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bosons, intermediate bosons, and baryons is reflected in the phase structure at finite density.
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1. Introduction

QCD at finite baryon density suffers from a severe sign problem and its phase diagram can there-

fore not be treated with standard Monte-Carlo methods [1]. Several approaches to QCD have

been investigated to circumvent this problem, but so far all these approaches failed to describe the

phase diagram at high baryon density and small temperature. A different strategy is to investigate

QCD-like theories, as for instance 2-color QCD [2, 3], to gain insight into gauge theories at finite

density. However, these theories should share as much features as possible with QCD. Here we

replace the gauge group SU(3) by the exceptional Lie group G2. G2-QCD is a gauge theory with

fermionic baryons and fundamental quarks [4, 5] and it can be simulated without sign problem

at finite density and temperature. In the present article we discuss the theoretical foundations of

(lattice) spectroscopy for G2-QCD and present our results for the vacuum spectrum of states and

the phase diagram at zero temperature obtained from lattice simulations on a rather small 83 × 16

lattice. We find that we can observe structures at finite density at scales which correspond to scales

we find in the hadronic spectrum. Especially, we find onsets of transitions at scales corresponding

to the Goldstone scale, the intermediate boson scale, and the baryonic scale. The results indeed

suggest that the theory has a rich phase structure, and that baryonic-dominated regions of the phase

diagram may exist.

2. Chiral symmemtry and baryon number in G2-QCD

The Euclidean action of Nf flavour G2-QCD with baryon chemical potential µ reads

S =

∫

d4x tr

{

−
1

4
FµνFµν +

Nf

∑
n=1

Ψ̄n D[A,m,µ ]Ψn

}

with

D[A,m,µ ] =γE
µ(∂µ −gAµ)−m+ γE0µ ,

(2.1)

where the gauge group is the exceptional Lie group G2. The fundamental representations of G2

are 7-dimensional and 14-dimensional, the latter coinciding with the adjoint representation. The

elements of G2 can be viewed as elements of SO(7) subject to seven independent cubic constraints

for the 7-dimensional matrices g representing SO(7) [4],

Tabc = Tde f gda geb g f c, (2.2)

where T is a total antisymmetric tensor. Since G2 is a subgroup of SO(7), all representations are

real. The Dirac operator satisfies

D(µ)† γ5 = γ5 D(−µ∗) and D(µ)∗ T = T D(µ∗) (2.3)

with T = Cγ5, T ∗ T = −1, T † = T−1 and charge conjugation matrix C. If such a unitary opera-

tor T exists then the eigenvalues of the Dirac operator come in complex conjugate pairs, all real

eigenvalues are doubly degenerate [2, 6] and thus

detD[A,m,µ ]≥ 0 for µ ∈R. (2.4)
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U(2Nf)

SU(2Nf)⊗Z(2)B SO(2Nf)V⊗Z(2)B

SU(Nf)A⊗SU(Nf)V⊗U(1)B/Z(Nf) SU(Nf)V⊗U(1)B/Z(Nf)

anomaly

m,
〈

Ψ̄Ψ
〉

µ

m,
〈

Ψ̄Ψ
〉

µ

Figure 1: Pattern of chiral symmetry breaking in G2-QCD.

Since the gauge field Aµ is real and anti-symmetric, it is possible to write the matter part of the

action (2.1) for µ = 0 as a sum over 2Nf Majorana spinors λn

L [Ψ,A] = Ψ̄D[A,m,0]Ψ = λ̄ D[A,m,0]λ (2.5)

with λ = (χ ,η) = (λ1, . . . ,λ2Nf
). It follows that G2-QCD possesses an extended flavour symmetry

[2] compared to QCD. The action is invariant under the SO(2Nf)V vector transformations λ 7→

eβ⊗1λ with a real and antisymmetric β ∈ so(2Nf) and the axial transformations λ 7→ eiα⊗γ5 λ

with a real symmetric matrix α . Due to the Majorana constraint left- and right-handed spinors

cannot be rotated independently and the general transformation is a composition of axial- and

vector transformations, leading to a U(2Nf) symmetry group, in agreement with the results in [4].

Following the same arguments as in QCD it is expected that the axial U(1) is broken by the axial

anomaly such that only a SU(2Nf)×Z(2)B chiral symmetry remains. In the presence of a non-

vanishing Dirac mass term (or a non-vanishing chiral condensate) the theory is no longer invariant

under the axial transformations. Therefore the non-anomalous chiral symmetry is expected to be

broken explicitly (or spontaneously) to its maximal vector subgroup,

SU(2Nf)⊗Z(2)B 7→ SO(2Nf)V⊗Z(2)B, (2.6)

Since baryon chemical potential is an off-diagonal term in Majorana flavour space, the remaining

chiral symmetry at finite baryon chemical potential is the same as in QCD,

SU(2Nf)⊗Z(2)B 7→ SU(Nf)A⊗SU(Nf)V⊗U(1)B/Z(Nf). (2.7)

The final pattern of chiral symmetry breaking of G2-QCD is shown in figure 1. If chiral symmetry

is spontaneously broken, the axial chiral multiplet becomes massless, according to the Goldstone

theorem. In contrast to QCD, because of the enlarged chiral symmetry group, already in the case

of a single Dirac flavour a non-trivial chiral symmetry is present, and chiral symmetry breaking

can be observed. In this Nf = 1 case chiral symmetry is given by SU(2)⊗Z(2)B leading to two

Goldstone bosons

d(0++) = Ψ̄Cγ5Ψ− Ψ̄γ5ΨC and d(0+−) = Ψ̄Cγ5Ψ+ Ψ̄γ5ΨC. (2.8)

with baryon number nB = 21. They are scalar diquarks instead of pseudoscalar mesons as in QCD.

1In our definition baryon number counts the difference of quarks and anti-quarks
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3. Spectroscopy for N f = 1 G2-QCD

Since the centre of G2 is trivial, we expect to find bound states with every integer baryon number.

Beside the states that are also present in QCD, Mesons with baryon number nB = 0 and nucleons

with nB = 3, there are additional states like diquarks with nB = 2 or more exotic bound states of

gluons and quarks, for example a hybrid with nB = 1. In the following we give an overview over

our implementation of possible bound states for N f = 2 G2-QCD, see tables 1 and 2. In all tables

Name O J P C

π ūγ5d 0 - +

η ūγ5u 0 - +

a ūd 0 + +

f ūu 0 + +

ρ ūγµd 1 - +

ω ūγµu 1 - +

b ūγ5γµd 1 + +

h ūγ5γµu 1 + +

Name O J P C

d(0++) ūCγ5u+ c.c. 0 + +

d(0+−) ūCγ5u− c.c. 0 + -

d(0−+) ūCu+ c.c. 0 - +

d(0−−) ūCu− c.c. 0 - -

d(1++) ūCγµd − d̄Cγµu+ c.c. 1 + +

d(1+−) ūCγµd − d̄Cγµu− c.c. 1 + -

d(1−+) ūCγ5γµd − d̄Cγ5γµu+ c.c. 1 - +

d(1−−) ūCγ5γµd − d̄Cγ5γµu− c.c. 1 - -

Table 1: Bosonic bound states with baryon number nB = 0 (left table) and nB = 2 (right table).

Name O J P C

N ′ T abc(ūaγ5db)uc 1/2 ± ±

∆′ T abc(ūaγµub)uc 3/2 ± ±

Hybrid εabcde f guaFbc
µνFde

µνF
f g

µν 1/2 ± ±

Name O J P C

N T abc(ūCa γ5db)uc 1/2 ± ±

∆ T abc(ūCa γµub)uc 3/2 ± ±

Table 2: Fermionic bound states with baryon number nB = 1 (left table) and nB = 3 (right table).

O is the interpolating operator used to extract the mass in the lattice simulation and J, P, C the

spin, parity and charge conjugation quantum numbers. In our lattice simulations the N f = 2 G2-

QCD states are included by partial quenching, i. e. two valence quark flavor, but only one sea quark

flavor. If isospin is unbroken, the masses of flavour singlet diquarks and flavour non-singlet mesons

are degenerate. For example the diquark correlation function

Cd(x,y) =

〈

χ̄(x)γ5χ(x) χ̄(y)γ5,χ(y)

〉

(3.1)

contains only connected contributions. The corresponding correlation function for the η meson

reads

Cη(x,y) =
〈

η(x)η†(y)
〉

= 2

〈

χ̄(x)γ5χ(x) χ̄(y)γ5χ(y)

〉

+Cd(x,y) (3.2)

where the difference to the diquark correlation function is only the disconnected contribution,

showing that the π has the same mass as the d(0+). Analog relations lead to

md(0+) = mπ(0−), md(0−) = ma(0+), md(1+) = mρ(1−), md(1−) = mb(1+). (3.3)

Thus, for every diquark there is a flavour non-singlet meson with the same mass but opposite parity.
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4. Lattice spectroscopy results

In order to fix our parameters we compute the scalar and vector diquark masses and the proton

mass for different parameters of the inverse gauge coupling β and the hopping parameter κ on a

83 × 16 lattice. The results are shown in figure 2. The mass ratios between the scalar and vector
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Figure 2: Left panel: Mass of the pseudo Goldstone boson as a function of β for κ = 0.147. Center panel:

Mass of the proton as a function of β for κ = 0.147. Right panel: Mass of the 0+ and the 1+ diquark as a

function of κ for β = 0.96.

diquarks and between the scalar diquarks and nucleons allow us to estimate the distance from the

chiral limit, since they should go to zero in the chiral limit while they approach 1 and 2/3 for heavy

quarks. In the following we discuss two different ensembles with parameters shown in table 3.

Ensemble β κ md(0+)a mNa md(0+) [MeV] a [fm] a−1 [MeV] MC

Heavy 1.05 0.147 0.59(2) 1.70(9) 326 0.357(33) 552(50) 7K

Light 0.96 0.159 0.43(2) 1.63(13) 247 0.343(45) 575(75) 5K

Table 3: Parameters for two different ensembles. All results are from a 83 × 16 lattice.

Our mass scale is set by the proton mass, mN = 938 MeV. For the heavy quark ensemble (Fig. 3,
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Figure 3: The mass spectrum of the heavy (left panel) and light (right panel) ensemble is shown.

left panel) the diquark masses are almost degenerate and the η has essentially the same mass as

the diquarks. For the nucleons there is almost no mass splitting between parity even and odd

states. In the light ensemble (Fig. 3, right panel), the diquark masses are no longer degenerate. We

observe a significant mass splitting between parity even and odd states as well as between scalar

and vector diquarks. Especially, the Goldstone boson becomes the lightest state, with the η also
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being somewhat heavier. For the nucleons we also observe different masses for parity even and

odd states and the spin 1/2 and spin 3/2 representations. We find three clearly different scales in

the light spectrum: A Goldstone scale, an intermediate boson scale set by the remaining diquarks,

and the nucleon scale set by the N and ∆.

5. G2-QCD at zero temperature and finite baryon density

We will now show that the different hadronic scales observed in the spectra in Fig. 3 reflect them-

selves in the structure of the finite density phase diagram. In figure 4 (left panel) we show the quark

number density nq from vanishing chemical potential up to saturation. We observe that for small
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Figure 4: Left panel: The quark number density as a function of chemical potential are shown. Right

panel: The onset transition observed in the quark number density is compared to half of the mass of the

lightest state, the 0+ diquark, for different gauge couplings β .

values of the chemical potential the system remains in the vacuum, i. e. the quark number density

vanishes, which is expected due to the silver blaze property. When increasing the chemical poten-

tial further the quark number density starts rising, indicating that baryonic matter is present and the

system is no longer in the vacuum state. At even larger values of µ the quark number density satu-

rates, in agreement with the theoretical prediction of nq,max = 2Nc = 14 [5]. A closer look into this

phase diagram at zero temperature, see Fig. 4 (right panel), shows the manifestation of the silver

blaze property for baryon chemical potential: The quark number density shows an onset transition

to a non-vacuum state when chemical potential reaches half of the mass of the lightest baryon, the

Goldstone 0+ diquark. For larger values of chemical potential a series of plateaus develops where

the quark number density is almost constant, see figure 5. At around µ = 0.6 for the heavy en-

semble and µ = 0.55 for the light ensemble the quark number density starts increasing again and

no further plateau is observed. For the heavy ensemble, in addition to the silver blaze transition

due to the diquark states we find good agreement of the ∆ mass with the point where the quark

number density increases without building a plateau. For the light ensemble the two transitions at

µ ≈ 0.22 and µ ≈ 0.32, each followed by a plateau, can be related to the observation of the splitting

of the 0+ and 0− diquark masses. Again the transition at µ ≈ 0.55 is in good agreement with the

∆ mass divided by three. For both ensembles our observation is thus that transitions in the quark

number density coincide with hadron masses divided by their baryon number. For a bosonic hadron

a plateau is formed after the transition while for a fermionic hadron the quark number density in-

creases further with increasing chemical potential. In both ensembles we observe also a transition

at µ ≈ 0.52 (heavy ensemble) and µ ≈ 0.38 (light ensemble) that does not coincide with any of our

6
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Figure 5: Shown is the quark number density compared to baryon mass divided by baryon number for the

heavy ensemble (left panel) and the light ensemble (right panel).

spectroscopic states. Since this transition is followed by a plateau we speculate that this state might

be a bosonic hadron. A possible candidate could for example be a bound state of four quarks.

6. Conclusions

On a rather small lattice we have presented the hadronic spectrum of G2-QCD obtained with lattice

Monte-Carlo simulations. For sufficiently small quark masses different hadronic scales related to

the Goldstone sector and nucleonic sector develop, quite similar to the situation in ordinary QCD.

We have also shown that this scale hierarchy of the vacuum reflects itself in the phase structure

at finite densities. The phase diagram at zero temperature shows a number of transitions which

correlate with the scales of the hadron spectrum. This already indicates a very rich phase structure

of the theory and ongoing investigations aim at a deeper understanding of the phase diagram of

G2-QCD at finite density.
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