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This talk is based on Ref. [1]. The reader is referred to that papediditional explanations.

1. Introduction

The energy between a static (i.e. infinitely heavy) quark and a static arkigaparated a
distancer is known as the quantum chromodynamics (QCD) static en&gy,, and is a basic
object to understand the dynamics of the theory. As it is well known, onelistinguish a long-
distance part and a short-distance part of the static energy. The istagiek part encodes the
confining dynamics of the theory, whereas the short-distance parteceontputed in perturbation
theory. On the other hand, one can use lattice QCD simulations to compute thees&ty in
both (short- and long- distance) regimes. Here we want to focus onlyeoahtrt-distance part
of the static energy, where the perturbative weak-coupling approaotpected to be reliable. In
particular, we want to compare state-of-the-art perturbative calcutatiotin the lattice results.
This comparison allows us to obtain a determination of the strong couglinghich is the main
outcome of the present analysis.

2. Perturbative calculation

At short distancedo(r) is given at leading order by the Coulomb potential (with the adequate
color factor),Eq(r) ~ —Cras/r (whereCg = (N2 —1)/(2N;), andN. is the number of colors),
and then we have corrections to this result. At present the static energgvsikncluding terms
up to ordera_é}*”lnn aswithn>0[2, 3, 4,5, 6, 7, 8] (a level of accuracy which we refer to as
next-to-next-to-next-to leading logarithmic 3M\L-). The presence of los terms in the expansion
of the static energy is due to the virtual emissions of gluons with energy ef Bgdthe so-called
ultrasoft gluons), that can change the color state of the quark-arkigaarfrom singlet to octet
and vice versa [9, 10]. Detailed expressions for the static energy aetgkof accuracy were
given in Ref. [2] (and references therein; see also [11] for expligiterical expressions), and we
will not reproduce them here.

3. Lattice computation

The static energy has been recently calculated-nl2flavor lattice QCD [12]. This com-
putation used a combination of tree-level improved gauge action and highlyweghistaggered
quark action [13]; it employed the physical value for the strange-gmeasms and light-quark
masses equal tos/20 (corresponding to pion masses of about 160MeV). It was perfbifore
a wide range of gauge couplings95< 3 = 10/g? < 7.28. At each value of the gauge coupling
one calculates the scale parametgrandry, defined in terms of the static enerBy(r) as follows
[14, 15]

rszO(r) rszO(r)
dr dr
The values ofg andr; were given in Ref. [12] for eacB. The above range of gauge couplings cor-
responds to lattice spacing®09/ro < a! < 6.991/rq. Using the most recent valug = 0.468+
0.004 fm [12] we get B05GeV< a ! < 2.947 GeV. Thus we can study the static energy down to

‘r:ro - 165, |r:rl — 1 (31)
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distances = 0.14rg orr ~ 0.065 fm. For the comparison with perturbation theory the most relevant
data set is the one that correspondgBte- 6.664,6.740,6.800,6.880,6.950,7.030,7.150 7.280,
which is what we use here. The static energy can be calculated in ung®f;. Since the static
energy has an additive ultraviolet renormalization (self energy of the sw@tices) one needs to
normalize the results calculated at different lattice spacings to a common valgergain distance

(or alternatively one can take a derivative and compute the force).stHtie energy is fixed, in
units ofrg, to 0.954 ar = rg [12]. At distances comparable to the lattice spacing the static energy
suffers from lattice artifacts. To correct for these artifacts we usdexextimprovement. That is,
from the lattice Coulomb potential

3 -
= (gnl;g,Doo(ko — 0,k (3.2)
we can define the improved distange= (471C (r))~* for each separation HereDyy is the tree
level gluon propagator for tha® improved gauge action. The tree level improvement amounts to
replacingr by r; [16]. Alternatively following Ref. [15, 17] we fit the lattice data at shadtdnces

to the formconst—a/r +or +a'(1/r — 1/r|) and subtract the last term from the lattice data. Since
the data at the shortest distances that we use (for@pcbrrespond to a separation of one lattice
spacing, it is important to check that the way we are using to correct latti¢acts is working
properly. In that sense, we have found that both methods of corrdctingttice artifacts lead to
the same results within errors of the calculations. Furthermore, the statgiesealculated for
different lattice spacings agree well with each other after the removatticelartifacts, and when
one puts all the data together it seems to lie on a single curve, even at santcds, indicating
that the above procedure of removing the lattice artifacts works.

4. Comparing lattice and perturbation theory: as extraction

We can now compare the lattice results with the perturbative expressiahsisarthe com-
parison to extract the value of the QCD scalgs (in the MS scheme). In order to obtain this
extraction, we assume that perturbation theory (after implementing a cancebiétibe leading
renormalon singularity) is enough to describe lattice data in the range of ckstare are consid-
ering (we use lattice data for< 0.5rg, and since we have lattice data points dowm t8 0.14r,
this means that we are studying the static energy in the 0.06brfi§0.234 fm distance range, in
physical units). Then we search for the valueg\gk that are allowed by lattice data; the guiding
principle to do that is that the agreement with lattice should improve when the'lpsite order
of the calculation is increased.

As it was already mentioned above, in the perturbative calculation of thigyeape needs to
implement a scheme that cancels the leading renormalon singularity [18,Hi9kifd of schemes
introduce an additional dimensional scale in the problem (that we dengfe @ implement the
renormalon cancellation according to the RS-scheme described in REfT2@ static energy in
this scheme is given by

E5S(r,p) = E§'S(r) — RSsubtr(p), (4.1)

where the subtraction term on the right-hand side cancels the leadingn@parsingularity of
E,!V'S(r); the explicit expression for R&btr(p) is given, for instance, in Eq. (7) of Ref. [11]. The
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scalep has, in this case, a natural value which corresponds to the center ahtiewhere we com-
pare with lattice data (i.e. around 1.5 GeV), but any value around thatanoels the renormalon
and is, therefore, allowed.

4.1 Central valuefor ro/\ys

To obtain our central value fap/\ys we use the following procedure:
1. We letp vary by +25% around its natural value.

2. For each value gb and at each order in the perturbative expansion of the static energy, we
perform a fit to the lattice datad/\ys is the parameter of each of the fits).

3. We select thosp values for which the reducexf of the fits decreases when increasing the
number of loops of the perturbative calculation.

Then we consider the set of/\y;s values in thep range we have obtained and take their average,
using the inverse reducegf of each fit as weight. From that, we obtain our central value for
ro/\yis- The value we obtain at 3 loop with leading resummation of the ultrasoft logarithms
ro/\yis = 0.70, which will be our final number for the central value. The perturleagixpressions

at N°LL accuracy (i.e. 3 loop with sub-leading resummation of the ultrasoft logasjtare also
known (as mentioned before) but in this case an additional constard@ppehe expressions (due
to the structure of the renormalization group equations at this order [B]% additional constant
would also need to be fitted to the lattice data (i.e. one has a two-parameter fitéagk)s When
we do that we find that the? as a functiomo/\ys is very flat, and we cannot improve the extraction
by including these higher order terms. In principle, more precise lattice aladéor data at shorter
distances might allow for an improvement in that respect.

4.2 Error estimate

Having obtained our central value fay/\f;s we now need to assign an error to it. We want the
error to reflect the uncertainties associated to the neglected highertenas in the perturbative
expansion ofEy(r). To achieve that, we consider: (i) the weighted standard deviation in the set
of p values we found above, and (ii) the difference with the weighted averaggputed at the
previous perturbative order. (Note that, starting at two-loop ordex,cam decide whether one
wants to perform the resummation of the ultrasoft logarithms or not. To assgertbr we take
whichever difference -with or without resummation in the previous orddargger. This amounts
to not making any assumption about the necessity or not to resum thesiéhiogar We then add
the two errors linearly (term (ii) turns out to be the dominant one).

Additionally, we also redo the analysis with alternative weight assignmental(ie, and con-
stant weights); we obtain compatible results. In the final result, we quotemadthat covers
the whole range spanned by the three analyses. As an additionacbexds-we can compare the
analysis performed with the static energy normalized in unitspdbur default choice) and the
one with the static energy normalized in unitsrof We find that the two analyses give consistent
results. (Note that the values for the static energy in both cases -i.e. in tinjtera ;- come from
the same lattice data set in termsr@#; but the error analysis in the normalization of the energy
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for each lattice spacing is different in the two cases. Therefore, ameotabtainEqg(r/rq1) from
Eo(r/ro) by a trivial rescaling, and it is in this sense that the analysis with the scal®vides a
cross-check of the result).

4.3 Final result for as

Ouir final result reads
ro/\yis = 0.70+0.07, (4.2)

which corresponds to
as(p = 1.5GeV,ns = 3) = 0.326+0.019 — as(Mz,ns =5) =0.1156' 3955  (4.3)

where we used the) value from Ref. [12] to obtaims(1.5GeV) from Eq. (4.2), and then evolved
it to theZ-mass scaldylz, using theMat hemat i ca packageRunDec [21] (4 loop running, with
the charm quark mass equal to 1.6 GeV and the bottom quark mass equate\).7

4.4 Comparison with other recent as determinations

There are several recent determinationgrothat also employ comparisons with lattice data.
These include analyses that use: observables related to Wilson lodpsoflibe static energy)
[22, 23], moments of heavy quark correlators [24, 23], the vacuuarigation function [25], the
Schrédinger functional scheme [26], and the ghost-gluon couplifg T2y deliver numbers that
are mostly compatible with our result, although our central value is a bit lowartttase of the
other lattice determinations (see Fig. 1 for a graphical comparison).

In Fig. 2 we compare our result fars(Mz) in Eq. (4.3) with a few other recemts determi-
nations that use other techniques (i.e. non-lattice determinations); we inekuéesrcoming from
T decays, thrust, and parton distribution function (PDF} fisdong with the Particle Data Group
(PDG) average (the comparison is not exhaustive, we just show atfew @ecent results in the
figure, meant to illustrate where our result lay with respect to reggaktractions).

It is also worth remarking that owrs determination is performed at a scale of around 1.5 GeV,
and therefore constitutes an important new ingredient to further testrihenguof the strong cou-
pling (see Fig. 2 of Ref. [1] for a graphical comparison of differeatesiminations ofos as a
function of the energy scal@ where they are performed).

5. Conclusions

To summarize, in this work we have compared perturbative calculationsdd@@D static
energy at short distances with lattice computations. We find that perturlibtory (after can-
celing the leading renormalon singularity) is able to describe the short-déstant of the static
energy computed in-2 1 flavor lattice QCD (see Fig. 1 of Ref. [1] for a comparison of the diffiere
orders of accuracy of the perturbative result and the lattice data).xjeited this fact to obtain

INote that the errors in the results from PDF fits do not include effects fn@minknown higher-order perturbative
corrections. This theoretical uncertainty is difficult to assess and hdepa addressed in detail so far. It is expected to
be roughly of the same order as the quoted errors.
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Figure 1: Comparison of our result fars(Mz) with other recent lattice determinations. The references a
HPQCD [23], JLQCD [25], PACS-CS [26], ETM [27].
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Figure 2: Comparison of our result foos(Mz) with a few other recentrs determinations. We include
results fromt decays (Boitcet al. [28]; Abbaset al.[29]; Pich [30]), thrust (Abbatet al. [31]), and PDF
fits (ABM11 [32], MSTW [33], NNPDF [34]), along with the PDG axage [35] for reference.
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a determination of the strong couplimg. Our extraction is at three-loop accuracy (including re-
summation of the leading ultrasoft logarithms) and is performed at a scale &feM5When we
evolve the result to the scald; it corresponds tars (Mz) = 0.1156" 53922
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