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1. Introduction

Recently, many charmonium- and bottomonium-like resonances which are so-called XY Z [1]
and YbZb [2, 3] resonances have been reported in several high-energy experiments. Among them,
some resonances are observed near two-particle thresholds, and their widths are quite narrow al-
though masses of such resonances are much higher than the DD̄ threshold. In year 2009, the
Y (4140) resonance has been reported by the CDF collaboration [4]. The signal is observed in the
invariant mass of the J/ψφ pairs of the decay B+ → J/ψφK+ from pp̄ collisions at

√
s = 1.96

TeV. Observed mass and width are 4143.4+2.9
−3.0 ± 0.6 MeV and 15.3−10.4

−6.1 ± 2.5 MeV, respectively.
In particular, the width is very narrow as compared to typical hadron resonances. This observation
suggests that the Y (4140) scarcely couples to open charm channels such as DD̄ and also D+

s D−
s .

On the other hand, the Belle and LHCb collaborations have not yet found the Y (4140) in their ex-
periments [5, 6]. Although the Y (4140) might have very interesting properties, its existence is still
controversial experimentally. In this study, we investigate the low-energy J/ψ-φ scattering using
lattice QCD and try to give a new insight of the Y (4140) resonance.

In order to investigate the low-energy hadron-hadron scattering and also search for narrow
resonance, we apply an idea of twisted boundary conditions to the Lüscher’s finite size method as
originally proposed by Bedaque [7]. Since the twisted boundary conditions allow us to evaluate
scattering phase shifts of the two-particle system at any small value of the relative momentum even
in a finite box, detailed information of the low-energy interaction, which is described by the lower
partial-wave phase shifts, such as the S-wave and P-wave phase shifts, at low energies, can be
obtained through extended finite size method for the twisted boundary conditions.

2. Formalism

First of all, we introduce the twisted boundary condition, which is given as [7]

ψ(x+ L⃗εi) = eiθiψ(x) (i = x,y,z), (2.1)

where the angle variable θ is called the twist angle. ψ stands for either elementary or composite
field operators. Eq. (2.1) provides the quantization condition on the three-momentum for the non-
interacting case:

pi =
2π
L

(
ni +

θi

2π

)
(i = x,y,z). (2.2)

Taking an advantage of the twisted boundary condition, we can, in principle, access finite, but
arbitrary small momenta even in a single finite box through the variation of the twist angle. This
technique is widely used in several lattice analyses [8, 9, 10].

Next, we consider the finite size formula with the twisted boundary conditions. In this study,
we only consider the center of mass (CM) system with zero total momentum P⃗ = 0. When θ⃗ = 0,
the cubic symmetry is surely satisfied in the system, and we then can apply the original Lüscher’s
finite size formula [11]

cotδ0(k) =
1

π3/2q
Z00(1;q2). (2.3)
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twist angle vector (0,0,θ) (θ ,θ ,0) (θ ,θ ,θ)
symmetry C4v C2v C3v

M θ⃗
SS w00 w00 w00

M θ⃗
SP i

√
3w10 i

√
6w11 i3w10

M θ⃗
PP w00 +2w20 w00 −w20 − i

√
6w22 w00 − i2

√
6ω22

Table 1: For simplicity, an irrelevant phase factor is omitted in the definition of M θ⃗
SP. The explicit expression

of wlm is given in the text.

Here Z00(s;q2) is the generalized zeta-function, which is defined as

Zlm(s;q2) = ∑
n⃗∈Z3

Ylm(⃗n)
(⃗n2 −q2)s , q2 =

(
Lk
2π

)2

. (2.4)

with Ylm(⃗n) = |⃗n|lYlm(Ωn), and k is the relative momentum. In the case of twisted boundary con-
ditions, where the lowest Fourier mode, n⃗ = 0, still can receive non-zero momentum, the cubic
symmetry is broken into its subgroup symmetry in the reciprocal lattice. For instance, when we
take a twist angle vector θ⃗ = (0,0,θ), the lattice grid in momentum space is defined by vectors,
r⃗ = n⃗ + d⃗ where n⃗ ∈ Z3 and d⃗ = (0,0,θ/2π). In 0 < θ < π , the z-component of r⃗ is shifted by
dz = θ/2π . This implies that the symmetry of the reciprocal lattice can be described by C4v group.
Similarly, when θ⃗ = (θ ,θ ,0), the symmetry can be described by C2v group. When θ⃗ = (θ ,θ ,θ),
the symmetry can be described by C3v group. An important point of these symmetries Cnv is that
they do not have parity symmetry. As a consequence, even-l and odd-l partial waves do mix each
other. Actually, these symmetries similarly appear in two-particle systems on moving frames for the
case of two-particles with different masses. Such systems are well studied recently [12, 13, 14, 15].
We can apply those knowledge to our twisted boundary cases.

In the case of twisted boundary conditions, the finite size formula for the A1 sector is modified
as the following determinant∣∣∣∣∣ cotδ0(k)−M θ⃗

SS(q) M θ⃗
SP(q)

M θ⃗
SP(q)∗ cotδ1(k)−M θ⃗

PP(q)

∣∣∣∣∣ = 0, (2.5)

The matrix elements M θ⃗
SS, M θ⃗

SP and M θ⃗
PP are given for three types of the twist angle vector in

Table 1, where we use the short-hand notation

wlm =
1

π3/2
√

2l +1ql+1
Zθ⃗

lm(1;q2)∗. (2.6)

The generalized zeta-function Zθ⃗
lm(1;q2) with the twist angle is defined as

Zθ⃗
lm(s;q2) = ∑

r⃗∈Γθ⃗

Ylm(⃗r)
(⃗r2 −q2)s , (2.7)

with Γθ⃗ = {⃗r|⃗r = n⃗+ θ⃗
2π , n⃗ ∈ Z3}. This modified finite size formula shows the mixing of S- and P-

waves. However at θ = π , the parity symmetry is restored, and the S-wave and P-wave phase shifts
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are disentangled owing to M θ⃗
SP = 0. In this case, Eq. (2.5) becomes the Rummukainen-Gottlieb

type formula [16] with no Lorentz factor γ (since γ = 1). Here we neglect higher partial-wave
contributions above D-wave (l ≥ 2).

β a [fm] L3 ×T ∼ La [fm] cSW configs
1.9 0.0907 323 ×64 2.9 1.715 198

Table 2: Parameters of 2 + 1 flavor PACS-CS gauge configurations, generated using the Iwasaki gauge
action and Wilson clover fermions, at mπ = 156(7) MeV and mK = 554(2) MeV [17].

3. Numerical results

We apply our new approach to the low-energy J/ψ-φ scattering with partially twisted bound-
ary conditions, where we impose twisted boundary conditions on the valence quark fields. If there
exists the Y (4140) as reported from the CDF collaboration, we would observe a narrow resonance
in the low-energy J/ψ-φ system on the lattice. We perform simulations on L3 ×T = 323 ×64 lat-
tice with PACS-CS N f = 2+1 dynamical gauge configurations at the lightest pion mass, mπ = 156
MeV [17]. We employ the Tsukuba type Relativistic Heavy Quark (RHQ) action for the charm
quark [18, 19]. TABLE I and II show the summary of our simulation parameters. In order to
measure the total energy of the J/ψ-φ system and then calculate the relative momentum k in the
CM system, we assign momentum p⃗ = θ⃗/L to J/ψ and the opposite one −p⃗ to φ by imposing the
twisted boundary condition on the single charm (strange) quark inside of J/ψ (φ ) with the twist
angle vector θ⃗ (−θ⃗ ). On the other hand, we do not impose the twisted boundary condition on anti-
quarks in J/ψ and φ , which obey the same boundary condition imposed on the sea strange quarks.
Using the measured energy and relative momentum k, we use the extended finite size formulae
(2.5) for the twisted boundary conditions.

Figure 1 shows results of kcotδ0 calculated by using the Lüscher and Rummukainen-Gottlieb
type formulae with specific twist angles θ⃗ = (0,0,0),(0,0,π),(π,π,0),(π,π,π) data, where there
is no mixing of S- and P-waves [7]. It is observed that kcotδ0 monotonically increase as the mo-
mentum k increases, and there is no non-analytic behavior in the range covered here. Therefore, we
simply interpolate the four data points by the quadratic function of k2 with the jackknife analysis.
Combined with this information of the S-wave phase shift, we can evaluate cotδ1 from the data of
the relative momentum k2 calculated with a twist angle vector, θ⃗ = (θ ,θ ,θ) through the formula:

cotδ1 = w00 +2
√

6Im(w22)+
9w2

10
cotδ0 −w00

. (3.1)

Here we use five different angles, θ = 1.84,1.92,2.14,2.35,2.56 [rad]. The results are shown in
the left panel of Fig. 2. Although a slight but monotonic increase is observed, the result of k3 cotδ1

shows only very mild k2-dependence. Near the threshold, θ becomes very small, and cotδ0−w00 is
close to 0. It is thus difficult to evaluate the second term of the right hand side of Eq. (3.1) precisely
in this region.

We evaluate k3cotδ1 up to k ∼ 0.008 from 0.02, and then we extrapolate k3cotδ1 to the region
k2 ∼ 0 by using the linear fit as a function of k2 within the jackknife analysis. From the inverse value

4



P
o
S
(
L
a
t
t
i
c
e
 
2
0
1
2
)
1
6
0

Lattice study of J/psi- phi scattering at low energies to search for narrow resonance Sho Ozaki

flavor κ ν rs cB cE Ref.
strange 0.13640 1.0 1.0 1.715 1.715 [17]
charm 0.10819 1.2153 1.2131 2.0268 1.7911 [19]

Table 3: Parameters of clover fermion (strange) and the RHQ action (charm) used in this work.
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Figure 1: kcotδ0 as a function of k2 in lattice units. Open circles are calculated with twisted angles, θ⃗ =
(0,0,0),(0,0,π),(π,π,0), and (π,π,π). A solid curve represents an interpolation of four data points using
the effective range expansion up to the order of k4.

of k3cotδ1 determined at k = 0, we obtain the threshold parameter of the P-wave, the scattering
volume a1 as

a1 =
tanδ1

k3 |k=0 = 0.0348±0.0081 [fm3]. (3.2)

The result of a1 indicates that the P-wave interaction of the J/ψ-φ system is weakly attractive.
Using the P-wave information, we evaluate kcotδ0 at very low energies from the data calculated
with θ⃗ = (0,0,θ) through Eq. (2.5) as

cotδ0 = w00 +
3w2

10
cotδ1 −w00 −2w20

. (3.3)

Here we use three different angles, θ = 1.44,2.16,2.88 [rad]. The right panel of Fig. 2 shows the
results of kcotδ0. We have carried out correlated χ2 fits on all seven data displayed in the figure by
using the form of the effective-range expansion:

kcotδ0(k) =
1
a0

+
1
2

r0k2 +
N

∑
n=2

vnk2n (3.4)

up to N = 4, which corresponds to the order of k8. From first three coefficients of the fitting
function, we extract three low-energy scattering parameters, namely, the scattering length a0, the
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(0,0,0), (0,0,π), (π,π,0), (π,π,π)
(θ,0,0) with 3 different angles θ

Figure 2: k3cotδ1 (left) and kcotδ0 (right) as a function of k2 in lattice units. In the left panel, open diamonds
are calculated with a twist angle vector θ⃗ = (θ ,θ ,θ) with five different angles. In the right panel, there are
same data appeared in Fig. 1 as open circles, while open squares stand for new data calculated with another
twisted angle vector θ⃗ = (0,0,θ) with three different twist angles.

effective range r0 and the effective volume pr3
0 and then obtain

a0 = 0.242±0.041 [fm]

r0 = 4.71±1.73 [fm]

pr3
0 = 2.50±1.64 [fm3]. (3.5)

The S-wave interaction is weakly attractive as well as the P-wave interaction. Figure 4 shows S-
wave and P-wave scattering phase shifts of the low-energy J/ψ-φ system. We successfully obtain
both S- and P-wave phase shifts from our approach. Our results exhibit typical behaviors of weak
attraction in the S-wave and P-wave phase shifts at low energies. Unfortunately, in both channels,
there is no resonance structure associated with the Y (4140) resonance against what we expected.
Although the CDF experiment has reported evidence for a new resonance, Y (4140) around a few
10 MeV above the J/ψ-φ threshold, it seems that our results are consistent with null results in the
Belle and LHCb experiments.

4. Summary

We develop an approach to investigate low-energy J/ψ-φ scattering with the finite size for-
mula for the twisted boundary conditions. We successfully obtain the P-wave phase shift as well as
the S-wave phase shift through the new formula, where the mixing of S- and P-waves is taken into
account properly. Our results show that although weak but attractive interaction appears in both
S-wave and P-wave J/ψ-φ scatterings in low energy regions, there is no structure near the thresh-
old contrary to what CDF has reported. It seems that our results are consistent with null results in
the Belle and LHCb experiments. Instead of finding near-threshold and narrow resonance state, we
succeed in extracting model independent low-energy parameters such as the scattering length, the
effective range and the scattering volume from lattice QCD by using the finite size method with the
partially twisted boundary conditions.
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Figure 3: S-wave (left) and P-wave (right) scattering phase shifts as a function of the two particle energy E,
which is measured from the J/ψ-φ threshold. In each panel, a solid line represents the fit result guided by
the effective range expansion applied to all data points.
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