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1. Introduction

An accurate determination of the charm mass plays an imptartdée on the precise physical
evaluation of several observables, from K and B decays to GHafrix elements and in lattice
QCD. One of the usual techniques to extract the charm massigetthe sum rules approach based
on the relation between the moments of the productionRatrd the inverse power of the square
mass of thec quark, and the Padé method (see [1, 2]). This approach slwoulidont the fact
that one have to employ the moments of the integral of R ovemtiole energy range, which are
global properties, even though they are only known up to a certaite gc (since we only know
experimentallyR in a finite window). We propose to wield thecal properties oR through a new
"non-analytic reconstruction" method [3, 4]. As we will shahis approach allows us to obtain
local properties of the heavy quark correlators at eachtpaifhthe spectrum with a systematic
error and then to find a value of the charm mass directly g8 segression on the experimental
points.

2. Detailsof the method

2.1 Non-analytic reconstruction

Let us consider the vector polarization function
(AuQv — Pguv) M) = i/d4xe‘iqx (O|T ju(x) j*(0)|0) , (2.1)

with the currentj, (X) = T(X)y, Y (x), which has a cut in the complex plane startingiat= 4nv,
wherem is the (pole) mass of the heavy quark considered. In QCD ation theory, it can be
expanded as

n(@) =) +1°@)+ (2)n®@)+ (%) n@@) + (%) @) + o). 22

where onlyl(® andn® are know analytically, (foz = g?/4n?)

and
ﬂ(l)(z) — % g_|_ 16'_:;’_ (l—z)(z3+22) G(Z) + (1_2)(6];— 162) GZ(Z)
d
— % <1+ 22(1—z)d—z> I(TZ)] , (2.4)
in which we used the auxiliary functions,
2u logu
G(z) = 1 (2.5)
|(2) = 6[¢s + 4Lia(~u) +2Lis(u)|
—8[2Li2(—u) +Li2(u)} Inu—2[2 In(1+u) +In(1—u)| In?u, (2.6)
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and
1-1/z—

T /Io1z+1
As it has been shown [3, 4] even if the functidi& andM® are unknown analytically, one

can reconstruct them from their expansions arayfne 0 (Taylor expansion)y® — 4n¥ (threshold
expansion) and?® — « (OPE), as

(2.7)

N*

n¥ (@) = e+ 3 () agLi®p,e) ~ By L (p.—w)| + EM(NG @) . (28)
n
Let emphasize a little this expression. First one definesthealledconformal change of
variable
— 47(*) ’ W= 1_7 vi-z ] (2.9)
(1+ w)? 1+v1-2

This change of variables maps the eytlane into a unit disc in thev plane, as we can see on
Figure 2.1. The physical cate [1, [ is transformed into the circleo| = 1 . The pointz = 0 into
w=0,z=1intow=1, the limitz— +o+icintow — —1+ig, andz— —o into w — —1.
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Figure1: Conformal mapping betweerandw.

For both functiond1® andM®, Feynman diagrams calculationscgt— 0 give the expan-
sions up to an orde¥; (for k = 2,3)

2 = Z)C 2o (2) = Z)Q e (), (@10

where the relation between the two coefficie@ts andQ® (n) is

0 (~1)P4PT(n+p)
Q®(n ) c 2.11
Z Zormricp P (2.11)
n
(k) 1-2n P (k)
c®(n) =2¥2r (2n) Z Fainp F(1+n+p)Q (p). (2.12)



Charm mass and non-analytic reconstruction David Greynat

The main part of the approximation in (2.8) lies on the corabon of the polylogarithms
functions,

(s @)= o ok e (1)

and the analytic evaluation of the coefficient$) andB'). In order to reconstrudi® andr‘®,
we collect here their corresponding coefficients (see [Eodinore details)

> log‘n

(1'y R,

Jw[<1

(2.13)

(ag3 = 3.44514 B3 = 033723
ayy = —0.492936 B3 =0.211083 (.10
al =225 ’ B3 =0.183422 '
| 33 = 3.05433 BYY = ~0.620598
®
a'¥ ;= 105456
(1;; By =-0181866 . .
al¥ = 310063 ’ B = 709277
o B = 0211083 >0
al?) = -11.0769 ; 5 BY = 563093 (215
’ — 0879515, ’ .
al) = 363318 e \a3ss B = 209951
(3 _ Pso = ~10 3 _
ay) =37.1514 5 B = —7.55063
5 By =3.82702 |
ay) =10125
At least, one gives the error functios®,
. +1| & log*°n
E2(N;, w) = ol ¥ = w" (2.16)
n=N;+1
0 I 3
EONg, ) = | T o9 . 2.17)
—15  fr.1

which encode the systematic error from the reconstructions

2.2 Experimental data

There exists several experimental results forthe in hadrons that one can use for the fitting
of thec quark mass. Each of the experiments give the IiRtg) of the radiation-corrected measured
hadronic cross section to the calculated lowest-ordeis@estion for muon pair production,

R(s) — oo(e'e” — hadrong  gp(e"e” — hadrong
~ op(eter — ptuT) 4ma?/3s ’

(2.18)

that has the experimental values shown in Fig. 2.
This Fig 2 shows that the complete spectrum is sensitive donances, as expected. It is
obvious that a perturbative approach cannot take into axtd¢be resonances description, then one
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Experiment

Reference

MARK |
PLUTO

CrystalBall (Run 1)
CrystalBall (Run 2)

5]
[6]
[7]
[7]

MD1 8]
CLEO [9]
CLEO [10, 11]

BES [12]

BES [13]
CLEO [14]
CLEO [15]

Table 1: All different experimental sets considered for the fits.
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Figure2: Collection of the different experimental sets for the V-\ésprum.

has to make an arbitrary choice on where we assume that thimwwam limit is reached or in
other words, where the perturbative description is pemtineet’'s choose the value of 5 GeV. Of
course the influence of the arbitrariness has to be discasstthken account in the evaluation of
the error but it is something depending on the perturbati leeavy-quark limit more than the
reconstruction itself.

The idea now is to perform a fit among all this data points toaexttheperturbativemassm
of thec-quark.
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2.3 Fitting approach

The first step in the fitting procedure is to choose the folfmyvéxpression for the running
aS(S)!
2
ag(s) = 4 1 2B In[In(s/A%)]

Boln(s/A2) BZ In(s/A?)

Ap? 1\? B 5
+W <<In [In(S//\Z)]—§> +8—312_Z>]’ (2.19)

whereA\ is the energy scale and tifiefunction has coefficients

2n 19n 5033 3257
f By=51-—"" Bo=2857— =t 4+

=11- —
Po 3’ 3

(2.20)

andns is the number of quarks with mass smaller thasy 2.
Thetheoreticalexpression (2.18) is related f(g?) (2.2), up toa?,

<§>2+ <%>2+ <%>2] Ne |1+ as—f) +1.525<a5—7(:‘)>2—11.686(“5723))3]
+12n<§>zlm n<°>+gas—7(:‘)n<l>+(as—ffn(zwcs(as—?)gn@] (2.21)

where alllm® functions have the argument= ﬁ, andN, is the number of colors.

The goal of the analysis is to extratt from the comparison between the valueRaf, and
Ri.. The usual method used is to built the moments associatedranR0 to A? and identifying
the coefficients of the Taylor expansion that are propoaliamp to a factor tang 2. Instead of this
approach, we propose to perform the analysis directly offiuhetion itself, because thanks to the
reconstruction method formula (2.8), its expression islake and its systematic error too (2.16).

For this we will use g(2-method with the assumption

X3(me) = % (Rexp.(sj) - Rth.(Sj)>2Jr (Rexp.(sj) - Rth.(31)>2 7 (2.22)

=1 Oexp.(Sj) Otn.(Sj)

Rin.(s) =

where thes; are the experimental energy points, thg, is the experimental error and the theoret-
ical erroray,, due the approximation of the reconstruction is given by

2
oz () = ? Im [(%)(:)) g(2>(N§,w)]

256
+—5— (o

2

m [(“S(S)>3£<3> (Ns,w)]

with w = ;Vl_%
1+\/%
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3. Resaults

3.1 Numerical results at order a2

At a2 order, one obtains after a regression procedure wif,a/d.o.f.= 1.03,
me(pole) = 1.85+0.08 GeV, (3.1)
that is translated into thilS mass as [16]
m(MS) = 1.12+ 0.08 GeV. (3.2)

Assuming now that the mass; obeys to a Gaussian density of probability, one can easily
reconstruct points by points the error generatedRgnby this hypothesis, taking into account that
the relation betweem; andRy,, is highly non linear and non trivial for expressing the erfdfe
choose then to use a Monte-Carlo approach to obtaining tte ma&ue ofRy, and its error as
shown in Fig 3.

ji _ X2,/dof=103 Chrysitﬁlg_alnllg%ésoi |
Al me(pole) = 1.85+40.08 GeV Regcl)_nEsct)r uzc?t%YnﬁH |
391 |
38¢ 1
Rexp: Rn.3.7 : |
36} 1
35¢ 1
341 |
33}t 1

3.2 . . . , ,

5 6 7 8 9 10 11

V/s(in GeV)

Figure 3: The reconstructed radiation-corrected measured hadecoogs section to the calculated lowest-
order cross section for muon pair production.

4. Conclusions

We show that it is possible to extract the charm mass valee aff? regression to the exper-
imental data of the radiation-corrected measured hadi@oigs section to the calculated lowest-
order cross section for muon pair production using the naalydic reconstruction of the heavy-
quark correlators. We present here a preliminary resulbw®t The next step would include the
orderas and a complete analysis of all different systematic coutidns [17].
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