 1: Status of our knowledge of the phase diagram at smaftom lattice QCD. For comparison the
freezeout curve determined in heavy ion collisions is diedcas well.

a ‘line of constant physics’ where the renormalized quark masses préied in physical units.
In this approach the discretization errors behave radically differenty biecome large at high
temperatures, whel, is no longer large enough. This also makes the approach complementary to
the fixedN; method that has been pursued with the staggered formulation. The regaltediso
far are not competitive yet from the point of view of statistical accurbay,it should be pointed
out that in these calculatiom$ > 12 in the hadronic phase.

Although computationally more expensive, domain wall fermions have thengaty@ over
Wilson fermions that the lines of constant physics are easier to determinba@ndthcilitate the
computation of certain chiral observables. [11] for a recentlatimu

Since the QCD transition is a crossover, different definitions of the transiémperature
can lead to different results. The Budapest-Wuppertal collaboratitainsh from the peak of the
chiral susceptibilityxgy /T4, Tc = 147(2)(3)MeV, and from the inflection point afng(gy) /mtk,
Te = 1553)(3)MeV [B]. The hotQCD collaboration proceeds by performing an O(4)rsgdit to
the chiral condensate and chiral susceptibility and obf&irs (154+9)MeV [A].

Let
f(T. &) 1 . o
T4 = _VT3 IOgZ(VJ—aN)a U= (“B>HS> IJQ) (21)

be the free energy in the presence of baryon, strangeness anételkatge chemical potentials.
Recently, the quark number susceptibilities, for instance
o3

X (2.2)
for strangeness, have been investigated in detail with an eye on systefieatis. eThese observ-
ables are expected to change substantially when the parton degressduifr deconfine, because
at sufficiently high temperature the quark flavor quantum number is cédayigdark quasiparticles
rather than by hadronic quasiparticles. Ffg. (2) displays the threeptilslites obtained by two
independent lattice collaboratiorj$ [B, 9]. Their results are in good agneeand they provide good
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Figure 2: Top: baryon number susceptibility. Middle: strangenesseptibility. Bottom: electric charge
susceptibility. The left plots are taken frorﬂ [9] (hotQCDllaboration) and the right plots fronﬂ[S]
(Budapest-Wuppertal collaboration).



QCD at Finite Density and Temperature Harvey B. Meyer

evidence that discretization errors are under control in the crosseg®n. The baryon number
susceptibility is at the same time the first non-trivial Taylor coefficient in thEaegion of the free
energy in the baryon chemical potential (see next section).

The electric charge fluctuations have a relatively precocious inflection amund 155MeV.
One notices that the inflection point of the strangeness susceptibility is |cdased 15MeV above
that value. A recent calculation of the charm fluctuations presented Bgatil.at this conference
indicates that the charm susceptibility rises much later. Finally, the expectalios of the renor-
malized Polyakov loop, which measures the free energy of a static queglarhinflection point
around 200MeV[K]. Thus it appears that the heavier the carrier dithdamental color charge,
the later its properties go over to their high-temperature behavior.

2.1 Comparison with the hadron resonance gas model (HRG)

—

Consider an ideal gas of hadrons with the free end(@y[l) = ¥icspeciesli(T, H),

(T, i d MZ 2
(T4u) _ _ﬁﬁ Z k+12:<K2 (KMi/T), z = exp(Bits + Qitq + SHs)/T].

The upper sign corresponds to mesons and the lower sign to baryord; snthe multiplicity
factor. Although most hadrons are unstable, it has been shown a long gionff2 [IP] that if
hadron interactions proceed dominantly through resonant scatteringppispriate to sum over
those states that have a width< T.

The predictions of the HRG model for quark number susceptibilities are aehpathe lattice
QCD results in Fig.[{2). They compare quite well for the strangenessamdisusceptibilities up
to T ~ 150MeV. As for the electric charge susceptibility, the agreement is cleadygleod. Part of
the discrepancy is thought to be a lattice artifact related to the mass splittings pgetidoscalar
bosons in the staggered lattice action. Finer lattice spacings and high statistieseded to test
the HRG model at low temperatures.

3. Topology of the QCD phase diagram

Returning to Fig. [{1), one central question in the field is to establish whethetdhe QCD
transition becomes a sharp phase transition at some finite valug. ddue to the sign problem
encountered at finite baryon chemical potential, this question is difficult $wvemnusing lattice
QCD methods. The commonly used methods are reweighfinp ([14]] $eeflb{ifscussion of the
method), Taylor expansiofi [ILB,]17] and analytic continuation from imagioaemical potential
(see [¥] for a review). The basic idea behind the Taylor expansion meshibat if the Taylor
coefficients of the free energy all have the same sign, then the radiosndrgence is on the real
Ug axis and can be determined from the asymptotic ratio of two successifeimras. Since only
the first few terms can be calculated in practice (at m@t it is hardly possible to prove the
existence of a singularity of the partition function in this way. The questiorwfinany terms are
necessary to locate the critical point has been investigated in toy mpddl€[1&here simulations
at the critical point are possible and the results can be checked.

One question that can be addressed reliably in lattice QCD is whether thigidramstially
becomes narrower or broader as one moves away from the vertical axis
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Figure 3: Two scenarios for the quark mass dependence of the ordee Q@D phase transition gig = 0.

3.1 TheQCD transition at small ug

The behavior of the pseudocritical line in thys, T) plane can be probed on the basis of the
following considerationg]J6]. One chooses a physical observafieus) (for instance, the chiral
condensate) and considers the differential in terms of Thg3) variables,

A )

2
aT 2 At

do =
If the crossover curve is defined lp/taking a certain specific value (one could think of other
criteria), then the change of the pseudocritical temperature is given by

dTe 00/dug

dué — ( C) ( ) a(p/d-l-( Us )

To probe theug-dependence of the width of the crossover, definetivby %%IT:TC, Endrodi et

al. use the relation )

T2o0W _,[0R

L =T = | (T=T).
In the case wher@ is the chiral condensate, they find for this quantitQ3D(18). This result
suggests a very slight broadening of the transition. The main point is thah#rical potential
has initially little effect on either the transition temperature or the width of the ovess

3.2 Dependence of the phase diagram on the quark masses

The order of the QCD phase transition as a function ofutfiequark mass and the strange
quark mass is summarized in the ‘Columbia plot’ displayed in K]g. (3). In thedstah scenario
(on the left), there is a tricritical point in the strange quark mass. The ¢haraition in two-flavor
QCD (i.e. whemms — ) is second order and in the O(4) universality class. An alternativeasicen
is that there is no critical point img, instead the second-order transition line (in the Z(2) class)
extends all the way tog = «. The chiral transition ilNt = 2 QCD is then of first order. Which of
these scenarios is realized is under active investigafiqr] [2(, P[L,]225@8[2}4] and Refs. therein
for the potential role of the effective restoration of thél), symmetry aroundc.
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4. Conclusion and outlook

It is by now well-established that the QCD transition is a crossover. Thaldnénsition
takes place somewhat before the partonic degrees of freedom areldatyfined. Calculations
of equilibrium properties atig = O are at quite an advanced stage and the systematic errors are
being reduced. An achievable goal in the near future is to compute t@agtar coefficients of
the free energy expanded in powergugfwith controlled uncertainties. Computational methods to
investigate the phase diagram at larger baryon chemical potdniial [\Ibas reliable methods
to extract dynamical propertieg [25] 26] (spectral functions and iticodar transport properties)
need to be further developed.
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