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1. Introduction

The hadronic vacuum polarization IT(Q?) is of great importance in precision tests of the Stan-
dard Model of particle physics. It enters, for instance, the running of the QED coupling constant.
Additionally, it currently represents the dominant uncertainty in the Standard Model prediction of
the anomalous magnetic moment of the muon aELO.

Studies of aﬁLO on the lattice have had to deal with the fact that only a finite set of virtualities Q°
were available and an extrapolation of IT1(Q?) — IT(0) had to be performed in order to form the
difference ﬁ(Qz) [1-9]. Here, we report on a new way of computing ﬁ(Qz) as well as the Adler
function D(Q?) at any virtuality directly from the time-momentum representation vector correla-
tion function on the lattice, as it was presented before in [10, 11] and in a somewhat similar spirit

in [12].

2. T1(Q?) and a};° in Euclidean space

On a Euclidean lattice the vacuum polarization tensor can be defined as the four dimensional
Fourier transform of the vector current-current correlation function:

M (Q)= [ d'xe(ju()(0)) @1
Here O(4) invariance and current conservation imply the tensor structure

Iy (Q) = (QuQv — 8,y O*)TI(Q%). (2.2)

The lowest order hadronic contribution to the anomalous magnetic moment of the muon aﬁLo

can be related to I1(Q?) through,
HLO _ (02 2 2 502
a0 — (%) [ 40K (@ mTI(QP). 23)

here, the kernel is known from QED and the hadronic part I1(Q?) = 472(I1(Q?) — I1(0)) can be
determined on the lattice. However, following this recipe and computing ﬁ(QZ) via (2.1) on the
lattice one is faced with the problem that the intercept I1(Q? = 0) is not directly available and it
has to be estimated using an extrapolation procedure. In addition the integrand of (2.3) is strongly
peaked around the lepton’s mass, and with the muon mass at m; ~ 105.65MeV [13], this is gener-
ally below the lattice momentum resolution.

3. A new representation for I1(Q?) in lattice QCD

We propose a new method to compute ﬁ(QZ) without the problem of having to estimate
I1(Q? = 0) and that is calculable at any value of the virtuality Q. To this end, note the struc-
ture of the vacuum polarization tensor (2.2) implies:

I, (Qoéo) = —QGTI(QF) - (3.1)
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The time-momentum representation of the lattice vector correlation function is given by:
Gx0)8i = [ dx((x0,%)(0). (32)

In combination with (3.1), the correlator G(xp) can be related to the hadronic vacuum polarization
(2.1) in the form I1(Q3) through

HZZ(QO) _ 1

1(Q5) = — 0 Q%/_wdxoeiQOXOG(xo). (3.3)

To obtain IAI(Q(Z)) = 47>(I1(Q3) — I1(0)) expand:

(QO —0)= / dxo G(x0) — f/ dxoxo (x0) + ﬁ(QO) (3.4)

Therefore the subtracted vacuum polarization IAT(QQ) can be expressed as an integral over the
current-current correlator G(xp):

11(Q3) — T1(0) = /0 " dxoG(xo)Knn(03.42) (3.5)
where
Kin(03,8) = [~ = sin” (300v0)] (3.6)
0°10 0 Q(Z) D) 0X0) |- .

With (3.5) we obtain an integral representation that is convergent and gives IAT(Q%) at any Q® with-
out having to estimate I1(Q? = 0).

Additionally, in this representation derivatives of IT1(Q?) can easily be taken by changing the kernel
KH(Q(Z),x(Z)) accordingly. The first derivative for example can be linked to the phenomenologically
interesting Adler function

,dll

D(Q5) = 12m°05 - 7
0

12
J'L' / dX()G )Co) (2 ZCOS(Q()X()) QoxoSln(Qoxo)) (3.7)

In the limits Q(z) — 0 and m; — 0O the derivative of the Adler function gives aELO directly

D 2 00
D'(0) = leile(Qz) = n? /O dxo x3 G(xo) (3.8)
R WA
-t 0 =53 v a

This entails the first derivative, i.e. the slope of IT1(Q?) at the origin gives the bulk of the leading
order hadronic contribution of the anomalous magnetic moments of leptons immediately and is
directly accessible to the lattice using the proposed mixed representation method.



Adler function and hadronic vacuum polarization from lattice vector correlators Anthony Francis

4. Numerical Setup

We test the procedure on dynamical gauge configurations with two mass-degenerate quark
flavors. The gauge action is the standard Wilson plaquette action [14], while the fermions were im-
plemented via the O(a) improved Wilson discretization with non-perturbatively determined clover
coefficient cgy [15]. The configurations were generated within the CLS effort [16] and the used
algorithms are based on Liischer’s DD-HMC package [17]. We calculated correlation functions
using the same discretization and masses as in the sea sector on a lattice of size 96 x 48> (labeled
F6 in [18]) with a lattice spacing of a = 0.0631(21)fm [19] and a pion mass of m; = 324MeV, so
that mzL = 5.0.

In this lattice study we consider isospin-symmetric two-flavor QCD. The electromagnetic cur-
rent is given by jzi = jﬁ + % Ji with

; L - . 1, 5
Jﬁ = E(MYMM—dYud)a ]E) = i(u}/uu—l—d}/#d). 4.1

As such ji gives rise to both connected and disconnected diagrams for lattice QCD calculations.
This kind of combination requires a calculation using all-to-all propagators in order to compute the
Wick-disconnected quark loops. Recently a very interesting relation was obtained [20] using chiral
perturbation theory stating that the relative strengths of the contributions of the Wick-connected
and the Wick-disconnected diagrams in the vacuum polarization tensor HMV(QZ) are 1:10. This
result was rederived in [10] based on general considerations.

For this reason we choose to measure instead the isovector current jﬁ, as it does not contain
disconnected diagrams by definition. On the lattice we implemented the local-conserved isovector
vector correlation function in the form:

G(x0) 8 = Zv (80)G***(x0,80)8u = —a’Zy (80)Z<Jl§.(x)']é(0)>v (4.2)
with: i) = (¥ max), (4.3)
J50) = 5 (A a1+ %)V (Wa() a0 (1~ 1) UuWale+a)). @)

whereby we used the non-perturbative value of Zy = 0.750(5) [21] to renormalize the lattice results.

5. Numerical Results

Based on (3.5) our aim is the computation of IAI(QZ) and its derivative from the lattice cor-
relation function. This requires the integration of the correlator (4.2) convoluted with the kernel
(3.6) over all time separations. On the lattice, however, only a finite number of points is available
and a continuation of the lattice data to all time separations becomes necessary. At m;L = 5.0 and
my = 324MeV it is safe to assume the p-particle is still stable and dominates the exponential decay
of the correlator at long times. Consequently we extend the local-conserved correlator by fitting
the lattice data with an exponential that decays with the lowest lying mass of the system

2
Gansaz(¥0) = Y |Au?e™™  for xo < T/2. 5.1
n=1
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Figure 1: Left: The local-conserved and smeared-smeared isovector vector correlation functions. The red
shaded area shows the correlator entering the computation of ﬁ(Q2), the blue shaded area correlator is
used to fit the lowest lying mass for extrapolation to all time beyond xo ~ T /4. Right: The subtracted
vacuum polarization TI(Q*) and dT1(Q?)/dQ? computed from the extended lattice correlator (left). The data
shown in black were obtained using the momentum-space method on the same ensemble with comparable
statistics [22].

Here, we fix the lowest lying mass by extracting it from a separate smeared-smeared correlation
function [19], as these results exhibit greater overlap with the ground state. Subsequently the mass
parameter determined in this way is passed to the fit of the local-conserved correlator and the
corresponding exponential is smoothly connected to the lattice data by adjusting, i.e. fitting, |A|?
to the data around xo = T /4.

The resulting local-conserved correlation function is shown as the red shaded band in Fig.1(left),
while the smeared-smeared result is shown in blue. The error estimates were obtained via a jack-
knife procedure. In the transition region from the data dominated to the extrapolation dominated
results the errors increase for a small number of time steps. Nevertheless this procedure yields a
stable result for the local-conserved time-momentum vector correlator with small errors.

Using this correlator we can compute the subtracted vacuum polarization IAI(QZ) and the Adler
function D(Q?). In Fig.1(right) we show the resulting ﬁ(Q2) (red) and its slope 47%dT1(Q?)/dQ?
(blue). For comparison we also show the result of ﬁ(Qz) obtained on the same lattice using
the standard method [22] with the same local-conserved discretization and comparable statistics
(black). In these data the number of available virtualities was significantly boosted using twisted-
boundary conditions [23-25]. Nevertheless the extrapolation to I1(Q? = 0) is non-trivial and diffi-
cult to constrain as the signal deteriorates as Q> approaches zero.

Clearly, the results obtained using (3.5) are very well compatible with the standard method. It
HLO
AN # ’
the large Q7 region is highly suppressed in the relevant integral. Turning to the slope of I1(Q?) we
find the result exhibits small statistical errors and the intercept at 9> = 0 can be determined rela-
tively precisely. Reading off the intercept we find D'(0) = 31T (0) = 5.8(5)GeV 2. In principle this

value can be used to constrain the determination of the functional form of IT(Q?) in the standard

method or to estimate OClH LO in the limit where m; — 0.

should be noted that the larger errors for large Q> only play a small role when computing a as
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Figure 2: The functions ﬁ(QZ) and D(Q?) from our analysis and a phenomenological model [11]. The
horizontal axis has been rescaled by the ground-state mass m; = 894(2)MeV on the lattice and the physical
p meson mass (170MeV) respectively. For reference the free result D(Q%) = % is shown as a dotted line.

In the next step we follow the approach of [4, 11], which entails rescaling the horizontal axis
using the vector meson mass with the aim of canceling the dominant chiral effects. As such one
hopes to achieve an approximate scaling at small virtualities Q>. Consequently the curves of the
different quark mass scenarios should then fall on top of each other. In this way we can compare
the lattice results with those of phenomenology. In Fig.2 we show the Adler function and the
vacuum polarization scaled in this way compared to the phenomenological model of [11] for the
isovector channel. Clearly, the lattice data lies below the phenomenological curves. Additionally
the intercept D’(0) is seen to be roughly a factor 1.7 smaller than the value of the phenomenological
model, given by D’(0) = 9.81(30)GeV 2. This might be due to the different spectral densities
below the p mass in the lattice and phenomenological cases [10, 11].

6. Conclusion

In conclusion, we implemented a new representation of the hadronic vacuum polarization, that
does not require an extrapolation Q% — 0 and is available at any virtuality. In addition it enables the
direct computation of the Adler function and the slope of rAI(QZ), without additional approximation.
This method proposes a new way to systematically study and improve the results on the leading
hadronic contributions to the anomalous magnetic moments of leptons using lattice QCD. It is
based on the well known time-momentum representation of the vector lattice correlation function
and enables the use of the sophisticated tools of spectroscopy to study for example the finite size
and lattice discretization effects [10]. The insights obtained in this framework will benefit the
understanding of the systematic effects on the lattice QCD based value of aELO and Aot (M3).
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