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We propose a practical way of circumventing the sign problem in lattice QCD simulations with

a theta-vacuum term. This method is the reweighting method for the QCD Lagrangian after the
SUx(3) ®Ua(1) transformation. In the Lagrangian, tReodd mass term as a cause of the sign
problem is minimized. Additionally, we investigate theta-vacuum effects on the QCD phase dia-
gram for the realistic 2+1 flavor system, using the three-flavor Polyakov-extended Nambu-Jona-
Lasinio (PNJL) model and the entanglement PNJL model as an extension of the PNJL model. The
theta-vacuum effects make the chiral transition sharper. We finally investigate theta dependence
of the transition temperature and compare with the result of the pure gauge lattice simulation with
imaginary theta parameter.
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1. Introduction

The existence of instanton solution requires the QCD Lagrangian with the theta vacuum:
_ 1 1

in Euclidean spacetime. Though the an@lean take any arbitrary value theoretically, experimental
measurements of neutron dipole moment give the upper limit of thétas 10~°[1 B]. Why
should8 be so small? This long-standing puzzle is called the st@agroblem.

Since the upper limitis determined only at zero temperature, the behavior is nontrivial for finite
temperature. Hence the first-principle lattice simulation is needed, but it has the sign problem for
finite O, since the action is complex there. For this reason the lattice simulation is only performed
by Taylor expansion arounl= 0 or analytic continuation from the imaginafyregion where the
action is realf. On the other hand, after makitu (1) transformation

ive 6
g=e"2q, (1.2)

6 dependence appears only through the mass term
m¢ (8) = ms cog6/Ns) +meiysSin(8/Ny). (1.3)

in the transformed Lagrangian
_ 1

TheP-odd mass term includinigs makes the fermion determinant complex.
We propose the following approach in order to circumvent this sign proBlerRerforming
SUxr(3) ®Ua(1) transformation,

a=e"iq), qu=e%iq], g=qy, (1.5)
one can find that Lagrangiafl.() becomes the following form
7=y GO+ 2o, (L.6)
() = YDy +m cog0/2) +miyssin(6/2), (1.7)
Ms = YyDy +Ms. (1.8)

Here 8 dependence appears only in the light-quark-mass term and the sign problem is induced by
the P-odd term. However, the scale of ttifsodd term is much smaller thakgcp and hence this

term is expected to be negligible. If tReodd mass term is neglected in the reference theory of the
reweighting method, the expectation value of operétas obtained as

(6) = / A 6 (det'(6))det e, (1.9)

A4,'(0) = Dy +mcog6/2), (1.10)
, _ (det(6))?

0 = O @) (1.11)
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with the gluon par&, of the QCD action. If this reference system is good, we can ex@éct &
and calculaté &) with good accuracy.

In order to justify our proposal, we use effective models and investigate vacuum condensates.
First, we compare two results with and without fi@dd mass term and examine the effect of the
neglect. Secondary, we investigate the phase structure ié-thq: space and dependence of
transition temperatures. This work is mainly based on the BEf. [

2. Model setting

We use the three-flavor Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model

8
Z = Qt(WDy + Mt — yaf1)qs — Gs % [(@\aQ)z"‘ (quSAaQ)Z}

a=

+Gp [dewt (1 y5)dr +dets (1+ 6)qp | + % (T, P[A], @*[A]), (2.1)

whereD, = d, —id,4A4 and the Gell-Mann matricek, act on the flavor space. The three-flavor
quark fieldsg = (qu,q4,0s) have masses;"= diag(my, myq, ms), and the chemical potential matrix

[ = diag(u, pu, 1) is defined with the quark-number chemical potential Parameter$s and

Gp denote coupling constants of the scalar-type four-quark and the Kobayashi-Maskawa-'t Hooft
(KMT) determinant interactior, [g], respectively, where the determinant runs in the flavor space.
The KMT determinant interaction breaks tbig(1) symmetry explicitly. We use the Polyakov
potentialZ of Ref. [1:

2

a(T) = a0+ G") +a2(§°)2, b(T) :bsG")g, (2.3)

as a function of the traced Polyakov-lodp
The four-quark verteGs is originated in a one-gluon exchange between quarks and its higher-
order diagrams hence ti@&; can depend o. We simply assume the following form f@s [8]:

%(T@[TAJ@* A) _ [_amqa*qa+ b(T)In (1— 60* P + 4(° + &) 3(¢*¢)2)] ,(2.2)

Gs — Gg(P) = Gs [1— a1 P* D — ap (D3 + *3)] (2.4)

which preserves the chiral symmetry, the charge conjuga@dmsy¥mmetry and the extendety
symmetry[B]. The effective verteXGs is called the entanglement vertex and the PNJL model with
this vertex is the EPNJL model. Itis expected that dependen@e will be determined in future by
the accurate method such as the exact renormalization group nfEBHRE[IZ. The parameters
a; and ay are fitted to(ai, a2) = (0.25,0.1), to reproduce the result of degenerate three-flavor
LQCD with imaginary chemical potentillg].

The EPNJL model has good consistency with lattice results. For the transition temperature,
the PNJL model is good for the deconfinement transition but overestimates the lattice data for the
chiral transition. However the EPNJL model well reproduces both of the lattice data. Additionally,
properties of QCD in the pure imaginary potential region are important. In this region, it has a
periodicity in Im(u)/T called the Roberge-Weiss (RW) periodidi]. The PNJL and EPNJL
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models also have the periodicity. At boundaries of the RW period, there is a critical point called
the RW endpoint. Recently, quark-mass dependence of this endpoint was investigated by lattice
simulationd[5, [I§. The EPNJL model is successful in reproducing the LQCD result, while the
PNJL model cannot reproduce this propdIfj[

6 dependence of the EPNJL model is introduced through the KMT interaction:

8
Z = Qi (WDy + Mt — ysf1)qs — Gs(P) % [(q]aQ)z‘f’ (C_IiVS/\aQ)Z]

a=
+Go |€°detit (1 - y6)dr + € *detis (1+ y)ar | + % (T, P, @[A)).  (25)
Performing the chiral transformatiofilLg), one can get
8

Z = q{(WDy +mi(0) — yaft)q¢ — Gs(®) ZO [(0'2a9")% + (q"iysAaq )]

a=

+Gp [detif (1 ys)ay, +detf (1+ ys)ar ] + % (T, ®[A], @"[A)), (2.6)
m(6) = mcog60/2)+miysin(8/2), (2.7)
mg(6) = me. (2.8)

Here 6 dependence appears only in the mass term for light quarks.Pidus term has a much
smaller scale thanqcp.
SinceP symmetry is broken at finit@, we consideP-even andP-odd condensates,

of = (g7ay) (2.9)
Ny = (afiysay) (2.10)

with f =1,sand assume isospin symmetey,(= o/ = g,,n,/ = n{ = n,’). The vacuum conden-
sateX = g{,n{,® and®* are determined by the stationary conditions

29 _
oxX

whereQ is thermodynamic potential calculated with the mean field approximation.

0, (2.11)

3. Numerical results

Figure[llshowsO dependence of condensate§ at u = 0. Since® = 0 at zero temperature,
the PNJL and EPNJL models give the same result as each other. Ifilidp.theP-odd mass
is taken into account. Solid and dashed lines showPHewen condensates for light and strange
guarks, while dotted and dot-dashed lines correspond tB-theéd condensates. SinBeodd con-
densates are much smaller tHareven condensateB;odd mass is expected to be negligible for
this case. In Figl(b), theP-odd mass term is neglectelékodd condensateg)(, ns') become zero,
but P-even condensatesj(, o5') are not affected by the neglect. Therefore it is expected that vacua
with and without theP-odd mass term are similar to each other and the reweighting md&id (
works well.

Figurel2 show phase diagrams in tAeu plane as a function of obtained by (a)the PNJL
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Figure 1: 8 dependence of the order parameter§ at 4 = 0 in the EPNJL model. Panel (a) shows a result
with theP-odd mass and panel (b) corresponds to a result withouR-ihdd mass.
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Figure 2: Phase diagram of the chiral transition in thef-T space. Panel (a) shows a result of the PNJL
model and panel (b) corresponds to a result of the EPNJL model.

and (b)the EPNJL model. Solid lines show the first order chiral transition and dashed lines corre-
spond to the chiral crossover. Hence, point A is a critical endpoiét=a0. The endpoint slightly
moves to smallept and highefT when@8 is increased from O tar. In the PNJL model, the critical
endpoint does not disappear even o= 1. However, for the EPNJL model, this movement is
much faster and there is no critical endpoint at lafgerhis means a possibility that the cosmic
evolution is changed at QCD epoch by the first order transitiéhisflarge.

Figureld shows8 dependence of transition temperaturegiat 0. Dashed and dotted lines
show EPNJL model results for the deconfinement and the chiral transition temperature, respec-
tively. Solid line shows a result of lattice simulatid8ps[

= 1-Rg0%+0(6%), (3.1)
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Figure 3: 6 dependence of transition temperaturegiat 0. The solid line shows the lattice result for
the deconfinement transiti@[ Dashed (dotted) lines correspond to result of the EPNJL model for the
deconfinement (chiral) transitions.

Re = 0.01757). (3.2)

The coefficientRg has been determined by lattice simulations of pure Yang-Mills theory with
imaginary 6 parameter, and the constaitO) is fixed to that of EPNJL model. Compared with
the lattice resultf dependence of model result is much smaller. This result shows that lattice
simulations with dynamical quarks are crucial for theta vacuum effects.

4. Summary

The QCD Lagrangian witl® vacuum has the sign problem because of the topological term.
This term can be vanished by the chiral transformatfd@)( but the transformed Lagrangian
has theta dependence in its light-quark mass terms. Using the fact thBtdtié mass has a
much smaller scale thalgcp, we have proposed a way of circumventing the sign problem. The
reweighting method defined b§.8) may allow us to do LQCD calculations and get definite results
on dynamics oB vacuum.

Furthermore, we have investigated effects of the theta vacuum on the phase diagram for the
realistic 2 + 1 flavor system, using the three-flavor PNJL and EPNJL models. Particularly in the
EPNJL model that is more reliable than the PNJL model, the transition becomes first-order even at
6 = 0 when@ is large. This result is important. If the chiral transition becomes first orgea0,
it will change the scenario of cosmological evolution. For example, the first-order transition allows
us to think the inhomogeneous Big-Bang nucleosynthesis model or a new scenario of baryogenesis.
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