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1. Introduction

Quantum Chromodynamics (QCD) — the fundamental theoryrohgtinteraction — exhibits
several symmetry properties. Among others, QCD possessesaatSU(3). local gauge symme-
try (the colour symmetry) and an approximate gldbéN;)r x U (N¢). symmetry forlN; massless
quark flavours (the chiral symmetry). For sufficiently lownigerature and density quarks and
gluons are confined into colourless hadrons [iStJ(3). invariant configurations]. Thus, in the
low-energy region, the chiral symmetry is the one predomntigadetermining hadronic interac-
tions.

Such interactions are governed not only by the chiral symnitself but also by the breaking
patterns of this symmetry. There are two mechanisms of lebyrtametry breaking: explicit, via
non-vanishing quark masses, and spontaneous, via thdled-gaark condensate [1].

The chiral symmetry is isomorphic to th&(Ns)y x U (Nf)a =U (1)y x SU(N¢)y x U (1)a x
SU(N¢)a symmetry. Classically, if quark masses are non-vanishutglbgenerate, then the sym-
metry is broken explicitly tdJ (1)y x SU(N¢)y and for non-degenerate quark masses it is broken
toU (1)V

As already indicated, chiral symmetry is approximate ifrgudavours are massless. In fact,
the symmetry is even exact in the chiral limit — but only clealy. At the quantum level, the
U (1) component of the symmetry is broken spontaneously by treabed chiral anomaly [2].

Another source of the spontaneous chiral-symmetry brgakithe quark condensate

() = (0qel0) = —ITr lim S (x,) (1.1)

whereS: (x,y) denotes the full quark propagator. The condensate brealsythmetrySU(Ns )y x
SU(N¢)a to SU(N¢)y with N? — 1 less generators in the residual than in the original symymet
group.

Consequently, the emergencel\dﬁ— 1 massless pseudoscalar degrees of freedom (Goldstone
bosons) is expected from the Goldstone Theorem [3]. Thisdeed observed: e.g., fof; = 2,
pions represent long-established lightest degrees addradn QCD. Their mass is, however, not
zero but rather close te 140 MeV due to the explicit breaking of the chiral symmetender-
ing them pseudo-Goldstone bosons. RNgr= 3, experimental observations yield five additional
pseudoscalar Goldstone states: four kaons andjtiheeson. However, experimental data also
demonstrate the existence of an additional pseudoscajaeelef freedomn’.

The existence of)’ cannot be explained only by the symmetry-breaking patBJN; )y x
SU(N¢)a — SU(N¢ )y but rather requires a broader symmetry-breaking mechamiadingJ (N+ )y
xU (Nf)a — U(Nf)y where the symmetry corresponding to the one-dimensioria), group is
also broken, both explicitly and spontaneoudly(1)s properties are then related to thosendt
including the axial anomaly which implies that remains massless even in the chiral limit. (For a
review ofn andn’, see, e.g., Ref. [4] and references therein.)

Note, however, that properties gf cannot be considered separately from those ofjtimee-
son: they possess the same quantum numbers and can thenéfoteis important to understand
the mixing pattern of these two states for at least two rezspyit allows one to study their struc-
tures (relative contributions @f d andsquarks) — see below — and, correspondingly,if enables
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us to understand the decay patterng @ndn’, some of which give us insight into the famous CP
violation in the pseudoscalar sector [4].

The mixing ofn andn’ mesons can be studied within the realm of the three-flavonedri
Sigma Model with vector and axial-vector degrees of freedertended Linear Sigma Model -
eLSM). The model contains only quarkonia, i.gg states [5, 6, 7], rendering it suitable to study
quarkonium mixing in various channels including the}’ one. The physical states are obtained
from mixing of two pure statesyy = (Uuu+ d_d)/\/ﬁ andns=ss Thus our approach allows us to
study quarkonium content, as well as the mixing angle; ahdn’.

We emphasise, however, that the inclusion of vector and-a&zor degrees of freedom into
our model is necessary and important since (axial-)veatfiteence phenomenology in other chan-
nels [6]. Note that glue admixtures tpandn’ can also be considered along the lines of Ref. [8]
but that will not be of concern in the present article.

This paper is organised as follows. In Sec. 2 we discuss tBd/lagrangian; in Sec. 3 we
describe they-n’ mixing pattern and in Sec. 4 we present a conclusion and dooéudf our work.

2. TheLagrangian

The globally invariant) (3). x U (3)g Lagrangian possesses the following structure [5, 6, 7, 9,
10, 11];

% =Tr[(Dy®)" (D, ®)] — METr(®T D) — Ay[Tr(dTd))? — A, Tr(dT )2
1 e
— TGy + R +Tr [(71 +A> L+ Rﬁ)] +TrH(®+ "))
+¢1(detd — detd")? +i%(Tr{LW[L“ LV} + THRW [RE R
h
+ %Tr(CDTd))Tr(Lﬁ +RE) + e Tr|Ly®? + |PRy [ + 2he Tr(L, PREOT).  (2.1)
The scalar and pseudoscalar states present in Eq. (2.1) are:

(on+a3)+i(nn+10)

LT ag +imt Ky +HIKT
b= ﬁ aa‘i‘”'r (CTN*ag)\J}Z(UN*”O) KSO—I—iKO (2.2)
K™ +iK - K +iK®  os+ins

The matrices containing vectors and axial-vectors read:

. “’tﬁl;guo pHT KM . ffN\-g\fo aﬁ“‘ Kf"‘
VH = 5| P uﬁ;g“" Ko |, Af= 7 a fi&;ﬁa&“’ KHO (2.3)
K= KO ot KET kIO R

with the right-handed (axial-)vector matri® = VH — A# and the left-handed (axial-)vector ma-
trix LX = VH — AH, Additionally, DH® = dHd — igy (LHd — dRH) —ieAH[Ts, @] is the covariant
derivative;LHV = gHLY — ieAH [Tz, LY] — {9VLH —ieA’[T3,LH]} andRMY = gHRY — ieAH[T3,RY] —
{0"R“ —ieAY T3, R“]} are, respectively, the left-handed and right-handed ftedthgth tensorgi#
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is the electromagnetic fields is the third generator of th8U(3) group and the terng; (det® —
detd")? describes the) (1), anomaly [12].

Explicit breaking of the global symmetry in the (pseudolacahannel is described by the
term T{H(® + ®")] and in the (axial-)vector channel by the term[&(LZ + RZ)] whereH =
diag(hon, hon, hos) andA = diag(dn, O, ds) With hy ~ my = my, hs ~ m, &y ~ m and s ~ Mg
(isospin symmetry assumed in the non-strange sector).

We assign the fieldr to the pion;ny andns are assigned, respectively, to the pure non-strange
and the pure strange counterparts of thand n’ mesons. The fieldsy|, p¥, fl“N andéﬁ‘ are
assigned to theo(782), p(770), f1(1285 anda; (1260 mesons, respectively. We also assign the
K fields to the kaons; the, f{s andK** fields correspond to th#(1020), f;(1420 andK*(892)
mesons, respectively. Assignment of & field is, unfortunately, not as clear since this state can
be assigned either to th& (1270 or to theK; (1400 resonances [11] but that is of no importance
for the following.

Spontaneous breaking of the chiral symmetry is implemehtedonsidering the respective
non-vanishing vacuum expectation valugsand ¢s of the two scalar isosinglet states present in
our model,on = (uu+ d_d)/\/é andoy = ss The relations betweemy s and the pion decay
constantf; as well as the kaon decay constdgtreadf,; = gn/Zrandfx = (\/2(154- (m) /(2Zx)

where f; = 924 MeV and fx = 1555/1/2 MeV [13]. The chiral condensatag and ¢ lead to
mixing terms in the Lagrangian (2.1) that need to be remowearder for the scattering matrix
stemming from the Lagrangian to be diagonal (the procedudescribed detailedly in Ref. [5]).

3. Mixingof n and n’

Our Lagrangian (2.1) yields the following mixing term of thare non-strange and strange
fieldsny andns:

ZnZ
Lins = —C1=o— GNGSINTs: (3.1)
The full ny-ns interaction Lagrangian obtained from Eg. (2.1) has the form
57 — Lo 2+ Loune? - Ink nn2— tne ng 3.2
mns full = 5 (9ulN)+ 5 (0uNs)” = My 1IN — 5 M Ns™ + 2 s, (3.2)

wherez, is the mixing term of the pure statgy = (uu— d_d)/ﬁ andns=ss

Zp Z
=~ 7 s (3.3)

However, mixing betweeny andns can be equivalently expressed as the mixing between the

octet state
1_ = — 1 2
Ng = \/%(ULH—dd—ZSS)E \/;I]N—\/;I]S (3.4)

and the singlet state

1_ - _ 2 1
No= \/;(uu+dd+ss) = \/;”N+\/;’78- (3.5)

4



Eta, Eta’ and eLSM Denis Parganlija

We determine the physical statgsandn’ as mixture of the octet and singlet states with a

mixing anglegp:
n\ (cospp —singp \ [ ns
(n’) - <sm¢p cosge ) (no> 3

or, using Egs. (3.4) and (3.5),

(3)-(mam) () () e

If we introduce arcsify/2/3) = 54.7456 = ¢,, then the trigonometric addition formulas lead

n\ _ (cosddp+¢i) —sin(dp+¢1) | (NN (3.8)
n' sin(gp+ ¢1) cos(¢p+¢1) Ns ) '

Defining then-n’ mixing angleg,

to

¢n=—(¢p+ 1), (3.9
we obtain
n\ ([ cosp, sing, NN
()= (o o) (3
or in other words
N = cosgnnn +singp s, (3.11)
n' = —sing, N+ cospy ns. (3.12)

The Lagrangian in Eg. (3.2) contains only pure stajgsand ns. Inverting Egs. (3.11) and
(3.12)

Nn = €osp, N —sing,n’, (3.13)
Ns = sing,n +cosp,n’, (3.14)

we can isolate the relevant part of the Lagrangian (2.1) @terchine the parametric form of
then andn’ mass terms that read

m2 =2, cog ¢, + M sir? @, — z; sin(2¢,), (3.15)
M5, = Mg, Sir? ¢y + M5 cos’ ¢, + 2, sin(2¢y) (3.16)
where
{ + (/\1+ ﬁ) & +A1<p§+c1cp§<p§} , (3.17)
m,%s 22, [mE+ Mg+ (M +20) & + 1 4 | (3.18)
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are the parametric forms of the pure stajgsandns. [Note that the determination afi,, andmy,
and, consequentlyn,, m, and ¢, requires a fit ofall parameters in the Lagrangian (2.1) that, in
turn, requires much more observables than the above twinggesmasses. The fit procedure will
be described further below.]

Assigning our fields) andn’ to physical (asymptotic) states requires that the Lageangf,
does not contain any-n’ mixing terms leading to the condition

zy = (M, — M2, )tan(2¢y) /2. (3.19)

3.1 Fit Procedure

In order to make statements regardimg;’ mixing we first need to determine values of our
model parameters. Lagrangian (2.1) contains 14 parameterd,, ci, hon, hos, hi, hy, hs, n‘%
01, 02, My, On, Os. Parametersipy andhgs are determined from the extremum condition for the
potential obtained from Eq. (2.1). Paramedgris set to zero throughout this paper because the
explicit breaking of the chiral symmetry is small in the nemange quark sector. The other 11 pa-
rameters are calculated from a global fit including 21 olmtales [7]: f5, fk, My, mk, My, my, mp,
M, Mey=¢ (1020 Miye=1, (1420 » Mays Mag=ag(1450 » Mks=K (1430 [ p—mm ek T o—kks Fag—pm
Cayomys Ty1420 ks ag(14500 [ks(1430 -k (data from PDG [13]; since our model currently
implements no isospin-symmetry breaking that would infagetne physical hadron masses by the
order of 5%, we have modified error values presented by PDIsthat we use the PDG error value
if it is larger than 5% and increase the error to 5% otheryiblate that the observables entering
the fit allow us to determine only linear combinatiang+ A1 (¢ + ¢&) andm? + hy (¢ + ¢&) /2
rather than parametersy, My, A; andh; by themselves. However, it is nonetheless possible to
calculate masses gf andn’ as evident from Egs. (3.15) — (3.18).

In Table 1 we present our best-fit results (that also inclualaes ofm, andm,/). One of
the conditions entering our fit wams,,, < my, i.e., pure non-strange states should be lighter than
pure strange states (for details, see Ref. [7]). As evident fTable 1, under the constraim,, <
my our fit optimises atm, = (5094 + 3.0) MeV, below the experimentally determined interval
(presented in the third column of Fig. 1). However, the vaiye= (9625+5.6) MeV is within
the experimental boundaries. Note that the stated valueg ahdm,, also implym,,, ~ 766 MeV
andmy, ~ 770 MeV — the non-strange and strange mass contributionsated ' thus appear to
be virtually equal. Furthermore, the mentioned non-sétmaof physicaln and n’ masses in
our quarkonium-based approach may hint to additional dmritons ton/n’ spectroscopic wave
functions that go beyond the antiquark-quark structure.

Our fit determined all parameter values uniquely and theeetfeen-n’ mixing angle is also
uniquely determined as

¢ = —446°. (3.20)

The result is close to maximal mixing, i.e., our result sigge slightly larger mixing than
results of Ref. [14].

4. Conclusions

We have presented an extended Linear Sigma Model contaugicigpr and axial-vector de-
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Observable | Fit[MeV] | Experiment [MeV]
frr 96.3+0.7 922+46
fk 1069+ 0.6 1104+55
My 1410+5.38 137.3+6.9
Mg 4856+ 3.0 49564248
mp 5094+3.0 5479+274
My 9625+5.6 957.8+479
mp 7831+7.0 7755+ 388
Mk« 8851+6.3 8938+44.7
My 9751+64 101954510
Mg, 1186+ 6 1230+ 62
M, (1420 13725+53 | 14264+713
Mg, 1363+1 1474+ 74
Mk 1450+ 1 1425+ 71
[ psmm 1609+44 1491474
Mk* K 446+1.9 462+23
[ KK 3.34+0.14 3.54+0.18
Ma—pm 549+ 43 425+ 175
My 0.66+0.01 0.64+0.25
[ty (1420 kK | 446+39.9 439+22
IMa 266+12 265+ 13
Mk ok 285+ 12 270+ 80

Table 1: Best-fit results for masses and decay widths compared witrérent.

grees of freedom (eLSM). A global fit of masses and decay witithis been performed that has
enabled us to study, among others, mixing of isosingleestat the pseudoscalar channghif’

mixing). The model presented in this article contains ne frarameters — all parameters are fixed

from the mentioned global fit. In the-n’ channel, our fit optimises at, = (9625+5.6) MeV
andm, = (5094 + 3.0) MeV: the former is exactly within the data interval but thétéa is be-
low the experimental result. This may represent a hint ofgguontributions to the pseudoscalar
isosinglets. We have also determined th€’ mixing angle to bep, = —44.6°, close to maximal

mixing.

We emphasise, however, that the stated results presera antgall part of the abundant meson
phenomenology that can be considered within eLSM: the mecaielalso be utilised to study the
structure of scalar and axial-vector mesons [5, 7, 10, 1ipso extended to finite temperatures
and densities, as outlined in Ref. [15].
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