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1. Introduction

The interest to possible Lorentz and CPT Invariance Violation in the Standard Model was
raised up in last 20 years after the seminal paper [1]. In that work the electrodynamics modified
with additional Chern-Simons (CS) parity-odd lagrangian spanned on a constant CS four-vector
was considered. From the analysis of the radiation of distant radio galaxies it was shown that there
is no such violation on the Hubble scales. Nevertheless, the absence of experimental evidence of
a tiny violation of Lorentz invariance and parity on scales comparable to the size of the universe,
does not rule out such effects at the level of galaxies and stars. At this scales the spontaneous
breaking of Lorenz invariance can occur as an effect of the medium after condensation of massless
axion-like fields [2]. In addition, axions are one of the candidates for dark matter.

The recent results of the research group AMS-2 confirmed the data of earlier experiments
PAMELA and Fermi-LAT , namely, the abnormally large number of high-energy positrons in cos-
mic rays and the absence of such an effect for antiprotons [3]. Despite the fact that these results
can be explained by astrophysical processes, the possibility of an abnormal yield of positrons due
to the presence of the dark matter seems to be very interesting. In the presence of axion-like back-
ground, the photon can decay into a particle-antiparticle pair. In this case, the threshold of a pair
is proportional to the squared mass of the produced particles [4]. This fact explains the abnormal
number of positrons and the absence of the effect for antiprotons, since m2

e
m2

p
∼ 10−6.

Another interesting area for observation of parity breaking is the heavy ion physics. Recently
several experiments in heavy ion collisions have indicated an abnormal yield of lepton pairs of
invariant mass < 1 GeV in the region of small rapidities and moderate transversal momenta [5].
This phenomenon is stronger for central collisions with moderate transversal momenta of dileptons.
It happens both for e+e− and dimuon pairs and a possible explanation of this enhancement is
outlined in [6]. It was conjectured that the effect may be a manifestation of local parity breaking
(LPB) in colliding nuclei due to generation of pseudoscalar, isosinglet or neutral isotriplet, classical
background whose magnitude depends on the dynamics of the collision.

In the occurrences of axion-like background in astrophysics or heavy ion physics the existence
of a boundary between the parity-odd medium and the vacuum is quite essential. For star condensed
axions there is evidently a boundary where axion background disappears and photons distorted by
it escape to vacuum. However, not all the photons penetrate the boundary and partially a reflection
arises. As well in heavy ion collisions the outcome of the photon/vector meson decays, say, into
lepton pairs generated by slowly decreasing pseudoscalar background inside of the fireball can be
normally registered in vacuum or after freeze-out when dilepton pairs are outside of the parity
breaking medium.

2. Carroll-Field-Jackiw model with the boundary

We start from the Lagrange density which describes the propagation of a vector field in the
presence of a pseudoscalar axion-like background,

L = − 1
4 Fαβ (x)Fαβ (x)− 1

4 Fµν(x)F̃µν(x)acℓ(x)

+ 1
2 m2 Aν(x)Aν(x)+Aµ(x)∂µB(x)+ 1

2 κB2(x), (2.1)
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where Aµ and acℓ stand for the vector and background pseudoscalar fields respectively, F̃µν =
1
2 ε µνρσ Fρσ is the dual field strength, while B is the auxiliary Stückelberg scalar field with κ ∈ R.
The positive dimensionless coupling g > 0 and the mass parameter M ≫ m do specify the intensity
and the scale of the pseudoscalar-vector interaction. Notice that the Proca mass term was included
for the vector field. It is required to account for the strong interaction effects in heavy ion collisions
supported by massive vector mesons (ρ ,ω, . . .) [6] in addition to photons.The auxiliary Stückelberg
lagrangian, which further violates gauge invariance beyond the mass term for the vector field, has
been introduced to provide – just owing to the renowned Stückelberg trick – the simultaneous
occurrences of power counting renormalizability and perturbative unitarity for a general interacting
theory. Moreover, its presence allows for a smooth massless limit of the quantized vector field [?].

Let us consider a slowly varying classical pseudoscalar background of the kind,

acℓ(x) = ζλ xλ θ(−ζ · x) (2.2)

where θ(·) is a Heaviside step distribution, in which a fixed constant four vector ζ µ with dimension
of a mass has been introduced, in a way to violate Lorentz and CPT invariances in the Minkowski
half space ζ · x < 0 . If we now insert the specific form (2.2) of the pseudoscalar background in the
pseudoscalar-vector coupling lagrangian we find the field equations,

∂λ F λν + m2 Aν +ζα F̃ αν +∂ νB = 0 for ζ · x < 0
∂λ F λν + m2 Aν +∂ νB = 0 for ζ · x > 0

∂νAν = κB
(2.3)

After contraction of the first pair of the above set of field equations with ∂ν we find, that the auxil-
iary Stückelberg field is always a decoupled unphysical real scalar field, which is never affected by
the pseudoscalar classical background ∀κ ∈ R. From now on we shall select the simplest choice
κ = 1 that leads to the Klein-Gordon equation for the auxiliary field and the next equations for
vector field, {

�Aν(x)+m2 Aν(x) = ε ναρσ ζα ∂ρAσ (x) ζ · x < 0;
�Aν(x)+m2 Aν(x) = 0 ζ · x > 0.

(2.4)

The general solution of these field equations is well-known Proca-Stückelberg vector field for ζ ·
x > 0 and Maxwell-Chern-Simons massive vector field for ζ · x < 0, this solutions were discussed
in details in [7]. Let us discuss here the case of a spatial Chern-Simons vector ζµ = (0,−ζx,0,0),
and set such objects: k̂ = (ω,k2,k3), x̂ = (x0,x2,x3) : k̂ · x̂ = −ωx0 + k2x2 + k3x3. We can write
solution in form:

Aµ
PS(x) =

∫
dk̂ θ(ω2 − k2

⊥−m2)
3

∑
r=1

[
a k̂ ,r uµ

k̂ ,r
(x)+a†

k̂ ,r
uµ ∗

k̂ ,r
(x)
]
, ∂µAµ

PS(x) = 0,

uν
k̂ ,r(x) = [(2π)3 2k10 ]

−1/2 eν
r (k̂) exp{ i k10x1 + i k̂ · x̂} (r = 1,2,3) (2.5)

for x1 > 0, where the creation destruction operators fulfill the canonical commutation relations
[a k̂ ,r , a†

k̂′ ,s
] = δ (k̂− k̂′)δrs. The three linear polarization real vectors do satisfy the orthonormality

and closure relations on the mass shell k2 = m2 : namely,

kµeµ
r (k̂) = 0 − gµν eµ

r (k̂)eν
s (k̂) = δrs

3

∑
r=1

eµ
r (k̂)eν

r (k̂) =− g µν +
kµkν

m2 (2.6)
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In order to write solution for x1 < 0, we should find dispersion laws. For the spatial CS vector we
get, 

k1L = k10 =
√

ω2 −m2 − k2
⊥

k1− =

√
ω2 −m2 − k2

⊥+ζx

√
ω2 − k2

⊥

k1+ =

√
ω2 −m2 − k2

⊥−ζx

√
ω2 − k2

⊥

(2.7)

and the solution is,

Aν
CS(x) =

∫
dk̂ θ(ω2 − k2

⊥−m2)∑
A

[
c k̂,A vν

k̂ A(x)+ c†
k̂,A

vν∗
k̂ A(x)

]
, A ∈ {L,+,−},

vν
k̂ A(x) =

[
(2π)3 2k1A

]− 1
2 ε ν

A (k) exp{ ik10 x1 + ik̂ · x̂} (2.8)

where c†
k̂,A

,c k̂,A are creation and destruction operators with canonical commutation relations, ε ν
A (k)

are polarization vectors, which are carefully discussed e.g. in [8].
The Proca-Stückelberg vector field and the Maxwell-Chern-Simons massive vector field face

one another at the hyperplane ζ · x = 0. Hence locality of the quantized wave fields does require
equality on the surface separating the classical pseudoscalar background from the vacuum: namely,[

Aµ
PS(x)−Aµ

CS(x)
]

x1=0 = 0 (2.9)

Now, we suggest that vν
k̂,A

(x̂) and uν
k̂,s
(x̂) are related by Bogolyubov transformation,

vν
k̂,A(x̂) =

3

∑
s=1

[
αsA(k̂)uν

k̂,s(x̂)−βsA(k̂)uν∗
k̂,s(x̂)

]
(2.10)

Using the boundary condition (2.9) and taking the Bogolyubov transformation (2.10) into account,
we can write the operator equalities,

a k̂,r = ∑
A=±,L

[
αrA(k̂)c k̂,A −β ∗

rA(k̂)c†
k̂,A

]
(2.11)

c k̂,A =
3

∑
r=1

[
α∗

Ar(k̂)a k̂,r +β ∗
Ar(k̂)a†

k̂,r

]
(2.12)

There are two different Fock vacua: namely,

a k̂,r|0⟩= 0 c k̂,A | Ω⟩= 0

3. Vacuum as a squeezed state

In the previous section we have found that in our model there are two different Fock vacua:
|0⟩, |Ω⟩. It is natural to assume that there should be a relation between this two states. We will take
the most general form of this relation,

|0⟩k̂ =
∞

∑
p,m,l=0

fpml

(c†
k̂,+

)p(c†
k̂,−)

m(c†
k̂,L
)l

√
p!m!l!

| Ω⟩k̂, (3.1)
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where
| Ω⟩= ∏̂

k

(| Ω⟩k̂) |0⟩= ∏̂
k

(|0⟩k̂),

and the product is taken over all possible values of k̂. Later we will consider the continuum limit.
In order to find coefficients fkml , let’s insert (2.11) in the next identity,

a k̂,r|0⟩k̂ = 0. (3.2)

It gives us the relation between the vacua,

|0⟩k̂=
∞

∑
p,m,l=0

1
(2p)!!(2m)!!(2l)!!

(
β ∗

r+(k̂)

αr+(k̂)
)p(

β ∗
r−(k̂)

αr−(k̂)
)m(

β ∗
rL(k̂)

αrL(k̂)
)l(c†

k̂,+
)2p(c†

k̂,−)
2m(c†

k̂,L
)2l | Ω⟩k̂ (3.3)

Easy to see that the expression above is a Taylor series of an exponent.

|0⟩k̂ = exp

[
β ∗

r+(k̂)

2αr+(k̂)
(c†

k̂,+
)2 +

β ∗
r−(k̂)

2αr−(k̂)
(c†

k̂,−)
2 +

β ∗
rL(k̂)

2αrL(k̂)
(c†

k̂,L
)2

]
| Ω⟩k̂ (3.4)

With help of relations (2.11), (2.12), we can write the converse equality too, which may be obtained
by the next changes αrA(k̂)→ α∗

Ar(k̂);(−β ∗
rA(k̂))→ β ∗

Ar(k̂);c k̂,A → a k̂,r. Thus, quite analogous to
the previous case,

| Ω⟩k̂ = exp

[
−β ∗

A1(k̂)
2α∗

A1(k̂)
(a†

k̂,1
)2 +

−β ∗
A2(k̂)

2α∗
A2(k̂)

(a†
k̂,2

)2 +
−β ∗

A3(k̂)
2α∗

A3(k̂)
(a†

k̂,3
)2

]
|0⟩k̂, (3.5)

and for both vacua we obtain next relations,

|0⟩= exp

[∫ (
∑

A=±,L

β ∗
rA(k̂)

2αrA(k̂)
(c†

k̂,A
)2θ(k2

1A(k̂))

)
dk̂

]
| Ω⟩

(3.6)

| Ω⟩= exp

[∫
θ(ω2 −m2 − k2

⊥)

(
∑

r=1,2,3

−β ∗
Ar(k̂)

2α∗
Ar(k̂)

(a†
k̂,r
)2

)
dk̂

]
|0⟩.

Pay attention to the θ -functions, which stand here to integrate over physical values of k̂. Notice
that in our model both of the Fock vacua are real, but every one in its region. That’s why we may
say that vacuum state in the presence of CS field can be described in terms of Proca-Stückelberg
vacuum and vice versa.

4. Passing the boundary

We consider classical solutions of field equations (2.4). Using the matching condition on the
boundary (2.9) for spatial CS vector one can find the reflection coefficient as a function of the
invariant mass of the outgoing particle [9],

kre f =
|
√

(M2−m2)2

ζ 2 −M2 −
√

(M2−m2)2

ζ 2 −m2|

|
√

(M2−m2)2

ζ 2 −M2 +
√

(M2−m2)2

ζ 2 −m2|
(4.1)
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This expression is quite useful since in the case of the dilepton decay of the particle in parity
odd medium, it is an invariant mass of the lepton pair, which is the observable quantity. Such
a dependence on the invariant mass allows us to plot the kre f (M2). Let us consider the case of
vector mesons. We choose the mass for them 780MeV , because our goal is to describe a behavior
of the particles on the boundary, and masses of ρ and ω mesons are close to this value. In the
case of vector mesons, reflectivity of astronomical objects are not as interesting as a possibility to
observe some effects associated with the parity violation in the collisions of heavy ions. That’s
why for vector mesons we assume [6] ζ = 300MeV . The dependence of reflection coefficient on
the invariant mass is shown in Fig.1.

Figure 1: The reflection coefficient from the boundary for vector
mesons escaping the parity odd region. The kinematically forbid-
den range of values of the invariant mass is shaded. ζ = 300MeV
is taken.

We can see in the graph that
for vector mesons with negative
polarization there is a range of val-
ues of the invariant mass, where
reflection coefficient is equal to
1, i.e. vector mesons can’t cross
the boundary. It happens for
the next values of invariant mass,√

m2 −mζ < M <

√
m2 + ζ 2

4 − ζ
2 ,

the upper limit is just a kinematical
boundary for (-) polarization.

One can find the graph for the photon escaping from the parity breaking region in paper [9].
In this work also a case of the entrance to the parity odd medium is considered. This case is
quite important for photons, in fact the reflection of a light from the boundary of axion star or
axion background near dense stars may be an observable process. And it was shown, that the
reflection from the boundary of such object will give additional phase shift to circular polarizations
of incoming photons.

It is also interesting to consider time-like CS vector. This case may be useful for a description
of processes occurring in heavy ion collisions because it helps to understand what happens with
particles inside the fireball. The parity-breaking mechanism, which may occur in these processes
was described in [6]. In this paper a possible explanation for the abnormal yield of the lepton pairs
in PHENIX/ CERES/ NA60 experiments was given. In that work CS vector had only one non-zero
component, ζµ = (ζ ,0,0,0). However, in case of collisions of heavy ions, fireball has a finite size.
In this work we aim to describe boundary effects, so let’s modify CS vector and use the simplified
model with two half-spaces,

ζµ = (ζθ(−x1),−ζ tδ (x1),0,0); (4.2)

One can see in this expression a singularity on the boundary, which helps us conserve gauge in-
variance and does not contribute to any reflection effects. Just as for spatial CS vector we find the
reflection coefficient,

kre f =
|
√

(M2−m2)2

ζ 2 − k2
⊥−

√
(M2−m2)2

ζ 2 +(M2 −m2)− k2
⊥|

|
√

(M2−m2)2

ζ 2 − k2
⊥+

√
(M2−m2)2

ζ 2 +(M2 −m2)− k2
⊥|

, (4.3)

which depends on M and k⊥. We present here a graph of this dependence for ω-meson.
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Figure 2: The refection coefficient for vec-
tor mesons escaping from the parity odd re-
gion. Time-like CS vector. ζ = 300MeV is
taken.

In Fig.2 one can see, that for the some values of
transversal momentum and invariant mass the vector
meson created in the fireball cannot leave it, because it
undergoes a total reflection at these values. .

5. Conclusions

Main results of this work were obtained for the
spatial CS vector. For this case the relation be-
tween two different Fock vacua was obtained, and it
was shown, that each of them can be presented as a
squeezed state in terms of the other one. The relations
are presented which are suitable to calculate the reflec-
tion of incoming particles from the parity-odd domain.
In particular, it was shown that transversal polarizations undergo strong reflection (up to the total
internal one) at certain values of frequency. In addition, for the spatial CS vector it was revealed
that during the irradiation of parity odd medium by photons an additional rotation of circular po-
larizations may take place upon reflection from the boundary. The analogous relations are found
for the time-like CS vector with a spatial boundary, when the reflection coefficient depends on the
transversal momentum of moving particle.
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