PROCEEDINGS

OF SCIENCE

Taste non-Goldstone pion decay constants in
staggered chiral perturbation theory

Jon A. Bailey, Boram Yoon*, Weonjong Lee

Lattice Gauge Theory Research Center, CTP, and FPRD,

Department of Physics and Astronomy, Seoul National University, Seoul, 151-747, South Korea
E-mail: boramsnu@gmail.com

SWME Collaboration

We calculate the next-to-leading order axial current decay constants of taste non-Goldstone pions
and kaons in staggered chiral perturbation theory. This is an extension of the taste Goldstone
decay constants calculation to that of the non-Goldstone tastes. We present results for the partially
quenched case in the SU(3) and SU(2) staggered chiral perturbation theories and discuss the
difference between the taste Goldstone and non-Goldstone cases.

The 30th International Symposium on Lattice Field Theory - Lattice 2012
June 24 - 29, 2012
Cairns, Australia

*Speaker.

(© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/


mailto:boramsnu@gmail.com

Taste non-Goldstone pion decay constants in SChPT Boram Yoon

1. Introduction

Staggered chiral perturbation theory (SChPT) was developed to describe lattice data gener-
ated by staggered fermions, which have an exact chiral symmetry at nonzero lattice spacing. Using
SChPT, lattice results can be extrapolated to the physical quark masses and the continuum limit, re-
moving dominant lattice artifacts coming from the taste symmetry breaking of staggered fermions.

In Ref. [1], Aubin and Bernard calculated next-to-leading order (NLO) corrections to the decay
constants of taste Goldstone pions and kaons, associated with the exact chiral symmetry of the
staggered action, in SChPT. Here we extend the calculation to the taste non-Goldstone pions and
kaons.

In Sec. 2, we consider the leading order (LO) and NLO terms of the chiral Lagrangian that
contribute to the decay constants. In Sec. 3, we outline the calculation of NLO corrections to the
decay constants of taste non-Goldstone pions and kaons, and write results in a theory with three
flavors and four tastes for each flavor. In Sec. 4, we present the results for the partially quenched
case in the SU(3) and SU(2) SChPT, and we conclude in Sec. 5. Unless defined explicitly we use
the notation of Ref. [2].

2. Chiral Lagrangian for staggered quarks

The chiral Lagrangian for staggered quarks was formulated by Lee and Sharpe for the single-
flavor case [3] and generalized by Aubin and Bernard to multiple flavors [4]. In the standard power
counting,

ﬁ(pz/Ai) ~O(mg/Ay) = ﬁ(azAi), 2.1

the order of a Lagrangian operator is the sum of non-negative integers, n,, n, and n,, which

P
are the number of derivative pairs, number of quark mass factors, and powers of the squared lat-
tice spacing in the operator, respectively. At LO, the Lagrangian operators fall into three classes:

(np2,nm,n2) = (1,0,0), (0,1,0) and (0,0, 1), and we have

2 2 2
o :%Tr(a“za“ﬂ) - %uszr(MZ—FMZT) + %(U, YD S AU+ W), 22)

where f is the decay constant at LO, 1 is a constant in the unit of mass, M is the mass matrix,
Y =exp(i¢p/f), and ¢ is the pseudo-Goldstone boson (PGB) field. The term multiplied by m(z) is
the anomaly contribution, and % and %’ are the taste symmetry breaking potentials defined in
Ref. [4].

At NLO, there are six classes that satisfy n,> +ny, +n, = 2. Operators in two classes con-
tribute to the decay constants: (n,2,n,,n,2) = (1,1,0) and (1,0,1). The contributing operators in
the class (1,1,0) are Gasser-Leutwyler terms [5],

Lor = LaTr(du X 9 )Tr(x "+ xE") + LsTr(9u X'y Z(x '+ X7x)) (2.3)

where L4 and Ls are low-energy constants (LECs) and y = 2uM. The contributing operators in the
class (1,0, 1) are terms given by Sharpe and Van de Water in Ref. [6].
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Figure 1: Diagrams contributing to the decay constants. (a) is the wavefunction renormalization correction
and (b) is the current correction.

3. Decay constants of flavor-charged pseudo-Goldstone bosons

The decay constant fpi for a flavor-charged PGB P with taste ¢ is defined by the matrix
elements

(Oljifis [P (P)) = =ifp pu 3.1)

where jfgt is the axial current. From the LO Lagrangian, the LO axial current is

2
jﬁg’,:—i%Tr T'® 2" (9,25 +279,3) |, (3.2)

where T9CG) = ;@ T, I3 is the identity matrix in flavor space, and 2F" is a projection operator
that chooses P* from the X field, defined by @P " =5, 0jy. For flavor-charged states, which are
the interest in this paper, x # y. Note that ¥ = exp(l(l) /f) can be expanded in terms of ¢.

There are three types of NLO corrections to the decay constants: (a) one-loop wavefunction
renormalization correction from the &'(¢) term of the axial current, & f = (b) one-loop correction
from the 0'(¢?) term of the axial current, & flﬁt‘i”e“t, and (c) analytic contrlbutlon from the NLO
terms of the axial current and the analytic contribution to the self-energy, f anal Combining these
three types of corrections (a) — (c), we write the decay constants:

fP[*' _ f [ = sz (5fP+ + (Sfcurrent> + 5fana1:| ) (3‘3)

First we consider the wavefunction renormalization correction. Considering the &'(¢) term of
+
the LO axial current, jﬁs”f’ =f (8“ q))’,x) , we find contributions to the decay constants,

(Olipsi 1B (P)) = F(=ipu) 0193 B (p)) = F(~ipu),/Zp: (34)

Here Zp+ =1+ 5ZP,+ is the wavefunction renormalization constant of the ¢ field. SZB+ gives the
NLO correction to the decay constants,

1672 f2 1672 f2 dx(p?)

Sfp- = 5 0Zpr=——3 T (3.5)
where X(p?) is the self-energy of P,". Using the self-energy from Ref. [2], we find the one-loop
corrections

57, = 100 + 162 [ 24 (D% + D¢, —26°D" ) (3.6)
f‘PIJr - 74; % (Qll) T ) (27[)4 XX yy Xy I .
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where [(Q,) is the chiral logarithm and D is the disconnected piece of the propagator. Here Q

runs over six flavor combinations, xi and yl for i € {u,d,s}, a runs over the 16 PGB tastes in the

15 and 1 of SU(4)r, and Q, is the squared tree-level meson mass with flavor Q and taste a. The

self-energy also contains NLO analytic corrections to the decay constants, which we discuss below.
Next we consider the loop correction from the &(¢*) terms of the LO axial current,

+0° 1 a c a Cc a c
usi = = g Tabe (9u050h 9%, — 206340405, + 05001 3u 0, ). (3.7)

The contractions in the calculation of the matrix element defined in Eq. (3.1) give the loop integrals.
Performing the loop integrals, we find the NLO current correction to the decay constants,

currem _ Z

Note that & f current i proportional to & f = which was shown for the taste Goldstone case in Ref. [1].

(3.9)

d a a a a
Zl Q4) + 167 /(2 o 2 (D% + D5, —269DY))

Now we consider the NLO analytlc contributions to the decay constants. The terms from
the NLO Lagrangian noted in Sec. 2 (including the &(p*a®) source operators) give the analytic
contributions. The contributions of &'(p?a®) terms may be written as fa’>.%,. Here .%, are linear
combinations of the LECs of the Lagrangian, which are degenerate within the irreps of the lattice
symmetry group. As commented in Ref. [6], there are no relations between the SO(4)-violations in
the pion masses and the SO(4)-violations in the axial current decay constants, due to the contribu-
tions from the & (p*a®) source operators.

The terms in Gasser-Leutwyler Lagrangian given in Eq. (2.3) contribute to the decay constants
through wavefunction renormalization and the current. The wavefunction renormalization correc-
tion of the Gasser-Leutwyler terms can be calculated from the self-energy [2]. Collecting all the
NLO analytic corrections to the decay constants, we find

64
— Lapt(my, +mg +myg) +

S fanal f2

f2L5,u(mx—|—my) +d>.Z,. 3.9)

4. Results

The results given in Egs. (3.6), (3.8) and (3.9) are the results in the 4+4+4 theory. In order to
formulate the results in the 1+1+1 theory (rooted staggered chiral perturbation theory), we use the
replica method [7, 8, 9]. Applying the replica method to Egs. (3.6), (3.8) and (3.9), we find

(SfPF* — (Sfcon + 6fdlsc7 (4.1)
16
Sfanal f2L4,LL(mu+md+mS)+f2L5'u(mX+m))+a J; (42)
where
1
S con = _32 ZgB l(QB), (43)
d*q

disc — _ 2 4 L _opf

5f / 2n) (D + Dy, = 2Dy,
+4DY, 4D}, —20"7 DY, + 4D}, + 4Dk, ~ 2047 DY) ). “@.4)
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Table 1: The coefficient @7 defined in Eq. (4.6) is in row B and column F.

v A T P
-2 2 0 —4
2 -2 0 —4
0 0 -2 6
-1 -1 1 1
1 1 1 1

o)

b —

~ TN <§_J
—_— = A\ R~

Here we performed the summation over a within each taste SO(4) irrep for Egs. (3.6) and (3.8), B
and F represent the taste SO(4)r irreps,

B,F € {I,V,T,A,P}, (4.5)
t € F and
e =Y 0" g=) 1 (4.6)
acB acB

The coefficients ®5F are given in Table 1. The superscripts con and disc in & Iﬁg“ and & fg}“
represent connected and disconnected quark-flow contributions, respectively [1].

First, we consider partially quenched results for 1+1+1 and 2+1 flavor cases in SU(3) SChPT.
The connected contributions to the decay constants in the partially quenched 1+1+1 flavor case are
the same as the Eq. (4.3). The disconnected contributions for the partially quenched 1+1+1 flavor

case are obtained by performing the integrals in Eq. (4.4) keeping all quark masses distinct,

1
(DU, () + DS, (Z0Z0) 2R, (2120

disc _
6fP;r.mX7ém)- - ;

+ %aza’, {2DUDS (Zy)I(Zy) +2DYBS. . (Zy)l(Zy) — ©'FRUDS (zv)z(zv)}

Xn0nn' X Yainn'y Xyninn’

1 8 i
+ (V= 4)| + = { RYES, () + RYSS ()T }
1 - N

+ Eazé",{RgfoSnn/(Xv)l(Xv) +R$ﬁ§m,(Yv)z(Yv)} +(V = A). 4.7)

For m, = m,, we find

. 1 -
5 ff’lﬁfmx:mv = Zaz(sm —O"") |RYDS, o (XV)I(Xv) + Y. DY oo x (Zo)U(Zy) | +(V — A). (4.8)
’ VA

For the 2+1 flavor case, the connected contributions are obtained by setting m, = my in
Eq. (4.3), and the disconnected contributions are obtained by setting m, = m; and performing
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the integrals in Eq. (4.4). For m, # m,, we find

1
6

5 mim, = L | DR x (20)120) + Dy (20)1(20) ~ 2855 21)1(21) |
1
+ 1a26¢{21)§§m, x(Zv)(Zy) +2DF5 0y (Z0)1(Zy) — @VFR@W(ZV)I(ZV)}

FV = )|+ BB 00T() + RF (03) ()}

+, 28y { Ry (X0 )T(X0) + RE  (F)I() |+ (V = A). 4.9)

For m, = m,, we find

i _Loas gy Ry (X)) I(Xy)+ Y. DE3 o x (Z0)1(Zy)
V4

P;f M =My 4

+(V—=A). (4.10)

Next, we consider the partially quenched results for the 1+1+1 flavor case in SU(2) SChPT.
The connected contributions to the decay constants are obtained by dropping terms correspond-
ing to strange sea quark loops from Eq. (4.3). The disconnected contributions are obtained from
Eqs. (4.7), (4.8) and (4.4), by taking the SU(2) limit treating x and y as light quarks (m,,m,, m,,mg <

my),

1
di
6fP;‘S(:mx7ém\ - ;

4

A DY8 @01z + DB (Z0)1(Z1) - 2R (Z0)1(Z1) |

SV{ DY oon x(Z)U(Zy) +2DY 5 (Zv)1(Zv) =@V RYD o (ZV)Z(ZV)}—i—(V — A)

+;{Rx,ro< X0)1(0) + RV, 00)(17) )

+ aZSV{RXﬂo (X)) + REB, (5)I() b+ (V = 4), @.11)
and

5f§,§fmx:my_ a*&)(4—0"") | RY%, (Xv)I(Xv) +ZDXnon @(2y) | +(V—=A). 4.12)

For the 2+1 flavor case in SU(2) SChPT, the connected contributions are obtained by setting
my, = my for the 1+1+1 case, and the disconnected contributions are obtained by setting m,, = my
in Egs. (4.7) and (4.8),

1

SRy (Z)1(Z)

6fgli:§”x5‘émy = Z o 2
V4

+ @80 {2DF,  (2)1(2) + D% (20)1(2) — O Ry ()1 (Z0) } 4 (V %A>]

2 106)+ (= X0T06) +105) + (m — 1))}

4308 { R (60 T080) R (915 } (v = 4), (“.13)
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and

. 1 -
8 fbyimemm, = 70°8 (4= O"") | Ry (X)I(Xv) + L DRy x (2)1(Zv) | +(V = A). (4.14)
VA

5. Conclusion

In Egs. (4.7) — (4.10), we present the NLO corrections to the pion and kaon decay constants for
the partially quenched case calculated in the SU(3) SChPT; in Egs. (4.11) — (4.14), we present the
NLO corrections to the pion and kaon decay constants for the partially quenched case calculated
in the SU(2) SChPT. As one can see in Eqs. (4.4) and (4.2), the only differences between taste
Goldstone and taste non-Goldstone cases are the ®3 factors multiplying ny’v and the generalized
constants .%; in the analytic contribution. @37 originates from the trace of taste generators and
affects only the flavor-charged disconnected propagator, D%ZV. %, are degenerate within the lattice
symmetry group, and there are no relations between the SO(4)-violations in the pion masses and
the SO(4)-violations in the axial current decay constants. Using these results, it is possible to
improve determinations of the decay constants, quark masses and the Gasser-Leutwyler constants
by analyzing lattice data from taste non-Goldstone channels.
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