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1. Introduction

Coulomb gauge Yang—Mills theory has attracted a consitiernount of attention over the
last few years. In the continuum, both the Hamiltonian [13,24] and the Lagrangian [5, 6, 7, 8]
approach have been investigated. In the Hamiltonian appraa particular, the use of variational
methods with Gaussian wave functionals has led to the $edogdp equation for the inverse equal-
time gluon propagator. The analytical and numerical sohgtishow an inverse gluon propagator
which in the UV behaves like the photon energy but divergethinIR, signalling confinement.
The obtained propagator also compares favourably with vhdable lattice data [9]; deviations
in the mid-momentum regime (and minor ones in the UV), whiah be attributed to the gluon
loop escaping the Gaussian wave functionals, can be takednsideration by going beyond the
purely Gaussian form. To treat these non-Gaussian furaiidhe authors developed in Ref. [10]
a method relying on Dyson—-Schwinger Equations (DSEs) bYodkm the formal similarity be-
tween vacuum expectation values in the Hamiltonian forsmaland correlation functions in Eu-
clidean quantum field theory. In this talk we report aboutithglementation of these technigues in
the quark sector of the theory, in order to investigate isdilie the spontaneous breaking of chiral
symmetry.

The topic of chiral symmetry breaking in Coulomb gauge hamnbstudied for example in
Ref. [11]. While it has been shown that an infrared enhanasdntial can account for chiral
symmetry breaking, the calculated physical quantitieshss the dynamical mass and chiral con-
densate, turn out to be far too small. It has been recenthwistip2] that using a wave functional
which includes the coupling of the quarks to the transvetsergfield improves the results to-
wards the phenomenological findings. We apply here the tgaba developed in Ref. [10] to the
wave functional proposed in Ref. [12]. While we do not expemisiderably different results from
Ref. [12] for physical quantities, the approach presentz@ has a broader range of applications,
and could easily be applied to more complicated wave funat&

2. Hamiltonian Dyson—Schwinger Equations

The derivation of the Hamiltonian DSEs in pure Yang—Milledhy has been presented in
Ref. [10]. We summarize here briefly the essential stepsiigafiom the choice of the wave
functional to the pertinent DSEs.

In the Schrédinger picture of the Yang—Mills sector we repre the gauge field and the canon-
ical momentum operators in the bas# of the eigenstates of the field operator by

. A o
(AAlg) = AGAL,  (Alfl[g) = = P[A] (2.1)
where®[A] = (A|®) is a physical state. The vacuum expectation value (VEV) afferatorK is
therefore given by

(K[A,M]) = /@AJA " [AJK[A, 25] P[A]. (2.2)

In EqQ. (2.2) the functional integration runs over transedisld configurations satisfying the Cou-
lomb gauge conditiond,A? = 0, and is restricted to the first Gribov regialx, = Det(G,!) is the
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Faddeev—Popov determinant which arises from the gaugefiaimd
[GEP(%,y)] " = (—0%07 — g fePAS(%)d) 3(X— V) (2.3)

is the inverse Faddeev—Popov operator, wgtheing the coupling constant anfd® being the
structure constants of th(N) algebra.
In a similar manner, a stat@®) in the fermionic Fock space possesses a “coordinate” repre-
sentation
(@) = d(E7,9), (2.4)

whereé&, £T are complex Grassmann fields. The VEV of a fermionic opefiatthis state is given
by

(010.07) = [ 7' gEe 0N R o e o000, @)

where the\ . are the projectors onto states of positive and negativaygrdithe free Dirac theory.
The Dirac field operators act on functionals according to

Po(ETE) = (l\f +A+5%) o(e"8),
(2.6)
PO E) = </\+ET+/\_5—5§> o(E", &),

We have put explicitly a hat over the fermion operatisin Eq. (2.6) to distinguish them from the
Grassmann (classical) fields £T used in the “coordinate” representation. The exponerdiztiof
occurring in the fermionic functional integration in Eq.§2arises from the completeness relation
for fermionic coherent states, see e.g. Ref. [13].

The vacuum state of QCD can be assumed to be of the form

WA &£ = exp{ -5 Sl - (.}, @)

where$, is a functional of the gauge field only, whif& contains the fermion and fermion-gluon
interaction parts. Dyson—Schwinger equations are detiyestarting from the identity [10]

_ tor O CET(AL-AL)E g+ t t t
0= [ 7828 78 5 {ne VAL EKALEN WAL, 28

To proceed further, we need an explicit ansatz for the vacwawe functional Eq. (2.7). Since
we are interested here mainly in the quark sector, we chdwssimple Gaussian form

Su= [ dxdy AR w3 AL) 29)

for the Yang—Mills part. It should be stressed, howevet this is in no way necessary, and non-
Gaussian generalization can be taken as well [10]; we cestirselves to the form Eq. (2.9) only
for pedagogical reasons.

For the quark wave functional we choose the ansatz [12]

S = / Ay EM R KDY ENY),  Ex=ALL. (2.10)
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Figure 1: Hamiltonian DSEs for the quark (left) and gluon propagatight). Filled dots stand for dressed
propagators and empty circles for proper functions. Thdlsngty boxes represent the variational kernels.
Curly lines represent gluons, dashed lines ghosts, andstiaes fermions.

The kernelKa contains both the purely fermionic part and the couplinghefquarks to the trans-
verse gluons,

(% 9) = SMBS(R,Y) +g/d3zV2yZ) A2t 2.11)
Here, 3 andd are the usual Dirac matricets, are the generators of the group in the fundamental
representation (or, in general, in the representation tictwthe fermion fields belong), and the
functionssandV are the variational kernels.
With these choices for the wave functional the resulting B&Ee represented diagrammati-
cally in Fig. 1.
3. Variational Approach to QCD

The Hamilton operator of QCD in Coulomb gauge [14], resgltirom the resolution of
Gauss’s law in the canonically quantized theory, can bdewrias

Hoco = — = /d3xJ,; R JAMa /d3x

+ [y [+ By - g / dx g™ (QaAR Y (¥)
+ [ Y R ORFERY) PP (3.

In Eq. (3.1)
F2(%) = GAN(X) — 0;A%(R) + g FAP°AP(X) AS(X) (3.2)

is the spatial part of the field strength tensor,
2y = [ d2GE2) (-07) GP(2) (39

is the so-called Coulomb kernel, which arises from the luatiinal component of the electric field,

and
o)

PR = Y™ GO + PR
is the total colour charge density.

The energy density can be evaluated as expectation valde dddamiltonian Eqg. (3.1). The
Hamiltonian DSEs in the general form Eq. (2.8) enter thiswation twice: first to express the
VEVs of the operatorgJ, tlﬁ in terms of the Grassmann fieIdsET, and second to turn the result-
ing expressions, which involve propagators and vertextians, in a functional of the variational
kernels. In this calculation we have to introduce approxioms, and we evaluate the energy den-

sity up to two loops (see Ref. [10] for more details).

(3.4)
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4. Gap Equations

The variation of the energy density with respecYtfixes the vector kernel

1+5(p) s )
2 9
(p+ )+ |p TR | (g P e

V(p,0) = (4.1)

whereQ = %<AA>*1 is the inverse gluon propagator. Replacing the kernelsrdoguon the right-
hand side by their tree-level forms, i®(p) = | B| ands(p) = 0, we obtain

1
|B+dl+ Pl +dl’

which is exactly the leading-order perturbative expras$w the quark-gluon vertex for massless
fermions [15].

Equation (4.1) can be inserted back into the expressionh®renergy density, and taking
functional derivatives with respect to(p) ands() we obtain the gluon and quark gap equations.
As a first approximation, we will ignore theedependence of the denominator of Eq. (4.1). Keeping
the whole denominator structure would give rise to more darated expressions which, however,
have the same IR and UV asymptotic behaviour.

The approximated gap equation for the scalar quark keregds

Vo(B,0) = — (4.2)

_ ¢%Ce [ dq (@) [1-(P)] — p-G(P)[1— (@)
PIs(P) = =5~ | G F(P-0) 1790
o°Cr [ g X(Bd)  [1+s(P)s(d)][s(d)—s(P)]
2 ) (2m3 Q(p+0) [1+<2(0)] [Q(p+d) +dl+|pl]’

(4.3)
+

whereF = (Fa) is the Coulomb propagator antlis a tensor structure arising from the traces in
Dirac space. The first term on the right-hand side of Eq. (W& obtained by Adler and Davis
[11]; the second term is due to the coupling of the quarks édttinsverse gluons. As mentioned
in the Introduction, in Ref. [12] the coupling to transvegdaons was also taken into account. The
authors of Ref. [12] used the same wave functional Eq. (2a$0h this work but did a quenched
calculation. As a consequence the effect of the Yang—Milietic energy operator on the quarks
ws neglected.

Trading the scalar kernalin favour of the mass functioM, Eq. (4.3) takes the following
simple form

G [ IPIM(@ — p-aldIM(p)
M(D) = [ G FB- 0P

2Cr [ g X(p,d) PM(@) — [dIM(P)
2. ) (2m® Q(p+d)[Q(P+d) + [Pl +[d] &(0) ’

(4.4)
+9

with

&(p) = VP> +M*(p). (4.5)
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Figure 2: Gluon propagatob = 1/(2Q) in the presence of quarks for the gap equation (4.6) assutiéng
Gribov form for the Yang—Mills part. Physical dimensions aet by the Coulomb string tensiog.

The variation of the energy density with respect to the gkenmelw combined with the gluon
propagator DSE yields the gap equation for inverse gluopagatorQ

Q?(p) = p°+ Yang—MiIIs terms

_g/ [Lrs@sp+a)]®  20(p) +[d+[p+d
*1+@)] [1+2(F+ )] [Q(p) +[d| + |p+d]?
p-d+(p-d)?
Y e ) 4o

where the usual Yang—Mills terms (ghost loop, Coulomb axton, and possibly additional terms
stemming from a non-Gaussian ansatz) can be found in R4f. [10

Equations (4.3) and (4.6) form a coupled system, toghetitarthhe DSE for the ghost propa-
gator and the Coulomb form factor. The analysis of the fullpded set of equations is subject of
ongoing work. As a first estimate, we investigate the effé¢he quark loop on the gluon propa-
gator: we take the Gribov formula for the pure Yang—Millsaiupropagator and use for the scalar
kernels a form fitted from the data in Ref. [12]. The result is plottedFig. 2. As we see, the
gluon propagator loses some stregth in the mid-momentuimeadl his behaviour is known from
Landau gauge studies, and Coulomb gauge investigatiortsedattice confirm this [16].

5. Conclusions

The general method to treat non-Gaussian wave functionaeiHamiltonian formulation of
a quantum field theory presented in Ref. [10] has been appbkee to QCD in Coulomb gauge.
We have used the quark wave functional suggested in Ref.jJ@#¢h includes the coupling of the
guarks to the transverse gluons. The resulting quark gastiegs are similar in both approaches;
the numerical solution of the equations and the compariedié findings of Ref. [12] are the
subject of ongoing work. As a first application we have présgrhere the effect of the back-
coupling of the quarks on the gluon propagator. In futurekne intend to expand the present
approach to QCD at finite temperature [17] and baryon density
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