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1. Introduction

Meson and baryon spectra provide probes of the non-perturbative regime of QCD. Historically,
much of the pattern of mesons could be understood in terms of a quark-antiquark pair moving in
a potential. However, more recently many states have been observed [1] that do not fit into this
pattern, for example, the “X , Y , Z’s” in charmonium, the charm-strange Ds0(2317) and the some-
what older puzzle of the light scalar mesons1. There have been many suggestions as to the nature
of these states, for example, hybrid mesons where the gluonic field is excited or multiquark sys-
tems containing more quark-antiquark pairs (such as molecular states of mesons or tetraquarks
containing two quarks and two antiquarks). States with exotic quantum numbers are particularly
interesting, i.e. those which cannot arise from solely a quark-antiquark pair such as spin (J), parity
(P), charge-conjugation (C) combinations (e.g. JPC = 0−−,0+−,1−+,2+−) or exotic flavour states
(e.g. charmonium-like states with non-zero charge). Experimentally, in the light meson sector there
are suggestions of an exotic 1−+ state [4] whereas in the charmonium and bottomonium systems
there have been observations of charged structures but there are no hints of exotic JPC. Many ongo-
ing and planned experiments are investigating these topics including COMPASS, KLOE, BESIII,
experiments at the LHC, GlueX and CLAS12 at Jefferson Lab, Belle II, and Panda at GSI/FAIR.

Moving to baryons there is the issue of ‘missing’ resonances: there are many more states
expected than have been observed experimentally [1]. The question then arises as to whether these
states exist and just have not yet been seen (perhaps because they are too wide or they couple weakly
to the production mechanisms in current experiments) or whether they do not exist because there
is a ‘freezing’ of degrees of freedom (for example, two quarks in the baryon form a diquark with
internal degrees of freedom that, at least for the lighter states, are not excitable). Gluonic excitations
can also be present with the resulting hybrid baryons leading to an even denser spectrum2. Then
there is the puzzle of the first excitation in the JP = 1

2
+ nucleon channel, the so-called Roper

resonance, which appears at a lower mass than expected. There is much experimental interest in
baryons with, as well as some of those listed above, current and upcoming experiments at JLab,
GSI/FAIR and J-PARC, ELSA, MAMI and Spring-8.

Lattice QCD provides an opportunity to perform ab-initio computations of spectra and so
to understand these puzzling observations and learn about the non-perturbative regime of QCD.
There has recently been much progress in computing the properties of higher-lying and excited
states, as well as in precision calculations of the properties of the ground states in each sector. In
general, spectral information follows from considering a spectral decomposition of one or more
two-point correlation functions, Ci j(t) = 〈0

∣∣∣Oi(t)O
†
j (0)

∣∣∣〉, featuring interpolating operators, O ,
that efficiently create and annihilate the states of interest. For mesons the interpolating operators
typically consist of fermion bilinears, ∼ ψ̄Γψ , containing a Dirac matrix Γ (or a Pauli matrix
in a non-relativistic formulation with two-component fermion fields) and for baryons they gener-
ally consist of three fermion fields ∼ εabcψaψbψc coupled antisymmetrically in colour (a,b,c) and
with various spin couplings possible. There may be displacements and/or derivatives acting on
the fermion fields giving operators with different spatial structures. Typically the fields are also

1see e.g. Refs. [2, 3] for reviews
2though there are no smoking-gun exotic JPC quantum numbers because baryons are not eigenstates of charge-

conjugation

2



P
o
S
(
L
A
T
T
I
C
E
 
2
0
1
3
)
0
0
3

Hadron Spectroscopy Review Christopher E. Thomas

smeared to remove high-frequency modes and improve the overlap onto the states being consid-
ered. In addition there may be additional fermion/antifermion fields giving an operator that has a
structure resembling a multiquark system or a product of two or more hadrons, something that will
be discussed further in Section 2.2.

For the study of excited states, the variational method [5, 6, 7] (also known as the gener-
alised eigenvalue problem) is in common usage though other approaches, such as Bayesian multi-
exponential fits, are also used. In brief, the variational method involves, for each quantum-number
channel, considering a basis of N operators and then constructing a matrix of of correlation func-
tions, Ci j(t), where i, j = 1,2, . . . ,N. A generalised eigenvalue problem,

Ci j(t)v
(n)
j = λ

(n)(t)Ci j(t0)v
(n)
j

is then solved for an appropriate reference time t0 [8, 7]. The time-dependence of an eigenvalue
λ (n)(t) is related to the energy of the n’th state and the eigenvector, v(n)i , is related to the operator-
state overlap, Z(n)

i ≡ 〈0 |Oi|n〉; these overlaps can be used to probe the structure of states. The
eigenvectors also give the optimal (in a variational sense) linear combination of operators to create
the n’th state. Although many studies follow the general approach outlined here, there are signifi-
cant variations in the formulation of the lattice action and, importantly for the present discussion,
the number and construction of interpolating operators.

In the remainder of this review I will highlight a selection of recent work, concentrating mainly
on calculations of higher-lying and excited states in each sector. The scope will be limited to
hadrons with baryon number of magnitude 0 and 1 (i.e. meson or baryon-like systems); multi-
nucleon states and related topics are reviewed by A. Walker-Loud [9]. Many of the interesting
structures have been observed at energies close to or above the threshold for strong decay into
lighter hadrons and so I include some studies of resonances and near-threshold states; there will be
further and complementary discussion of these areas in the review by M. Döring [10]. I discuss
mesons in Section 2 followed by baryons in Section 3. Section 4 concludes with a brief summary
and outlook.

2. Mesons

Before discussing studies of higher-lying states and resonances, I begin with some precision
calculations of lower-lying stable mesons where relatively simple fermion-bilinear operators are
used and all the systematics effects are under control. The HPQCD collaboration have recently
updated their heavy-light meson calculations to include charm quarks in the sea [11]. Dynamical
HISQ u,d,s and c quarks are used with a non-relativistic b quark (including O(αs) corrections).
Updated hyperfine splittings and a summary plot of the spectrum of ‘gold-plated’ mesons are given
in Ref. [11] where the ‘postdictions’ are seen to be in good agreement with experimental results
and several predictions are made. The inclusion of charm quarks in the sea has not produced any
noticeable changes and the results are also in agreement with those from using HISQ b quarks.
HPQCD have also investigated various precision tests of the J/ψ: the mass, leptonic width and
radiative decay rate to the ηc [12].

Isoscalar (isospin=0) mesons have all flavour quantum numbers equal to zero and provide
an interesting probe of the non-perturbative physics of QCD and annihilation dynamics. Lattice
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studies of this sector have historically been hampered by the difficulty of getting a good statistical
signal for the disconnected contributions to the correlators. At this meeting the ETM collaboration
presented new preliminary results on the η and η ′ meson masses, decay constants and the η−η ′

mixing angle [13, 14]3 using dynamical twisted mass u, d, s and c quarks. They were able to
improve the signals, particularly for the η ′, by assuming that the disconnected contributions are
only large for the η and η ′ and negligible for higher states, something that they test in explicit
computations. The calculations were performed for a range of pion masses on three different lattice
spacings and then extrapolated to the continuum and physical limit giving Mη , Mη ′ and a mixing
angle all in agreement with experiment.

Figure 1 shows a compendium of results on the η and η ′ masses from different groups. Some
preliminary Hadron Spectrum Collaboration results are included4 which extend the results in [17]
to additional pion masses and lattice volumes. ‘Distillation’ [18] was used to efficiently evaluate
the disconnected contributions with high statistical precision and this enables the masses of many
excited and high-spin states to be extracted, including those with exotic quantum numbers, and
their hidden-flavour content to be determined.

2.1 Excited ‘single-meson’ spectroscopy

Moving to higher-lying mesons where in general not all systematic effects are under com-
plete control, the Hadron Spectrum Collaboration has continued its programme of calculations on
anisotropic lattices, which have a fine temporal lattice spacing, with dynamical Clover u, d and
s quarks. For each quantum number channel, a large basis of fermion-bilinear operators is con-
structed combining every possible Dirac gamma matrix with up to three gauge-covariant deriva-
tives acting on the fermion field, resulting in various spin and spatial structures. ’Distillation’ [18]
is used to smear the fermion fields and enables the correlation functions featuring these many dif-
ferent operators to be computed efficiently. The variational method is then used to analyse the
resulting matrices of correlation functions.

On a cubic lattice in a finite cubic volume, the three-dimensional rotational symmetry of the
continuum is reduced to the cubic symmetry group [21] and so states are no longer labelled by spin,
J, but by the appropriate irreducible representations of the cubic symmetry group. The Hadron
Spectrum Collaboration has developed a method to identify the continuum spin of extracted states
at a single lattice spacing. Operators are constructed which would overlap with only one J in an
infinite volume continuum; these are then subduced into the appropriate irreducible representations
and operator-state overlaps are used to identify the continuum spin of each extracted state [22, 23].

Following calculations of light meson spectra [22, 23, 17] and the spectrum of charmonium [24],
the most recent results are extensive charm-light (D) and charm-strange (Ds) meson spectra [25]
across all JP combinations with J ≤ 4. Computations are performed on a couple of lattice volumes,
at a single lattice spacing, with light quark masses corresponding to Mπ ≈ 400 MeV (N f = 2+1),
and a relativistic Clover formulation is used for the charm quark. As explained in that reference,
most of the states fit into the general pattern expected in quark models of a quark-antiquark pair
moving in a potential where the quark and antiquark spins are coupled to total spin S, they have

3this work has subsequently appeared as [15]
4these have now appeared as [16]
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Figure 1: Slightly modified version of plot from C. Urbach [13]. Compendium of η (filled symbols) and
η ′ (open symbols) masses as a function of M2

π from ETMC [13, 14], HSC (Hadron Spectrum Collabo-
ration) [17], RBC/UKQCD [19], UKQCD [20] and preliminary HSC results (which have now appeared
in [16]). Also shown are the experimental masses.

relative orbital angular momentum L, and L and S are coupled to give total angular momentum J.
However, there are a number of states which do not fit into this pattern and these are found to have
a large overlap with operators featuring a commutator of two covariant derivatives, proportional
to the field strength tensor. This suggests that the gluonic field plays an important role and these
states are identified as hybrid mesons. The pattern of JP of the lightest hybrids5 (0−, 1−, 1−, 2−)
is consistent with a colour-octet 1+− gluonic excitation coupled to a colour-octet quark-antiquark
pair with L = 0. These hybrids appear at an energy ∼ 1.2− 1.3 GeV above the lightest conven-
tional state in the relevant flavour sector and further evidence that they all lie in the same lightest
‘supermultiplet’ of hybrid mesons comes from comparing operator-state overlaps. Interestingly,
the same pattern and gluonic excitation energy scale were found in the light meson spectrum [26],
in charmonium [24] and for baryons [27, 28], suggesting common physics. In charmonium a first
excited supermultiplet of hybrid mesons was also identified and found to be consistent with the
same gluonic 1+− but coupled to a quark-antiquark pair with L = 1 – candidates for some of these
states were found high up in the charm-light and charm-strange spectra but we do not robustly

5note that charm-light and charm-strange mesons are not eigenstates of charge conjugation and so there are no
exotic JPC here in contrast to the light and charmonium sectors
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determine all the states in that energy region.
These computations also provide a probe of flavour symmetry breaking and mixing dynamics

in QCD: the admixture of S = 0 and S = 1 states with the same L and J into the physical states
– these would have opposite generalised C-parity, and so be forbidden to mix, if the quark and
antiquark were degenerate. In [25] the mixing angles are found to lie between zero and the values
expected in the heavy-quark limit, consistent with the charm quark having a mass at an intermediate
scale.

Lattice calculations are performed in a finite box and hence the spectrum of multi-hadron states
is discrete; those with the correct quantum numbers should appear in the spectral decomposition of
the relevant correlators and so, in principle, should be present in the extracted spectra. However,
when only fermion bilinear operators are used, we generally see no clear evidence for multi-hadron
states [23]. Ref. [29] gives an explicit demonstration that, in order to reliably extract two-meson
energy levels, operators with the correct structure, i.e. constructed from the product of two fermion-
bilinears, are required. The demonstration also justifies the statement that, when only fermion
bilinear operators are used, the extracted mass of an unstable state will be within ∼ the hadronic
width of the resonance mass. These considerations are relevant for the discussion in the following
section: multi-hadron energy levels must be extracted reliably in order to study the properties of
resonances on the lattice.

2.2 Resonances and near-threshold states

Most hadrons are unstable with respect to the strong interaction – they can decay strongly to
two or more lighter hadrons. In particular, many of the unusual structures recently observed in the
open and hidden charm and bottom sectors are close to or above the threshold for strong decay.
Lattice computations of scattering observables and the properties of resonances are discussed in
detail in the review by M. Döring [10] and here I will concentrate on a few examples of near-
threshold states and resonances that appear in elastic scattering channels.

Dynamical properties generally cannot be computed directly in the Euclidean formulation
of lattice QCD. A relation between multi-hadron energies in a finite volume and the infinite vol-
ume scattering phase shift was derived by Lüscher [6, 30] and has been extended by others (e.g.
[31, 32, 33, 34]). In brief, for elastic scattering and ignoring complications arising from the mixing
of partial waves due the reduced symmetry of a finite box6, extracting an energy level with rest-
frame energy Ecm gives the scattering phase shift δ at Ecm. If many energy levels are extracted,
the energy dependence of the phase shift can be mapped out and the scattering/resonance parame-
ters determined from a fit to an appropriate function, for example an effective range expansion or
a Breit-Wigner form. A point to note is that although the Lüscher method relies on computations
being performed in a finite volume, corrections that are exponentially volume suppressed are ne-
glected. It is therefore important not to use too small a volume and to check this, for example, by
comparing results computed in different volumes.

Because the momenta in a finite volume are quantised, there are a limited number of energy
levels that can be extracted in a given energy range even if many single and multi-hadron operators
are used. Various strategies, all with advantages and disadvantages, have been employed to increase

6these are discussed in [10]
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the number of energies, and hence the number of phase shift points, extracted: considering the
system at overall non-zero momentum (a ‘moving frame’), performing computations in boxes of
different sizes and shapes, and using twisted boundary conditions to gain access to different internal
momenta. For a moving frame or a rectangular box the relevant symmetry is reduced further and
so there is additional mixing between different partial waves. Performing calculations on many
lattices of various sizes and/or shapes is generally computationally expensive. If twisted boundary
conditions are only used in the valence sector, computations of some quantities may suffer from
the formulation not being unitary; using twisted boundary conditions also in the sea increases the
computational cost.

2.2.1 The ρ resonance

One of the simplest resonances is the ρ(770) that appears in ππ scattering in L = 1 with
JPC = 1−− and isospin I = 1; empirically the ρ decays almost entirely to ππ [1]. There have been
number of dynamical (N f = 2 or 2+ 1) lattice studies with various pion masses that use different
moving frames in order to extract a few phase shift points [35, 36, 37]. With a Breit-Wigner pa-
rameterization, reasonable values for the resonance mass and width can be extracted. However,
because only a few phase shift points are extracted, it is not always obvious that a resonance, and
only a single resonance, is present if this was not known in advance. In addition, the effect of mix-
ing with higher partial waves has not been investigated. In [38] (N f = 2, Mπ ≈ 300 MeV), instead
of using different moving frames, computations are performed in a cubic and two rectangular boxes
in order to get points reasonably well distributed over the phase shift curve.

The Hadron Spectrum Collaboration has used many single-meson (fermion-bilinear) and ππ

operators in various moving frames with a variational analysis in order to extract a large num-
ber of phase shift points [29]. Following the formalism developed in [39], the ππ operators are
constructed as,

O
[|~p1|,|~p2|]
Λ,µ (~P) = ∑

~p1, ~p2

CΛ,µ(~P,~p1,~p2) Oπ(~p1) Oπ(~p2)

where Oπ is a fermion-bilinear interpolating operator for a pion, ~P is the overall momentum,
the sum over momenta ~p1, ~p2 related by an allowed lattice rotation is subject to the constraint
~P = ~p1 +~p2, and CΛ is a generalised Clebsch-Gordan coefficient that projects onto an appropriate
irreducible representation, Λ, and row µ , of the relevant symmetry group. To improve overlap
onto ππ , the Oπ sub operators are the optimal linear combination of the fermion-bilinear operators
discussed above that produce a ground state π with the coefficients determined from a variational
analysis. The distillation technique [18] allows the large number of correlation functions, includ-
ing those featuring two-meson operators, to be computed efficiently, along with the required t-to-t
propagators and the various momentum projections at both the source and the sink. Many different
irreducible representations were considered in order to constrain the effect of partial wave mixing
and three volumes were used in order to obtain more points and to allow for a consistency check.

The results of this study are summarised in Figure 2 where it can be seen that the energy
dependence of the phase shift has been mapped out in detail. The plot shows convincingly the
rapid rise in the phase shift from 0◦ through 90◦ to 180◦ that is expected in the presence of a single
isolated resonance. The determined resonance mass is not too different from experiment but the
width is significantly smaller – this is simply because the pion mass in this study is≈ 400 MeV and

7
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Figure 2: From [29]. The I = 1, L = 1 ππ elastic scattering phase shift plotted from ππ threshold to the
inelastic KK̄ threshold, from a dynamical calculation (N f = 2+ 1) with Mπ ≈ 400 MeV. Points are from
an energy-level by energy-level analysis and the curve is from a global fit to a relativistic Breit Wigner
parameterization as described in [29].

so the phase space for decay is much reduced; the coupling g defined in the figure, where the phase
space factor is removed, is more consistent with the experimental value. Perhaps such a detailed
determination of the phase shift curve is not necessary for the relatively simple and well understood
ρ resonance. However, the ability to map out the energy dependence in detail will be vital in more
complicated systems where the situation is phenomenologically less clear.

Although distillation provides an efficient way to compute many different correlation func-
tions, the method suffers from a rapid increase in computational cost as the volume is enlarged
and one possibly way to ameliorate this is to use a stochastic variation [40]. Some preliminary
results from using stochastic distillation to compute correlation functions involving single-meson
and many different types of two-meson operators in the ρ and K∗ channels are presented in [41].

2.2.2 Other channels

There have been a number of first attempts at studying resonances and near-threshold states
in other channels. Although these represent encouraging developments, they are not as mature
as the ρ computations and more work is necessary before detailed and robust conclusions can be
drawn. Here I mention a few studies of charmonium and charmed meson channels. Other scattering
channels in the light and strange meson sectors are discussed in [10].

8
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In [42] I = 1
2 resonances in Dπ (0+) and D∗π (1+) were investigated using D (fermion bilinear)

and D(∗)π operators on a single ensemble (N f = 2, Mπ = 266 MeV) with a rather small volume.
Distillation was used to compute the correlation functions and for each channel two or three points
on the phase shift curve are extracted in the elastic region. Fits to a Breit Wigner yield the 0+ and
1+ resonance masses and widths, broadly consistent with experiment.

In [43]7 the charm-strange Ds0(2317) with JP = 0+ is studied using Ds (fermion-bilinear) and
DK operators. Computations are performed on two different ensembles (N f = 2, Mπ = 266 MeV
and N f = 2+1, Mπ = 156 MeV), both with a rather small volume, using distillation or stochastic
distillation. Two energy levels are extracted in each case and the resulting phase shift points are
found to correspond to a below-threshold state, in line with the experimentally observed Ds0(2317).

Another investigation [45] used a more indirect approach to study the Ds0(2317) and other
charm-light and charm-strange mesons: different channels are related using the chiral unitary ap-
proach. Their results support the interpretation of the Ds0(2317) as a DK molecule and they update
a prediction for the isospin breaking decay width for Ds0(2317)→Dsπ . At this meeting some pre-
liminary Hadron Spectrum Collaboration results on DK and Dπ scattering were also presented [46].

Moving to the charmonium sector, a study of the 1++ channel was presented at this meet-
ing [47] where cc̄, DD̄∗ and J/ψω or J/ψρ operators were used on one ensemble (N f = 2,
Mπ = 266 MeV) with a small volume8. In the I = 0 channel a couple of levels were extracted
in the relevant energy region and found to correspond to a state just below threshold, perhaps a
sign of the X(3872). No evidence for a bound state or a resonance was found in the I = 1 channel.
Experimentally the X(3872) lies very close to D0D∗0 threshold and slightly below D+D∗− thresh-
old, and it shows significant isospin violation in its decays. This state will therefore be a challenge
to understand quantitatively on the lattice requiring isospin breaking effects to be included and a
delicate tuning of quark masses. A similar study, looking for the flavour-exotic Z+

c (3900) in 1+−

with I = 1 using DD̄∗ and J/ψπ operators, found a weak interaction and no Z+
c (3900) candidate9.

Another recent study in the charmonium sector used partially twisted boundary conditions
to search for the Y (4140) in J/ψφ [50]. In computations on dynamical (N f = 2+ 1) PACS-CS
ensembles with Mπ = 156 MeV, S and P-wave scattering phase shifts were extracted and they
found no sign of the Y (4140).

3. Baryons

Moving to baryons, I begin with a recent study of the flavour structure of excited baryons
before giving a compendium of results on excited nucleons and then mention some calculations of
charmed baryon spectra. Baryon resonances are discussed in the review by M. Döring [10].

3.1 Flavour structure of excited baryons

The Hadron Spectrum Collaboration has recently computed very extensive excited spectra of
light and strange baryons with all possible flavour combinations [28], extending earlier compu-
tations of non-strange N and ∆ baryon spectra [51, 27]. For each quantum number channel, the

7this has subsequently appeared as [44]
8this has since appeared as [48]
9this has now appeared as [49]
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distillation technique is used to compute two-point correlation functions involving a large num-
ber of three-quark operators with different spin and spatial structures (up to two gauge-covariant
derivatives) giving access to J ≤ 7

2 . These correlators are then analysed with the variational method
and the continuum spin, J, of the extracted states is determined in a similar way as for mesons (see
Section 2.1): operators are constructed to have a definite J in the continuum and then subduced
into irreducible representations of the relevant symmetry group; operator-state overlaps are used to
identify the continuum spin.

Computations are performed on dynamical (N f = 2+ 1) anisotropic lattices with a range of
light quark masses corresponding to Mπ ≈ 700 MeV, 524 MeV and 400 MeV, each with a single
volume. The heaviest (Mπ ≈ 700 MeV) is the SU(3) flavour symmetric point where the up, down
and strange quarks are degenerate; here the different flavour channels are labelled by their SU(3)
symmetry as flavour singlet (1F ), octet (8F ) and decuplet (10F ). When the light (up and down)
quark masses are reduced, i.e. SU(3) flavour symmetry is broken, these classifications are no
longer good and the physical baryon flavour multiplets are Λ (mixture of 1F and 8F ), Σ (8F and
10F ), Ξ (8F and 10F ), Ω (10F ) and the non-strange N (8F ) and ∆ (10F ). In each flavour channel, the
spectra for Mπ ≈ 524 MeV and 400 MeV are found to be basically superpositions of the relevant
SU(3) multiplet spectra (for example, the Λ spectrum is basically a superposition of the 1F and 8F

spectra) with some mixing as determined by considering operator-state overlaps.
Throughout the extracted spectra, in each flavour sector the multiplicities of states in the lowest

energy bands are as would be expected from a non-relativistic quark model, i.e. the number of states
from SU(6) × O(3) (flavour × spin × space) symmetry considerations. In particular, there does
not appear to be any freezing of degrees of freedom. There are additional states within the spectra
that have a large overlap with operators featuring the field strength tensor and, as for mesons, these
are identified as hybrids where the gluonic field is excited. The JPC pattern of the lightest hybrid
baryons appears to be consistent with a colour-octet 1+− gluonic excitation coupled to colour octet
qqq and the scale of the excitation is ∼ 1.2− 1.3 GeV; interestingly this is the same pattern and
energy scale as found in the lattice calculations of the spectra of mesons with various flavours.

3.2 Excited nucleons

Now restricting the discussion to the J = 1
2 nucleons (I = 1

2 ), many groups have studied the
lower-lying states and compilations of recent results for positive and negative parity states are given
in Figures 3 and 4 respectively; also shown are ‘3*’ and ‘4*’ states from the PDG review [1].

In the positive parity sector, Figure 3, it can be seen that the ground state nucleon mass tends
towards the experimental value as the pion mass is reduced to the physical value. However, all
the lattice calculations appear to miss the first excited state, the Roper, though some studies are
at too high a pion mass or have too large an uncertainty to be able to draw a definite conclusion.
There has been much discussion in the literature and at this meeting on this puzzle [52, 53, 54, 55,
56] and it has been suggested that the P-wave Nπ , lying in this energy range, is relevant. Some
calculations of excited nucleon wavefunctions relevant for this question are discussed in the review
by S. Syritsyn [57]. The inclusion Nπ operators along with three-quark operators in a variational
analysis and computations in multiple volumes will be necessary to confirm the role of Nπ and to
determine the nature of the Roper.

10
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Figure 3: Compilation of some recent results on lower-lying JP = 1
2
+

nucleons as a function of M2
π from

BGR (open blue symbols) [52], CSSM (open red symbols) [53], Hadron Spectrum Collaboration (open grey
symbols) [28], and experimental ‘3*’ and ‘4*’ states from the PDG review (solid black circles) [1]. Results
at M2

π ∼ 0.5 GeV2 are at the SU(3) flavour symmetric point. Note that some points have been displaced
horizontally for clarity.

In the negative parity sector, Figure 4, the various computations show a lightest pair of states
that are generally consistent with tending towards the two experimental masses shown. All the
calculations appear to fail to find the S-wave Nπ level, although BGR [52] interpret a significant
change in the eigenvector structure at their lowest pion mass as the sign for an avoided level cross-
ing. Again, the inclusion Nπ operators along with three-quark operators in a variational analysis
and computations in multiple volumes will be necessary to pin this down.

3.3 Charm baryons

Briefly moving to charmed baryons, the Hadron Spectrum Collaboration has, following the
same lines as discussed in Section 3.1 above, recently computed an extensive spectrum of triply-
charmed (Ωccc) baryons on dynamical (N f = 2+ 1) ensembles with Mπ ≈ 400 MeV. Again, the
multiplicities in the lowest bands of states are consistent with what is expected in a non-relativistic
quark model. Hybrid baryons are identified in the spectrum and the pattern again appears to be
consistent with a colour-octet 1+− gluonic excitation coupled to colour octet qqq and the scale
of the excitation is ∼ 1.2− 1.3 GeV. In addition, preliminary results on excited doubly-charmed
baryons were presented at this meeting [58].

Recent studies of lower-lying charmed baryons presented at this meeting include Refs. [59,
60, 61, 62].
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Figure 4: As Figure 3 but for JP = 1
2
−

nucleons. The open black symbol at the physical M2
π is the non-

interacting Nπ threshold.

4. Summary

There has been significant progress in computing excited spectra on the lattice in recent years
driven by the development of a number of techniques and computational advances (including the
use of GPUs). Calculations have given insight into the non-perturbative regime of QCD: the flavour
structure of hadrons, the relevant low energy degrees of freedom and a phenomenology of hybrid
hadrons. These advances are complemented by the reduction of the various systematics leading to
accurate and precise determinations of the lower-lying hadron masses in each sector.

However, there are many opportunities for further progress in lattice QCD calculations of
hadron spectra. This is particularly true for investigations of resonances and near-threshold states
which is an area that has recently been the focus of much work, something that looks set to continue.
The relatively simple ρ resonance has been studied in detail by many groups and, although first
attempts have been made, there is still a lot of work to do for other channels. With further work it
looks like lattice QCD can make progress in addressing some of the various puzzles in spectroscopy
in the near future and we can learn more about the non-perturbative regime of QCD. Challenges in
studying resonances and some possible strategies to overcome them are discussed in [10].
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