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1. Introduction

Knowledge of the QCD phase structure is important in order to understand the physics of the
early Universe, structure of neutron stars, processes in heavy-ion collisions experiments, etc. To
study the QCD phase transition, non-perturbative treatment is necessary. Lattice QCD is the most
suitable way to solve QCD non-perturbatively. There is, however, sign problem at simulations with
finite chemical potential. Thus, it is important to understand the lower left corner of the Columbia
phase diagram plot at zero density which depicts the nature of the finite temperature phase transition
as a function of light u-d quark masses and strange quark mass before starting extensive studies at
finite chemical potential.

The results of previous studies for the region of first order phase transition at zero chemi-
cal potential are very contradict between staggered type and Wilson type fermions. All results
with staggered type fermions using the rooting of quark determinant and \iigedit levels of
improvement are consistent with the physical point being in the crossover ré@@i3 [4]. In
contrast, results with Wilson type fermions which used the simple Wilson action found that the
physical point exist in the first order phase transition regin To clarify the issue, an indepen-
dent investigation which contains results taken to the continuum limit is needed.

2. Methods

In this work we perform simulations with lwasaki gauge actl@hdnd N; = 3 dynamical fla-
vors of non-perturbativel(a)-improved Wilson fermion actiorZ] on lattices of temporal extent
N; = 4,6 and determine the critical endpoint on the linemgf= myg, i.e., we perform simulations
with mass-degenerate sea quarks for all 3 flavors. Wilson type fermions have exact flavor sym-
metry, which we consider to be a big advantage over staggered fermions, as the finite temperature
phase transition largely depends on the flavor degrees of freedom. A disadvantage though is lack
of chiral symmetry.

We generate O(10,000 — 200,000) trajectories for each ensembi\g A4, we choose spatial
lattice sizeN, = 6,8,10 and cover the range= 0.143 — 0144 atB = 1.60, x = 0.1405-0142 at
B =1.65«=0.1375-01395 atB = 1.70. At N; = 6, we choosd&, = 10,12, 16 and cover the range
k =0.1403 — 01405 atB = 1.73,x = 0.1395-01398 atB = 1.75,x = 0.1385-01392 a3 = 1.77.

We compute plaquett®, gauge action densitg,;, Polyakov loop L, their susceptibilityy ,
skewnessS, and kurtosisK, defined respectively by
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WhereWLﬁj isix j Wilson loop,co = 1-8cy, ¢; = —0.331 andO is an observable. Kurtosls can

be written using Binder cumulant as,

(=)
((0-(0))?°
which is frequently used to determine the critical point. These quantities are often better than

the maximum point of susceptibility because finite sifée@s is much smaller. For example,
magnetization in the Ising model behaves like

K=Bs—3, BuO)= (2.5)

M= NP7 fu N (2.6)

with reduced temperaturg,and critical exponent®’ andy’ in finite size systems. By using this
scaling functionB4(M) can be written as

— 4 1 /
N# 7 fa(EN)

B4(M) =
< INT#7 fya(tNT)]

> = fa(tN). 2.7)

ThereforeK does not depend on volume at a second order phase transition point. At the first order
phase transition point, for large volumésreaches the minimun@[ according to

c
K=-2+ o O(1/N?). (2.8)
|
In the case of crossover, there is no such formula. But we can expect that the distribution becomes
sharper, andk becomes larger, with increasing volume.
We use this property df to determine the critical endpoint. So our strategy is as follows.

¢ First we find the transition point by using a fit around the peak of susceptibilities atNpach
e Then we obtairK at the transition point(;, at each\;.
e Finally we find the intersection point &; by fit with finite size scaling inspired ansa@ [

f(8,N)) = Ke +aN"" (8- Be) + bN" (8- Be)?, (2.9)

whereKg, Be andy are the kurtosig3 at the critical endpoint, and the critical exponent, respectively.
It is expected that the critical endpoint B = 3 (alsoN¢ = 2+ 1) QCD belongs the universality
class of the 3D Ising mode]. ThereforeKg = —1.396 andv = 0.63 are the expected values.
However, we do not assume any value Kgr andv in this study. We also compute pseudoscalar
and vector meson mass ratio at the transition pomgs{my); to obtain the ratio at the critical
endpoint, (hps/My)g, by interpolation.

3. Results

The range oB in this study is rather low as compared to usual zero temperature simulations. So
we first check that we are looking at real finite-temperature phase transition, and not a bulk (lattice
artifact) phase transition sinegn our simulation is slightly larger than the region confirmed to be
absent of the bulk phase transition in r@Q] (x < 0.14). In Fig.dlwe plotP both on & x4 and
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Figure 1: Pv.s.xboth on & x4 and & x 12 atB = 1.60.
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Figure 2: Representative case for history and histogram at first order phase transition point (left). Repre-
sentative case for history and histogram at crossover (right).

6% x 12 atB = 1.60. We see there is finite temperature phase transitien-@.1435, and no bulk
phase transition at zero temperature simulation in this region.

Figureld shows representative cases for time history and histogram at first order phase transi-
tion point and crossover point. We see a clear double peak distribution and a two state signal of low
and hight temperature phases for the case of first order phase transition. On the other hand, there is

no such behavior for the crossover case

In Figs.BH9 we present results for expectation value, susceptibility, skewness and kurtosis for
P andL, together with quadratic fitting results for susceptibility and kurtosté at4. We find that
the maximum location of, the point whereS is zero near the transition point and the minimum
location ofK are almost on the same point. At= 1.60, a dip ofK becomes sharper and deeper
for larger volumes. We observe that the minimunKobecomes larger with increasing volume at

B =1.65,1.70.

In Fig.@ we plotK; with fitting results of eq.lZ.9 and (mps/my); with linear fitting results.
To obtainBg, since we have three observables, we minimize the followfhg

K=

O=PL.g

Ko(B,N)) = fo(B,N))

2
Ko (B,N)) ] ' 1)

wheresKo(B,N)) is the error oo (5, N|). We obtainsg = 1.6274(30) al\; = 4 andBe = 1.7345(12)
atN; = 6. For (mps/my)g, we fit data with linear function and obtain/289(28) and ®653(20)

1To distinguish first order, second order and or crossover transition, one must compare kurt@&eeat dolumes.



The critical endpoint of the finite temperature phase transition

Yoshifumi Nakamura

05 For 02 N-6
—e—i N =6 —e—i Ny =
049 5 (N,=8 B 0181 o N=8
04 Lo N =10 1 0.16 [ +—6—1 N, = 10 1
0.14 4
o t R <
047 o ]
046 1 o1 ]
045 q 0.08 1
0.44 = 12 0.06 == 14
L 7N 41 + N\ q12
fN z r \ 11z
L / Jos 2 Z
i e 08 £ [ ¢ s Jos Z
r o 106 & t dos &
r oo o4 2 t e oo doa %
. ] 8 E} 102 7 5 g 8 2 & 8 8 do2
2 8 8 2 0 2 s 0
15+ 1Sk ]
P ] s F 1
g 05y ] 2 oosk 4
g 0 2 0
£ 05t 2
O ] o0s |
st 1 s J
2 r 02 -15 T 2
- 0 - id z 0
E 4 ! 4-02 E i ! H-02
F (R 04 . F 3 O 104 .
E TR 4-06 % r TR {06 %
= W "/é 408 E r L 7 3 408 E
[ | 147 2 L \ 157 2
\ i [
r 24 g 412 F {g&" 11,
F g 414 F 3 414
. . . . e . . . . e
0.143 0.1432 0.1434 0.1436 0.1438 0.144 0.143 0.1432 0.1434 0.1436 0.1438 0.144

Figure 3: Expectation value, susceptibility, skewness and kurtosis (from top to bottom in panel) for pla-

quette (left) and Polyakov loop (right) At= 1.60 andN; = 4, together with quadratic fit for susceptibility

and kurtosis.
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Figure 5: Same as Fidd but atg = 1.70.
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Figure 6: K; v.s.g with fitting results of eq.Z.9 atN; = 4

atN; = 4 and 6, respectively. In Fiflwe plot (mps/my)e as a function of IN2. The black points
indicate (nps/my) at the critical endpoint for eadi;. The blue diamond point indicates the flavor
SU(3) symmetric point defined hyq = (m?™ + mghy+ mE™)/3. The green triangle indicates the

point where all three quark masses are equal to the physical strange quark mass. We find that the
transition is first order forrtps/my) < 0.7, is a crossover fomfps/my) = 0.7 atN; = 4,6. We also
observe thatrfips/my)e becomes smaller with increasiig. Since there are only two points, we

need further investigation at largly to extrapolate to the continuum limit.

4. Summary

We have investigated the critical endpoint of QCLxat 0 with N; = 3 degenerate dynamical
flavors of non-perturbativelyD(a)-improved Wilson fermions. We have determined the critical
endpoint by using the intersection points of kurtosiblat 4,6. We have found for these temporal
lattice sizes that, along the flavor symmetric line with= mq, the critical end point is located
around the point where all three quark masses are equal to the physical strange quark mass. We are
extending our study to largé\; to obtain conclusive results in the continuum limit.
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