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1. Introduction

Investigations of the baryon-baryon (BB) interactions are truly crucial for the deeper under-
standing of atomic nuclei, structure of neutron stars and supernova explosions. So far, it has
not been succeeded to deduce nuclear force from fundamental theory, quantum chromo-dynamics
(QCD). A series of investigations by HAL QCD collaboration [1, 2, 3, 4, 5, 6, 7, 9, 8] changes this
situation and enables us to determineBB potentials from lattice QCD Since potentials obtained in
our method are faithful to the scattering phase shifts, the method would potentially be a comple-
ment to baryon-baryon scattering experiments.

An extension of the HAL QCD method to the coupled channel formalism is indispensable to
investigate a two-baryon systems with strangeness. Especially for the case of strangenessS= −2
system with isospinI = 0, energy levels ofΛΛ, NΞ and ΣΣ are very close and a ground state
saturation is not expected. The extension could enable us to explore theBB potential in such
system and then allow us to see the fate of the H-dibaryon at the physical quark masses with the
(large) SU(3) breaking. It would also give us a chance to reveal the roles of quarks in baryons
based on QCD because the short range repulsion in nuclear force are originated by the quark Pauli
effect in two baryons [10].

Using the potentials derived from our method, it is interesting to seek a possibility for an
existence of a bound state in two-baryon systems other than the deutron, especially in strange sector.
In the flavor SU(3) symmetric world simulated by lattice QCD, the investigation by our method
indicates an existence of the bound state in the flavor singlet channel with strangenessS= −2
[11, 12], which correponds to the H-dibaryon state, predicted by R. L. Jaffe [13]. Even if the small
SU(3) breaking effect is introduced, by applying the conventional Lüscher formula, it is shown that
theH-dibaryon state exists with the binding energy of about 14 MeV atmπ ∼ 389MeV[14].

The paper is organized as follows. First, We briefly show the extension procedure of HAL
QCD method to the coupled channel formalism in Sect. 2. Setups of our numerical simulations
are given in Sect. 3. The results of hyperonic potentials are presented in Sect. 4 Conclusions and
outlook are given in Sect. 5.

2. Coupled channel formalism

The (equal time) NBS wave function is defined with local composite operators for a baryon,
B(⃗x) = εabc(qT

a (⃗x)Cγ5qb(⃗x))qc(⃗x) omitting a flavor structures for simplicity, as

ψB1B2 (⃗r,E) = ∑⃗
x

⟨0 | B1(⃗x+ r⃗)B2(⃗x) | E⟩, (2.1)

which is embeded in theR-correlator given by

RB1B2
I (t ,⃗ r) = ∑⃗

x

⟨0 | B1(t, x⃗+ r⃗)B2(t, x⃗)Ī (0) | 0⟩
e−(m1+m2)t

∝ AEψB1B2 (⃗r,E)e−Ẽt (2.2)

for a moderate value oft, whereAE = ⟨E | Ī (0) | 0⟩ andI (t) is a optimized source operator,
which creates the eigenstate of the energyE with a baryon numberB= 2. Assuming the flavors of
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quark asu for "up", d for "down" ands for "strange", the flavor structure for baryons are defined as

(S= 0, I = 1/2) : p= udu n= udd

(S= 1, I = 1) : Σ+ =−usu Σ0 =−(dsu+usd)/
√

2 Σ− =−dsd (2.3)

(S= 1, I = 0) : Λ =−(dsu+sud−2uds)/
√

6

(S= 2, I = 1/2) : Ξ0 = sus Ξ− = sds.

Once the energyE is determined, the asymptotic momentump in center-of-mass (CM) frame is
defined through

E =
√

m2
1+ p2+

√
m2

2+ p2 (2.4)

and theẼ is defined as̃E ≡ E−m1−m2.
The most general form of the Schrödinger equation for wave functionΨ(⃗r,E) is given by

using a reduced massµ and an asymptotic momentump in CM frame as,[
p2

2µ
−H0

]
Ψ(⃗r,E) =

∫
d3r⃗ ′U (⃗r ,⃗ r ′)Ψ(⃗r ′,E) (2.5)

whereH0 is the free Hamiltonian,U (⃗r ,⃗ r ′) is an energy independent non-local potential [2]. The
derivative expansion is performed to handle the non-locality of potential asU (⃗r ,⃗ r ′) = (VLO +

VNLO+ · · ·)δ (⃗r − r⃗ ′), whereNnLO term is of O(⃗∇n). At low energies, efficiency of derivative
expansion was confirmed in Ref. [6].

Now we assume that the total wave functionΨ(⃗r,E) contains two independent channels, de-
noted byα andβ . The eq. (2.5) can be written as the coupled channel form of Schrödinger equation
at the leading order of the derivative expansion for the non-local potential,

(
p2

α
2µα

+ ∇2

2µα

)
ψα (⃗r,E)(

p2
β

2µβ
+ ∇2

2µβ

)
ψβ (⃗r,E)

=

Vα
α (⃗r) Vα

β (⃗r)

Vβ
α (⃗r) Vβ

β (⃗r)

ψα (⃗r,E)

ψβ (⃗r,E)

 . (2.6)

Combining another coupled channel equation with different energy, we can derive the potential
matrix by inverting the equation. This is an extension of the HAL QCD method to the coupled
channel formalism [15].

Further improvement has been proposed in [16] that potential is extracted without assuming a
single channel saturation. Using the non-relativistic expansion thatE−m1−m2 ≃ p2/2µ, we can
easily obtain the kinetic energy term by the time derivative of theR-correlator as

− ∂
∂ t

RB1B2
I (t ,⃗ r)≃ p2

2µ
AEψB1B2 (⃗r,E)e−(E−m1−m2)t . (2.7)

Taking into account the improvement for eq. (2.6), we therefore obtain the coupled channel Schrödinger
equation given in terms of theR-correlators combining with differentI ’s (energies) as(

Vα
α (⃗r) Vα

β (⃗r)x
Vβ

α (⃗r)x−1 Vβ
β (⃗r)

)

=

 ( ∇2

2µα
− ∂

∂ t )R
α
I1
(t ,⃗ r) ( ∇2

2µβ
− ∂

∂ t )R
β
I1
(t ,⃗ r)

( ∇2

2µα
− ∂

∂ t )R
α
I2
(t ,⃗ r) ( ∇2

2µβ
− ∂

∂ t )R
β
I2
(t ,⃗ r)

(Rα
I1
(t ,⃗ r) Rα

I2
(t ,⃗ r)

Rβ
I1
(t ,⃗ r) Rβ

I2
(t ,⃗ r)

)−1

(2.8)

wherex≡ exp(−(mβ1
+mβ2

)t)/exp(−(mα1 +mα2)t).
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Table 1: Summary table of gauge ensembles and hadron masses in unit of MeV.

κud κs π K N Λ Σ Ξ

Esb1 0.13700 0.13640 701(1) 789(1) 1585(5) 1644(5) 1660(4) 1710(5)
Esb2 0.13727 0.13640 570(1) 713(1) 1411(12) 1504(10) 1531(11) 1610(9)
Esb3 0.13754 0.13640 411(2) 635(2) 1215(12) 1351(8) 1400(10) 1503(7)

3. Numerical simulations

In the calculation we employ 2+1-flavor full QCD gauge configurations from Japan Lattice
Data Grid(JLDG)/International Lattice Data Grid(ILDG) [17]. The PACS-CS Collaboration gener-
atedL3×T = 323×64 lattice with a renormalization-group improved gauge action atβ = 6/g2 =

1.90 and a non-perturbativelyO(a) improved clover quark action withCSW = 1.715, correspond-
ing to lattice spacings ofa= 0.091 fm (a−1 = 2.176 GeV) [18]. The spacial size of them is about
(2.9 fm)3 in physical unit. In order to investigate quark mass dependences ofBB interaction, three
sets of hopping parameters for theu andd quark masses with fixeds-quark mass (κs = 0.13640)
are considered named as Esb1, Esb2 and Esb3 respectively corresponging tomπ ≃ 700,570 and
410MeV, given in Table1.

Quark propagators are calculated with the spatial wall source att = 0 with the Dirichlet bound-
ary condition in temporal direction att = 32+ t0 which rules out an opposite propagation of two
baryons in temporal direction. The wall source is placed at 16 different time slices on each of
different gauge configuration ensembles, in order to enhance the signals, together with the average
over forward and backward propagations in time. An average over the cubic group is taken for the
sink operator, in order to obtain the S-wave in theBBwave function.

4. Results and discussions

We consider the potential matrix in the1S0 andI = 0 channel, in which theH dibaryon state
appears if it exists. First, we look at the diagonal components of potential matrix shown in up-
per three panels of Fig.1. All of them have a repulsive core at short distance. The strength of
the repulsion in each channel, however, varies, reflecting properties of its main component in the
irreducible representation of the flavor SU(3): The diagonal potential in theΣΣ channel, whose
main component is the symmetric-octet in SU(3), is most repulsive, since the symmetric-octet has
the strongest repulsion at all distances in the SU(3) limit [4] and this property holds even with
the SU(3) breaking. On the other hand, diagonal potentials inNΞ andΛΛ channels has not only
a repulsion at short distance but also an attraction at medium distance, due to a mixture between
the repulsive symmetric-octet potential and the attractive flavor singlet potential [4]. We can see
a growth of short range repulsion as decreasing ofu andd quark masses but there are no clear
enhancement at long distances.

Next, we see the off-diagonal components of potential matrix shown in lower three panels of
Fig. 1. Comparing these three transition potentials, theΛΛ - NΞ transition potential is smaller
than other transition potentials. Therefore, theNΞ to ΛΛ decay rate is expected to be relatively
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Figure 1: Potentials in1S0 with S=−2 andI = 0 in particle basis. Upper three panels are diagonal parts of
potential matrix. Lower three panels are off-diagonal ones. Red, blue and green symbols stand for the result
with Esb1, 2 and 3, respectively.
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Figure 2: Potentials in1S0 with S= −2 andI = 0 in SU(3) irrep basis. Upper three panels are diagonal
parts of potential matrix. Lower three panels are off-diagonal ones. Red, blue and green symbols stand for
the result with Esb1, 2 and 3, respectively.

suppressed. This property could favor a formation and an observation of theΞ hypernuclei in ex-
periments. Reduction of light flavoredu andd quark masses leads to an enhancement of transition
potentials especially in short distances.

The potentials are easily transformed from baryon basis to SU(3) irreducible representation
(irrep) basis by using Clebsh-Gordan coefficients. It is instructive to see the potentials in irrep
basis because they clearly show an essence ofBB interactions. Fig.2 shows the potentials in1S0

with S= −2 andI = 0 in SU(3) irrep bases. As is expected from Ref. [4], we can see strongly
attractive potential for flavor singlet state and repulsive potential for octet state. For bothV1−1 and
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Figure 3: Preliminary results ofΛΛ andNΞ phase shifts for Esb1, 2 and 3 respectively from left to right.
Solid line stands for theδΛΛ and Dotted line for theδNΞ. Blue color means the calculation turning off the off-
diagonal parts of potential matrix in irrep basis. Red color indicates the full culculation in our formulation.

V8−8 potentials, strength of them are gradually increased with decreasing quark masses. For the
case ofV27−27, we can see the similar shape of potential to nuclear force. Short range parts of
potentials are increased as the mass difference betweenud ands quarks become larger. However
we can not find clear enhancements at long distances of potentials.

Transition potentials between different irreps are presented in lower three panels in Fig.2 and
they could be an effective measure for the SU(3) breaking effects because it does not exist if the
flavor symmetry is exact. As it is expected, they are slightly enhanced as increasing the quark mass
difference between light and strange quark masses. This result tells us that the symmetry breaking
effects are not so large compared to the diagonal potentials.

Using the potentials, theΛΛ andNΞ phase shifts are calculated, given in Fig.3. In these
figures, we performed two ways of calculations which are done with (w/) off-diagonal potentials in
irrep basis and without (w/o) them. Comparing these two calculations, SU(3) breaking effects in
BB potential is not negligible but it shifts only a few MeV of the energy of H-dibaryon. In Fig.3,
we can see the clear resonance shape in their phase shifts for Esb2 and 3. For Esb1, there is bound
state belowΛΛ threshold. Thus the binding energy of H-dibaryon fromNΞ threshold is getting
smaller as decreasing of quark masses, and finally it becomes resonance state as a result of going
through theΛΛ threshold.

5. Conclusions and Outlook

We have investigated theS= −2 BB potentials from 2+ 1 flavor lattice QCD by consider-
ing theΛΛ, NΞ andΣΣ coupled channels. In this work, we can confirm that HAL QCD method
is successfully extend to the coupled channel systems [15, 16]. Combining the coupled channel
formalism with the time-dependent Schrödinger type equation [16], we can get rid of ambiguities
of potential. We have found that potentials in particle basis with the SU(3) breaking have similar
properties to those of unitary rotatedBB potentials in SU(3) limit [4]. In our preliminary calcula-
tions, we found that the bound H-dibaryon near SU(3) symmetry point tends to be a resonance as
the SU(3) breaking is getting larger.

In future investigations, we will calculate for lighter quark masses towards the physical point
with larger SU(3) breaking effects to trace the fate of H-dibaryon in the real world.
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