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1. Introduction

Large N gauge theory with fermions in the adjoint representation are interesting in many ways.
It provides a connection to gravity and string theories [1]. One can use it to understand the transition
from conformal to confining field theories [2, 3]. There is a possibility to study continuum gauge
theories using a matrix model [4]. In addition, it is possible to numerically investigate a theory
with a real number of fermion flavors [5].

The two main questions pertaining to the matrix model are:

1. What is the range of fermion flavors for which the single-site massless theory can be expected
to reproduce the infinite-volume continuum theory?

2. Can we reproduce the infinite-volume continuum theory with massive fermions?

We will provide an answer to both these questions in the weak coupling limit and it is a summary
of the results presented in [6].

2. Weak coupling analysis and the density function

We refer the reader to [6] for the details of the single site model. The total action depends on
d SU(N) matrices and the gauge transformation is

Uµ → gUµg†. (2.1)

The action has an additional Ud(1) symmetry given by

Uµ → eiαµUµ (2.2)

with 0 ≤ αµ < 2π . Restricting αµ to 2πkµ

N with integers 0 ≤ kµ < N keeps it in SU(N); otherwise
we have trivially extended the SU(N) theory to a U(N) theory. Note that the eigenvalues of Uµ are
gauge invariant.

In order to figure out if we can reproduce continuum infinite volume results at the level of
perturbation theory, we follow [7] and set

Uµ = VµDµV †
µ ; D jk

µ = eiθ j
µ δ

jk. (2.3)

We replace the integral over Uµ by an integral over Vµ and θ
j

µ . We write Vµ = eiaµ with a†
µ = aµ

and aii
µ = 0 for all i and expand in powers of aµ to compute observables in perturbation theory. We

then have to show that the integral over θ
j

µ is dominated in the large N limit such that continuum
infinite volume perturbation theory is reproduced order by order. We restrict ourselves to the lowest
order in perturbation theory.

As N→∞, we assume that we can define a joint distribution, ρ(θ), in the following sense: At
any finite N, for a fixed choice of θ

j
µ , j = 1, . . . ,N and µ = 1, . . . ,4, let

ρ(θ) =
1
N ∑

j
∏
µ

δ (θµ −θ
j

µ) ;
∫

∏
µ

dθµρ(θ) = 1 , (2.4)
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Figure 1: Eigenvalues λk = λ
(g)
k + f λ

(o)
k as a function of k2 for the massless overlap Dirac operator with f =

1 and mw =−1 obtained using numerical integration with M4 equally spaced points in the four-dimensional
integration space.

where δ denotes the 2π-periodized delta function normalized to
∫

π

−π
dθδ (θ) = 1. At the lowest

order in perturbation theory (subscripts g and f stand for the gauge and fermion contributions in
the equations below),

S0
g, f [ρ] = N2−

∫
d4

θd4
φ ρ(θ)Sg, f (θ −φ)ρ(φ) ;

Sg(θ) =− ln p̂ ; p̂ = ∑
µ

4sin2 θµ

2
;

S f (θ) = 2lnγw,o(mw,o) ;

γw(mw) =
(

mw +
p̂
2

)2

+ p̄ ; p̄ = ∑
µ

sin2
θµ ;

γo(mo,mw) =
1+m2

o

2
+

1−m2
o

2
mw + p̂

2√
γw(mw)

. (2.5)

We now assume that, as N → ∞, the partition function will be dominated by a single distri-
bution ρ(θ), maximizing S0[ρ] = S0

g[ρ] + f S0
f [ρ] for f flavors of fermions. We will only allow

distributions that are non-negative everywhere with the normalization condition in (2.4). Further-
more, we assume that the dominating distribution ρ(θ) is smooth and finite for all θ (in contrast
to ρ defined in (2.4) for angle configurations at finite N). Clearly, S0 in (2.5) is invariant under
ρ(θ)→ ρ(θ +α) for any choice of α , corresponding to the invariance under (2.2).
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Figure 2: Logarithm of the eigenvalues for the massless overlap Dirac operator with f = 2 and mw = −1
obtained using numerical integration with M4 equally spaced points in the four-dimensional integration
space.

Owing to the periodic and symmetric nature of Sg, f (θ), it follows that∫
π

−π
∏

ν

dφν

2π
Sg, f (θ −φ)ei∑µ kµ φµ = λ

(g, f )
k ei∑µ kµ θµ ; (2.6)

λ
(g, f )
k =

∫
π

0
∏

ν

dφν

π
Sg, f (φ)∏

µ

cos(kµφµ) . (2.7)

Therefore, Fourier expanding

ρ(θ) =
1

(2π)4 ∑
k

ckei∑µ kµ θµ with c−k = c∗k , c0 = 1 (2.8)

results in

S0
g, f = N2

∑
k

ckc∗kλ
(g, f )
k . (2.9)

If all the eigenvalues,

λk = λ
(g)
k + f λ

( f )
k (2.10)

for k 6= 0 are smaller than zero, the constant mode, ρ(θ) = 1
(2π)4 , will dominate in the large-N

limit (i.e., ck → 0 for k 6= 0) and the single-site model will be in the correct continuum phase and
possibly reproduce the infinite-volume continuum theory.

If some of the eigenvalues are larger than zero, then the action S0 in (2.5) will not be maximized
by ρ(θ) = 1

(2π)4 and some ck (k 6= 0) will be non-zero. Since the action in (2.9) is quadratic, the

4



P
o
S
(
L
A
T
T
I
C
E
 
2
0
1
3
)
0
9
7

Single site model of large N gauge theories coupled to adjoint fermions Rajamani Narayanan

-1.2 -1.1 -1.0 -0.9 -0.8 -0.7
mw

1.6

1.8

2.0

2.2

2.4

2.6

f

allowed region

Figure 3: Boundary of the allowed region in the (mw, f )-plane for massless overlap fermions (mo = 0).
The different lines show −λ

(g)
k /λ

(o)
k for k = (2,2,2,2) (green, dashed), k = (1,0,0,0) (red, solid), and

k = (2,0,0,0) (blue, dot-dashed). The intersection points are at (mw, f ) ≈ (−0.843,2.30) and (mw, f ) ≈
(−1.15,1.65).

maximum will be obtained at the boundary of the domain of allowed values for the ck’s, which is
determined by the condition ρ(θ)≥ 0 for all θ . Therefore, S[ρ] will be maximized by a ρ(θ) which
is zero at least at one point in the four-dimensional Brillouin zone. Due to the shift-invariance, there
will then be a class of densities, related by ρ(θ)→ ρ(θ + α) with arbitrary α , having identical
maximum action resulting in a spontaneous breaking of the Ud(1) symmetry in (2.2).

3. Investigation of the allowed regions

We only consider the case of overlap fermions and refer the reader to [6] for the case of
Wilson fermions. A sample plot is shown in Fig. 1 where we have computed the eigenvalues
λk = λ

(g)
k + f λ

(o)
k for massless overlap fermions with f = 1 and mw =−1. The results are obtained

with M4 equally spaced points in the four-dimensional integration space and we used M = 41 and
M = 71 to show that we have reached the limit of the continuum integral. Since two eigenvalues
are positive, ( f = 1,mo = 0,mw =−1) is not a point in the allowed region for overlap fermions.

As a second example, we set f = 2, keeping mo = 0 and mw = −1. In this case, we find all
eigenvalues λk to be negative, making this a point inside the allowed region. In Fig. 2, we have
plotted ln(−λk) as a function of k2 to show that even in the log-scale we have a good estimate for
the continuum integral.

Numerically, we find that λ
(g)
k > 0 for all k, which means that a point ( f ,mo,mw) will be inside

the allowed region (defined by λk = λ
(g)
k + f λ

(o)
k < 0 for all k) iff
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Figure 4: Plots of f0 ≡ −λ
(g)
k /λ

(o)
k (for kµ ≤ 9) at mw = −1 and different choices for mo. For mo = 0,

f0→ 0.5 as k2→ ∞; for all mo > 0, f0→ ∞ as k2→ ∞. The boundary of the allowed region is determined
by maxk f0(k).

(i) λ
(o)
k (mo,mw) < 0 for all k,

(ii) f > maxk

{
−λ

(g)
k /λ

(o)
k

}
.

For massless overlap fermions, −λ
(g)
k /λ

(o)
k → 1

2 as k→ ∞ for all mw < 0. Therefore, for mo = 0,
the allowed region in the (mw, f )-plane is determined by eigenvalues λk with k being small. A plot
of the boundary of the allowed region in the (mw, f )-plane for mo = 0 is shown in Fig. 3.

For mo > 0, λ
(o)
k (mo)/λ

(o)
k (mo = 0)→ 0 as k→ ∞. Together with our results for the massless

case, this immediately implies that −λ
(g)
k /λ

(o)
k → ∞ as k→ ∞ (see Fig. 4 for numerical results).

Therefore, it is necessary to keep m0 = 0 in the weak-coupling limit.

4. Conclusions

Previous numerical work considered quantities like TrUµ , TrUµUν , TrUµU†
µ and a few others.

These correspond to a select set of values of kµ in the weak coupling limit. We have shown that this
can lead to incorrect conclusions about the validity of the single site model. Since some coefficients
with small k could be accidentally small, even looking at k = (1,−1,0,0) might not be sufficient
to check if the single site model can reproduce the infinite volume continuum theory. Much of the
previous numerical work has been done at finite values of the lattice coupling. Even if there is some
evidence for an infinite volume limit at finite lattice coupling, the results here show that one cannot
take the weak coupling limit. This also applies to numerical work done with massive fermions.
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