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A nonvanishing spectral density of the low-lying eigenmodes of the Dirac operator naturally is
a signal for dynamical chiral symmetry breaking (DχSB) via the Banks-Casher relation. The
low-lying eigenmodes alone saturate the pseudoscalar channel and the corresponding propagator
successfully reproduces the pion mass. In this paper we investigate the effects on the mass gener-
ation of hadrons other than pions. The evolution of these masses upon inclusion of an increasing
number of the low-lying eigenmodes is confronted with the hadron mass spectrum upon removal
of such eigenmodes.
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1. Introduction

In this contribution we study the question to what extent the quark condensate of the vacuum
(or, better to say, the physics that is responsible for the dynamical chiral symmetry breaking) con-
tributes also to the hadron mass generation. Such a question was already addressed on a qualitative
level in lattice studies [1, 2]. One of the conclusions was that the pion mass is saturated by the
physics related to spontaneous breaking of chiral symmetry, in agreement with general theoretical
expectations. We ask, however, whether it is also so or not for some other low-lying states, like
ρ-meson, nucleon and a1-meson. According to many different model views their mass generation
is also related to the chiral symmetry breaking dynamics. This study is complementary to our pre-
vious work [3, 4], where we investigated what happens with these hadrons if we artificially restore
chiral symmetry by removing of the low-lying modes from the quark propagators.

The density of the low-lying Dirac eigenmodes is related to the order parameter of DχSB,
namely, the quark condensate [5]. The number of these eigenmodes responsible for the quark con-
densate scales with the lattice volume. We construct hadron propagators from quark propagators
considering only a subset of eigenmodes of the spectral representation of the Dirac operator. The
propagator built from k low-lying modes only, we call a truncated propagator. A propagator con-
structed by removing the low-lying modes from the complete set, we call a reduced propagator.
The truncated propagator is given by

SLM(k) =
k

∑
i=1

1
λi

|λi⟩⟨λi| , (1.1)

where λi and |λi⟩ are the eigenvalues and eigenmodes of the chirally improved Dirac Operator
γ5DCI [6]. By constructing the reduced quark propagator,

SRD(k) = SFull −SLM(k) , (1.2)

we get access to the complementary part of the (high-lying) eigenmodes. We performed our stud-
ies on 160 gauge configurations with n f = 2 dynamical fermions with a pion mass Mπ = 322(5)
MeV. The lattice size and the lattice spacing are 163 × 32 and a = 0.144(1) fm, respectively. We
choose values of k = 32, 64, and 128 where approximately 32 eigenmodes correspond to 30 MeV
[3]. Furthermore the extended set of interpolators enables us to use the variational method. By
constructing the cross-correlation matrix

Ci j(t) = ⟨0|Oi(t)O
†
j (0)|0⟩ , (1.3)

and solving generalized eigenvalue problem

C(t)υ⃗n = λ̃ (n)(t)C(t0)υ⃗n , (1.4)

we obtain the masses of the ground and possibly excited states from the exponential behaviour of
the eigenvalues λ̃ (n)(t, t0)= e−En(t−t0)

(
1+O

(
e−∆En(t−t0)

))
. These are extracted for each truncation

level k in a given quantum channel. The quantum channels and corresponding interpolators are
listed in Tab. 1.

Notations n, w and ∂i stand for the Jacobi smeared -narrow, -wide and derivative sources
respectively.
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# ρ # a1 # N+

8 qwγkγtqw 1 qnγkγ5qn 1 εabcqa(qT
b Cγ5qc) , n(nn)

17 q∂i
γkq∂i 4 qwγkγ5qw 18 εabciqa(qT

b Cγtγ5qc), w(ww)

Table 1: Number of interpolators (#) and the interpolators for the ρ(1−−), a1(1++) mesons and the N+

nucleon.

2. Hadron masses with and without the low modes

We confirmed that the pseudoscalar channel is saturated by the low modes only [1]. Here we
consider k = 128 as a sufficient number of the low modes to reproduce the mass of a pion within
error bars. On the other hand when one removes the same number of the low modes from the
complete set one artificially removes the pion from the spectrum. We here determine quantitatively
the effects of DχSB on the mass generation of hadrons other than the pion expressed in terms
of the low-lying eigenmodes. We present our results concerning 1−−, 1++, 1/2+ channels in the
subsequent sections.

2.1 ρ(1−−)

We clearly see a bound ground state with only 32 low modes in the 1−− channel in Fig. 1. The
decay property of the corresponding correlator LM(32) stays almost unchanged upon including
128 low modes into the description. We observe that the mass of this bound state is found to be
close to 60 percent of the original full ρ meson mass. On the other hand removing 128 low modes
results in a larger mass compared to both LM(128) and FULL cases. It is obvious that the masses
obtained by including the low modes or excluding the low modes are not additive quantities.

We observe qualitatively the same pattern for the bound state in the 1++ channel as described
above under truncation level k. To keep everything consistent we used the same fixed set of inter-
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Figure 1: ρ:(top left) correlators, (top right) effective masses, (bottom left/right) eigenvectors under the
inclusion/removal of the low Dirac eigenmodes
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Figure 2: Nucleon: (top left) correlators, (top right) effective masses, (bottom left/right) eigenvectors under
the inclusion/removal of the Dirac eigenmodes
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Figure 3: Evolution of the hadron masses upon the inclusion (left) and removal (right) of the low eigenmodes

polators at each truncation level, cf. Fig. 1. If one optimises the rather large set of interpolators for
each truncation level separately, it is possible to extend the plateau ranges.

2.2 N(1
2
+
)

The evolution of the nucleon mass under the low mode inclusion or removal resembles the
one we observed for ρ meson bound state. The contribution of an increasing number of low modes
starting from k = 32 up to k = 128 does not change significantly as it can be seen from the corre-
lators (Fig. 2). Extracting the mass of the nucleon for the case of LM(128) we recover almost 2/3
of the full nucleon mass. The low modes provide a large contribution to the nucleon channel of
positive parity but this contribution is not enough to explain the mass of the nucleon without taking
into account the effects of the high-lying eigenmodes.

3. Conclusions

The histograms shown in Fig. 3 illustrate the differences in the hadron mass spectrum depend-
ing on whether the low-lying modes of the Dirac operator are gradually included or excluded out
of the description.
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We conclude that – unlike the mass of the pion – the masses of ρ , a1, and N grow very
slowly with the number of included low modes, see Fig. 3 (left). These low modes provide a large
contribution to 1−−, 1/2+ channels and give a rise up to 2/3 of the corresponding full masses.
To fill the remaining mass for the ρ-meson and the nucleon one needs to take into account the
high-lying eigenmodes. In contrast, it is the higher-lying modes that are the most essential for the
mass of the a1-meson. In particular, it is already sufficient to consider all eigenmodes except for
the low-lying ones to obtain the full a1 meson mass, see Fig. 3 (right).
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