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1. Introduction

The strong coupling is one of the most important parameters of the Standard Model. Its precise
determination at various scales is crucial for testing the asymptotic freedom of QCD, the modern
theory of strong interactions. The inclusive hadronic decay width of the 7 lepton provides a clean
way to determine o at low energies [1, 2, 3, 4]. The R ratio for the T decays is defined as:

I'[t~ — hadrons v,]
[t~ = e Vv

R; (1.1
Here we are interested in the T decay rate into the lightest (« and d) quarks, which proceeds either
through the vector (V') or axial-vector current (A). This quantity can be expressed theoretically in
the form

rv/A—SEW|Vud!2[1+5 + 8w+ Y 84y ], (1.2)

D>2

where Sgw = 1.0198 £ 0.0006 and 5éw = 0.001040.0010 are electroweak corrections, and 5;5)
is the contribution from the higher D-dimensional operators which arise in the operator product
expansion. Our main interest is in the perturbative correction §(*) which can be written as [5]

! ds s\ s\ A
0) —
o = o f{ s<1_Mg> <1+M%>me(a,L), (1.3)
jsl=p2

where a = a(u?) = a,(u?)/n, L = In ;—f and Dyper(a, L), is the perturbation expansion of the Adler
function. In the ‘fixed-order perturbation theory’ (FOPT) this expansion has the form [6]

oo n
DFOPT(CZ,L) = Za” ZkCndLk_l , (1.4)
n=1 k=1

while in renormalization-group-improved or ‘contour-improved perturbation theory’ (CIPT) the
series is written as [7, 8]

Dcipr(o(—s)/m,0) = Z Cnl < )> . (L.5)

In the above expansions the coefficients ¢, 1 are known for n < 4 from perturbative calculations in
the MS-renormalization scheme (see [9] and references therein). The numerical values for n =3
flavours are:

C]y_] = 1, 6271 = 1.640, C371 = 6.371, C4.1 =49.076.

For the next coefficient cs | estimates are given in [6, 10, 11, 12].

The coefficients ¢, j for j > 1 are determined in terms of ¢, ; and the coefficients 3; of the
B-function of the renormalization group equation (RGE). At present this function is calculated to
four loops in the MS-renormalization scheme (see [13, 14] and references therein), where the first
coefficients are:

Bo=9/4, By=4, B=10.0599, P;=47.228.
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2. Renormalization-Group-Summed Perturbation Theory

We use a method based on the explicit summation of all renormalization group accessible
logarithms [15, 16, 17], which was recently applied to the hadronic width of the 7 lepton [18, 19,
20, 21]. In this method, the Adler function is written as

Draspr(a,L) = Z (2.1)
where N
Dy(aL)= Y (k—n+1)cgxnir1(al) . (2.2)
k=n

We now exploit the fact that the Adler function defined by the expansion (1.4) is scale independent

d B dDropr  dDropr
d[.L2 [DpopT(a L)] =0 = ﬁ(a) P — oL =0. 2.3)

The relevant renormalization group equation (RGE) is written as:

i i k—1 ananLk 2

o n
. (poa2 B+ Boat + ...+ Bid . ) x Y'Y nkeypa 2.4)
n=1k=1

By extracting the aggregate coefficient of " L" 7 we obtain the recursion formula (n > p)

p—2
0= (I’L —-p+ 2)Cn,nfp+2 + Z (n - I)chn—f—l,n—p—i-l . (2.5)
(=0
Multiplying both sides of (2.5) by (n— p+ 1)(aL)"? and summing from n = p to oo, we obtain a
system of first-order linear differential equation for the functions defined in (2.2), written as

dD,, n—1 d B
d(aL) +[§0BZ <(aL)d(aL> +l’l—€> D, =0, (2.6)

for n > 1, with the initial conditions D, (0) = ¢, which follow from (2.2). The solution of the
above equations can be found iteratively in an analytical closed form. The first two solutions are

In
Di(aL) = 2, Dy(ar) = 2t Previlny

y y Boy*
By inserting in the integral (1.3) the RGSPT expansion (2.1) of the Adler function we obtain the

=1+ BoalL. 2.7)

expansion of (%)

(o] 3
0 5 1 ds s s
SRGspT = ’;a(MT)"dn, where d, = 3 j{ - (1 — M%> <1 +M%> D,(aL).  (2.8)
B |s|=M2
In Table 1 we show the behaviour of the FOPT, CIPT and RGSPT as functions of the truncation
order N of the series. For N = 4, the difference between the results of the RGSPT and the standard
FOPT is 0.01754, and the difference from the RGSPT and CIPT is 0.0039, which confirms that the

RGSPT gives results close to those of the CIPT.
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Sior St Gaser
0.1082 0.1479 0.1455
0.1691 0.1776 0.1797
0.2025 0.1898 0.1931
0.2199 0.1984 0.2024
0.2287 0.2022 0.2056

2z=2zz2=
m#ul»'aw—~

Table 1: Predictions of §(©) in the standard FOPT, CIPT and the RGSPT, for various truncation orders N
using o (M?) = 0.34.

3. Determination of o, from RGSPT expansion

We adopt as input the recent phenomenological value [6, 12]

5(0)

o = 02037 £0.0040,.., 3 0.0037pc. 3.1)

Using the expansion (2.8) truncated at N = 5, with the known coefficients ¢, ; from (1.6) and the
conservative choice ¢5 1 = 283 +-283 as in [6], we obtain [18]

0L (M) — 0.3378 0.004641p £ 0.0042e *00063 5.1 40003 sale) “09005(B).  (32)

where the errors from various sources are indicated separately (in the last term we used the estimate
Bs = :I:B% /B2 for next coefficient in the expansion of the f function). Combining the errors in
quadrature

a;(M?) = 0.338 +£0.010. (3.3)

4. RGS Non-Power Perturbation Theory

One of the ambiguites in the extraction of ¢ from the hadronic 7 decays arises from the
large-order behaviour of the QCD perturbative series. The large-order behaviour of the RGSPT
expansion was investigated in [19] in a model of the Adler function proposed in [6]. In this model,
the RGS expansion of the QCD Adler function has a behaviour which is similar to that of CIPT and
eventually exhibits large oscillations, thereby showing the divergent character of the QCD pertur-
bative series. We improve this behaviour of the RGSPT expansion by the analytical continuation in
the Borel plane. The method was applied to FOPT and CIPT by Caprini and Fischer [22, 23, 24].

The large-order behaviour of the perturbation theory is encoded in the singularities of the Borel
transform B(u), defined starting from the expansion (1.5) as

B(u) = Cnt1,1 - 4.1)
(u) ;0 g

The function B(u) has singularities placed on the real axis along the lines u < —1 and u > 2.
Therefore, the Taylor expansion (4.1) converges only in the disk |u| < 1, limited by the nearest
singularity at u = —1 of the expanded function. The region of convergence can be enlarged if
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the series in powers of u is replaced by a series in powers of an “optimal" variable w(u) that
conformally maps the holomorphy domain of B(u), i.e. the u-plane with cut along u > 2 and u <
—1, onto the unit disk |w| < 1 of the complex plane w = w(u). This also accelerates the convergence
rate at all points in the holomorphy domain [24, 25].

The Borel transform of the RGSPT expansion (2.1) is written as [19]

o n n
u

Braspr(u,y) = B(u) + Cindnr1j(y), 4.2)
1

7l
n=0 On'j:

where y = 1+ BpaL. We consider a general class of conformal mappings

:\/1—H4/l—\/1—u/m7 1> 1m>2 43)
V1tu/l+\/1—u/m

where [, m are positive integers satisfying / > 1 and m > 2. The function wy,,(«) maps the u-plane

Wi (1)

cut along u < —[ and u > m onto the disk |wy,| < 1 in the plane wy,, = wy,,, (1). We define further
the class of compensating factors of the simple form

(1) (m)
1

Wi (1) \" Wi (1) \ 2
s = (1-50) (=) “
where the exponents
1 =n+80), %" =n(+80),
nh =121, Y =2.58, 4.5)
are chosen such that Sy, () cancels the dominant singularities of Brgspr(u,y), situated at u = —1

and u = 2. We further expand the product S}, («)Brgspr (4, y) in powers of the variable wy, (u), as

Sim(u)Braspr(,y) = Y C;(j,gz}sm(y) (Wi (u))". (4.6)

n>0

We are thus led to the class of RGSNPPT expansions

Drasnppr(s) = Z Ci(ll,rlg)GSPT(y) %(,ZQSPT(S% 4.7
n>0
where .
(Im) 1 / —u (Wi (u))"
=5P : 4.
7, raser(5) By VO exp (ﬁofls(—s)> S () du (4.8)

fﬁ'géspr(y) are defined by the expansion (4.6) and the coupling a,(—s) appearing

in the Laplace-Borel integral is the one-loop solution of the RGE.

The coefficients ¢

5. High-order behaviour of RGSNPPT expansions

In Table 2 we record the remarkable supression of the divergent behaviour of the RGSPT
expansion through analytic continuation in the Borel plane.
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N CIPT FOPT RGSPT  RGSNPPT w;,  RGSNPPT w3 RGSNPPT wy.,  RGSNPPT w3
2 200595 -0.0679  -0.0574 200347 -0.0239 20.0417 20.0177
3 200473 -0.0345  -0.0440 -0.0333 -0.0301 -0.0349 -0.0303
4 200388 -0.0171  -0.0347 -0.0089 -0.0142 -0.0067 -0.0132
5 200349  -0.0083  -0.0315 -0.0070 -0.0086 -0.0058 -0.0070
6 200325 -0.0043  -0.0284 -0.0073 -0.0071 -0.0064 -0.0072
7 200325 -0.0029  -0.0298 -0.0059 -0.0057 -0.0056 -0.0044
8 200354 -0.0018  -0.0309 -0.0041 -0.0035 -0.0041 0.0011
9 200367 -0.0004  -0.0363 -0.0023 -0.0019 -0.0028 -0.0010
10 -0.0529 00019  -0.0483 0.0014 0.0012 -0.0020 0.0004
11 -0.0409  0.0031 -0.0458 0.0036 -0.0008 -0.0016 -0.0009
12 -0.1248  0.0065  -0.1335 0.0031 -0.0006 -0.0015 0.0005
13 00258  0.0037 0.0534 0.0026 -0.0004 -0.0015 -0.0005
14 -0.5286  0.0204  -0.7850 0.0018 -0.0003 -0.0015 0.0011
15 08640  -0.0201 1.7734 0.0006 -0.0002 -0.0015 0.0044
16 -35991  0.1447  -7.7043 0.0001 ~7-1076 -0.0015 -0.0131
17 93560  -04252  24.8586 -0.0004 4.107 -0.0014 0.0238
18 -31.76 1.907 9426 00013 -0.0001 -0.0013 -0.0310

Table 2: The difference 5(0)—5éfgct for the model proposed in [6] for o, (M?) = 0.34 with the standard CIPT,

FOPT and RGSPT expansions, and the new RGSNPPT expansions for various conformal mappings wy,,,
truncated at order N. The exact value 56()?2ct =0.2371.

6. Determination of o, from RGSNPPT expansions
Using the phenomenological input (3.1) and the RGSNPPT expansions (4.7) we obtain [19]
0t (M2) = 0.3189 £ 0.0034x, +0.0031pc 00105 (cs5,1) £0.00104,, (6.1)
and after combining the errors in quadrature
o (M%) = 0.3189 T0103. (6.2)
By evolving to the scale of My our prediction reads

o (MZ) = 0.1184 759018 (6.3)

7. Conclusion

This work is motivated by the well-known discrepancy between the predictions of o (M?)
from the standard FOPT and CIPT expansions. We have shown that the summation of all the
logarithms accesible by renormalization group invariance provides a systematic expansion of the
Adler function with a good behaviour in the complex energy plane [18]. The results of the new
RGSPT expansion are similar to those obtained with CIPT. We further tamed the divergent char-
acter of the perturbative series by the method of conformal mappings of the Borel plane, defining
the RGS non-power expansions [19], similar to the FONPPT and CINPPT defined in [22, 24]. The
RGSNPPT expansions lead to a prediction for o (M2) similar to that obtained with standard FOPT
and with CINPPT. As shown recently [26], the good large-order properties of the renormalization-
group improved non-power expansions are valid also for a large class of moments of the spectral
functions (the one associated with the hadronic width being a special one). Therefore, CINPPT
and RGSNPPT provide a solid theoretical framework in moment analyses for the simultaneous
determination of the strong coupling and other parameters of QCD from hadronic 7 decays.
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