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Final state interactions of pions in the decay K± → π±π0π0 lead to the anomaly (cusp) in the
π0π0 invariant mass distribution in the vicinity of charged pions threshold . We present our
results of accounting of the electromagnetic interaction among charged pions leading to bound
states (pionium atom) just under the charged pions threshold .
The isospin breaking effects in the decay K±→ π+π−e±ν (Ke4 decay) are shortly considered.
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1. Scattering lengths as a test of chiral symmetry breaking

The pion-pion scattering at low energies provides a testing ground for strong interaction study.
As the free pion targets cannot be created the experimental evaluation of ππ scattering character-
istics is restricted to the study of a dipion system in a final state of more complicated reactions.
One of the best way for ππ scattering lengths determination is the kaon decays to two or three
pions in the final state. The Chiral Perturbation Theory (ChPT), which is a systematic expansion of
Green functions in terms of external momenta and quark masses claims to be the theory of strong
interaction at low energies. At present it predicts the values of pion-pion s-wave scattering lengths
a0,a2 (ππ state isospin I=0, 2) with unusual for strong interaction precision [1]. For instance1

a0 = 0.22±0.005. To check these predictions one has to extract the scattering lengths values from
experimental data with comparable accuracy. The importance of precise knowledge of scattering
lengths is due to the fact that their values give information on the degree of chiral symmetry break-
ing. In the world with exact chiral symmetry (mu = md = 0) the scattering lengths should be zero.
Moreover their values allows one to estimate the size of the quark-antiquark condensate. For in-
stance in the standard ChPT with large condensate the value of isoscalar s-wave scattering length
should be about a0 = 0.2, whereas in generalized ChPT with small condensate its value should be
around 0.3.

2. Cusp in K±→ π±π0π0 decay

In 2003-2004 the collaboration NA48/2 at CERN SPS collected a large amount of data [2]
on the decay K±→ π±π0π0. The dependence of its distribution on the invariant mass of the two
neutral pions M00 (fig. 1) shows a cusp-like anomaly in the vicinity of charged pions threshold
M00 = 2mc. As was pointed out by N.Cabibbo [3] this anomaly is a result of charge exchange
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process π+π−→ π0π0 in the decay K±→ π±π+π−. The amplitude of the decay K+→ π+π0π0

1In units of inverse charged pion mass m−1
c .
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reads:

T = T0 +2iaxkcT+, ax(π+
π
−→ π

0
π

0) =
a2−a0

3
, (2.1)

T0(K+→ π+π0π0), T+(K+→ π+π−π+) are unperturbed (without final state interaction) ampli-

tudes, kc = 1
2

√
M2

00−4m2
c is the relative momentum of charged pion in the reaction π+ + π− →

π0 +π0.
Under charged pions threshold this momentum becomes imaginary kc = iκ :

|T |2 = T 2
0 +4

(a0−a2)2k2

9
T 2
+, M2

00 > 4m2
c ,

|T |2 = T 2
0 +4

(a0−a2)2κ2

9
T 2
+−4

(a0−a2)κ
3

T0T+, M2
00 < 4m2

c . (2.2)

Thus above the charged pions threshold M2
00 > 4m2

c the decay rate is proportional to the square of
scattering lengths difference (a0−a2)2, the fact known for many years [4], while under threshold
M2

00 < 4m2
c the decay rate acquires interference term linear in (a0− a2). The presence of cusp in

the decay K±→ π±π0π0 allows one to extract the value of s-wave ππ scattering lengths difference
a0−a2 with high precision.
For many years the semileptonic decay K±→ π+π−eν (Ke4 decay) was seen as a cleanest method
for measurement of ππ scattering lengths, due to only two pions in the final state and well known
connection between the pions phases difference in s and p wave states with scattering lengths.The
discovery of cusp effect by NA48/2 collaboration open a new challenges for precise determination
of scattering lengths.
The fit of the experimental distribution making use of two theoretical models [5, 6] present the
extension of N.Cabibbo’s approach to higher order in scattering lengths (∼ a2) allows to determine
the scattering lengths with accuracy comparable to theoretical predictions.
Nevertheless there are two problems that have been unsolved in the above consideration. At charge
pions threshold one has to account for electromagnetic interaction of pions leading to bound states
(pionium atoms) just under threshold. In the fig.2a the result of the fit without electromagnetic
effects is shown [2]. The discrepancy in the vicinity of charged pions threshold is a result of
neglect of this effect in the theoretical approaches. The better fit turn out ( fig.2b) if one adds a free
parameter relevant to a term describing the expected formation of pionium atoms decaying to π0π0

at threshold. However the obtained in such way value of K±→ π±+(π+π−) normalized to the
K±→ π±π+π− decay rate turn out to be twice larger than theoretical prediction.

3. Higher order effects and electromagnetic interactions

The second issue closely connected to bound state formation is the absence of a reliable way to
estimate the contribution of higher order terms in strong interaction. The reason is that to account
for electromagnetic interaction leading to unstable bound states one needs expressions for decay
amplitudes including the strong interaction between pions in all orders,the task which can’t be
solved in the framework of two mentioned above [5, 6] theoretical models.
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To resolve these problems, we make use of the well known methods of non-relativistic quantum
mechanics, obtaining [7] the general expressions for the decay amplitudes to the two different
channels (π+π− and π0π0) accounting for the strong interaction between pions to all orders. The
general form of matrix element for kaon decay to the final state with two charged or neutral pions
can be written in the operator form:

Mc =
∫

Ψ
+
c (r)M0(r)d3r; Mn =

∫
Ψ

+
n (r)M0(r)d3r (3.1)

The two component operator M0 =

(
M(0)

c (r)
M(0)

n (r)

)
, where M(0)

c (r),M(0)
n (r) are the matrix elements of

kaon decay to noninteracting charged and neutral pions pairs, while Ψc(r),Ψn(r) are the appropri-
ate two component wave functions.
These wave functions would satisfy to couple Shrődinger equations 2

−∆Ψc(r)+UccΨc(r)+UcnΨn(r) = k2
cΨc(r)

−∆Ψn(r)+UnnΨn(r)+UncΨc(r) = k2
nΨn(r) (3.2)

where Ui j are the strong potentials describing elastic cc→ cc;nn→ nn scattering and charge ex-
change reaction cn→ cn . kc,kn are the charge and neutral pions momenta in the appropriate center
of mass system.
Assuming the strong potentials with sharp boundary Uik � k2

c(n) , making use the known asymp-
totic behavior of wave functions and unitarity constrains we obtain a set of relations expressing
the decay amplitudes through unperturbed one M0c,M0n and ππ scattering amplitudes fx(π+π−→
π0π0), fc(π+π−→ π+π−), fn(π0π0→ π0π0)

Mc = M0c(1+ ikc fcc)+ iknM0n fx, fcc =
acc(1− iknann)+ ikna2

x

D
,

2We restricted by s-wave ππ scattering in the final state.
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Mn = M0n(1+ ikn fnn)+ ikcM0c fx, fnn =
ann(1− ikcacc)+ ikca2

x

D
,

fx =
ax

D
, D = (1− ikcacc)(1− iknann)+ knkca2

x . (3.3)

In order to take into account the electromagnetic interactions between pions, we take an advantage
of the trick successfully used in [8, 9]. To switch on the electromagnetic interaction [10] it is
enough to replace the charged pion momenta kc in above expressions by a logarithmic derivative of
the pion wave function in the Coulomb potential at the boundary of the strong field r0 :

ikc→ τ =
d log[G0(kr)+ iF0(kr)]

dr

∣∣∣∣
r=r0

. (3.4)

Here F0,G0 are the regular and irregular solutions of the Coulomb problem.
In the region kr0 � 1, where the electromagnetic effects are significant, this expression can be
simplified:

τ = ik−αm [log(−2ikr0)+2γ +ψ(1− iξ )]

= Re τ + i Im τ

Re τ = −αm [log(2kr0)+2γ +Reψ(1− iξ )] ,ξ =
αm
2k

Im τ = kA2, A = exp
(

πξ

2

)
|Γ(1+ iξ )|. (3.5)

Here γ = 0.5772 Euler constant and digamma function ψ(ξ ) = d logΓ(ξ )
dξ

.
Inclusion of the electromagnetic interactions in thus way lead to the bound state in the very narrow
region under charged pions threshold and correctly accounts for the electromagnetic interaction in
all kinematical region [10]. It seems that the difference between predicted rate for creation of pio-
nium atoms and fit result at threshold is due to the fact that in the vicinity of threshold besides the
bound states, there are contribution from unbound pairs, whose electromagnetic interaction gives
almost the same size contribution as the pionium decay [11].

4. Ke4 decay

As was mentioned above the decay Ke4 is ideally suited for determination of ππ scattering
lengths. The preliminary analysis of the experimental data obtained by NA48/2 collaboration leads
to large discrepancies between the predictions for scattering lengths of Chiral Perturbation Theory
and their values extracting from experimental data [12].
It was shown [13] that this difference is due to the neglect of isospin breaking effects in the ex-
perimental data processing. Account of electromagnetic interaction between the pions in the decay
K±→ π+π−eν and isospin breaking effects provided by possibility of charge exchange among the
pions in the final state allows to adjust the data for scattering lengths from NA48/2 and theoretical
predictions.
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5. Conclusion

The general principles of non-relativistic quantum mechanics allows one to obtain a compact
analytical expressions for decay amplitudes accounting for pion-pion final state interaction to all
orders in strong interactions. The developed approach gives a possibility to estimate the contribu-
tion of higher order terms in strong interaction of final pions, which is an actual issue accounting
for the high precision of current experimental data.
From the other hand the obtained expressions for decay amplitudes allows one to take into account
in the correct way the electromagnetic interactions of pions and obtain the formulas describing
the bound state (pionium) under the charged pions production threshold. The considered approach
can be applied to the wide class of the decays with two or more hadrons in the final state, leading
to better understanding of strong interaction and giving the unique possibility to check different
theoretical models predictions for meson meson interactions at low energies.
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