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1. Introduction

Non-Abelian gauge theories are used to describe interactions in the standard model of particle
physics. For example, the strong interaction gives rise to non-perturbative effects in the QCD
SU(3) gauge theory, including chiral symmetry breaking. Non-perturbative effects can in general
not be derived analytically. Instead, one can use Monte Carlo based methods to obtain insights into
these non-perturbative effects. However, sometimes Monte Carlo methods fail, for example, if we
encounter a sign problem, which can have different origins. Non-equilibrium physics, for example,
needs to be calculated in real time, which leads to a sign problem. Sign problems also appear in
models of condensed matter systems, such as geometrically frustrated quantum antiferromagnets
or various quantum spin liquids. To circumvent the sign problem, we can use quantum simulators.

A quantum simulator is a system of isolated quantum objects, e.g. atoms. Since these systems
embody the quantum nature already in their basic degrees of freedom, one does not encounter a sign
problem. One way to build a quantum simulator is to use optical lattices [1], where a set of laser
beams is tuned to form a periodic potential. Individual atoms then find the minima of this potential
and thus arrange themselves in the lattice geometry. With other lasers one can encode or read out
quantum information of the atoms, e.g. their nuclear spin. When constructing an optical lattice, one
can make use of a rich experimental toolbox. Already several systems in condensed matter physics
have been emulated in an optical lattice setup, including the bosonic Hubbard model [2]. Since
one can perform measurements at arbitrary times, one can even address dynamical questions, with
interesting potential applications in high energy or in condensed matter physics.

It is most convenient to implement models with a finite-dimensional Hilbert space in a quan-
tum simulator. Quantum simulators for lattice models with a local U(1) gauge symmetry with
[3, 4, 5] and without [6, 7, 8] coupling to matter fields have already been constructed. Some of
these constructions take advantage of the quantum link formulation, which has a finite-dimensional
Hilbert space per link. Quantum link models have been introduced for U(1) and SU(2) gauge
groups [9, 10, 11] and extended to other gauge groups including the QCD gauge group SU(3)
[12, 13]. Based on [14], here we propose a construction of a quantum simulator for non-Abelian
quantum link models with a U(N) gauge symmetry coupled to staggered fermions. Other imple-
mentations of non-Abelian gauge theories in optical lattices have been described in [15, 16]. We
will see, already a simple realization in (1 4 1) dimensions shares non-trivial features of QCD, in-
cluding confinement or spontaneous chiral symmetry breaking. This construction can be realized
with ultracold alkaline-earth atoms, such as 8’Sr or 13Yb, in an optical lattice.

2. Quantum Link Models

2.1 From Wilson’s Lattice Gauge Theory to Quantum Link Models

When formulating Wilson’s SU (N) or U(N) lattice gauge theory in a Hamiltonian formalism,
we work with the canonical conjugate operators of the entries of the gauge link matrices U;ﬂ
and U)I ’)] . These operators are the SU(N) electric and magnetic flux operators L{ , and R{, (@ =
l,...,N*>— 1), which are associated with the left and right end of the link (see figure 1). The two
operators generate an SU (N ), @ SU (N)g algebra on each link (see equation (2.1)). There is also an
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operator E, ,, representing the Abelian U (1) electric flux. These operators obey
[RYRP) =2ifR°,  [R U =U"AY,  [LYUY]=-2U%,  [E,UY]=UY,
(L9 LP) = 2if*eLe, R4, L") =0, [E,R‘] =0, [E,L]=0, (2.1)

while operators associated with different links commute. Here, ¢ are the SU(N) Gell-Mann ma-
trices and % are the SU (N) structure constants.
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Figure 1: The quantum link operator U, , and the electric flux operators defined on the link x,y.

Quantum link models are an extension of ordinary Wilson type lattice gauge theory. The idea
is to quantize the elements of the link matrices in a similar fashion as we quantize a classical spin
by forming a quantum spin operator acting in a Hilbert space. In a similar way, we can introduce
quantum operators for the elements of the gauge link matrix U;Jy by associating each element
with a non-commuting operator, which is called a quantum link operator. We thus give up the
commutativity of the entries of the gauge link matrices Uyy and Uy, T”

U7, U™] =2(83A}'R* — 81 AL + 28y 6;,E), (Ut U™ = Ui UM = 0. (2.2)

Equation (2 1) and (2.2) define an embedding SU (2N) algebra, where L %y R%» Exy and com-
binations of Ux %y and Uj'yj are the generators. By choosing an irreducible representatlon of SU(2N)

on each link, the link Hilbert space is only finite-dimensional.

2.2 Rishon Representation

For simplicity, we only discuss a (1+ 1)-dimensional system. Since we want to implement the
quantum links on an optical lattice, it is convenient to introduce the so called rishon representation.
Rishons are fermions associated with the left and right end of a link (see figure 2). The creation

c;ii and annihilation operators Ci.i obey the usual anti-commuting relations
{c s, y:t} {Cx + v:t} 0, {C;,ivc;ji} = Oy 0 +0ij, (2.3)
where i, j are color indices i,j = 1,...,N. It is possible to express all generators of the SU(2N)

algebra in terms of these rishons

a _ i a _ a
Rx.,x+1 - C}c+17 A’lj x+1,— Lxx—H Cx+ A'l] Xx,+
1 +i . , ,
_ i i o ah ijo _ TJ
Expi1= 2 (Cx+1,—cx+1.,— Cx+ Cx,+> ’ U1 = Cx+ x41,— 2.4)

One can check that the commutation relations (2.1) and (2.2) are indeed satisfied.

2.3 The Hamiltonian

We introduce staggered fermions with creation ¥’ and annihilation operators Y obeying the
usual anti-commuting relations

{vivl}={vi v/} =0,  {yiy'}=35,6; 2.5)



Quantum Simulation of Non-Abelian Lattice Gauge Theories Michael Bogli

The Hamiltonian couples the quantum links to fermions of mass m

H——tZ( ITU;]waxHJrhc)erZ AR

=Y (vl el wx+1+hc)+m2 A (2.6)

It turns out that the rishon representation is very useful. We see that a hop of a fermion from
x+ 1 to x simultaneously induces a hop of a rishon from x to x4 1. Therefore this Hamiltonian
describes the hopping of different kinds of fermions, and we have a Hubbard-like model with some
more constraints: In particular, the total number of rishons per link is conserved. This is also the
case in higher-dimensions when the Hamiltonian also contains a plaquette term.

2.4 Symmetries

As already discussed, we consider an SU(N) x U (1) = U(N) gauge symmetry. The generators
of the SU(N) gauge transformation G¢ (a = 1,...,N> — 1) obey [G¢, Gb] = 2i,, f*°GE. Together
with the generator of the additional U (1) symmetry G, they can be expressed in terms of the flux
operators L, R%,E, and the fermion fields v/, y’

SU(N) : GJL:: ‘Vx A‘aq/x ( xx+1+R)acfl,x)v
U(l) . G, = ‘//x llfx ( x—1x— x,x+l)' 2.7
We see that these definitions are correct by using the commutation relation derived from (2.1)
[ xx+17 ] 6)5}2' xx+1 5X+17}’U;{(x+l)‘£j‘ (2.8)

With this we can check that the quantum link operators U;jy and the fermion fields y transform
properly under gauge transformations

SUN):  VIUEY = [exp(ia@A®) | “US [exp(—iaga®)]”,  Viyiv = [exp(iaf2®)]"” v,
U(l): WTU;{'),W = exp(ioy) U;{Vexp(—iay), Wiyiw =exp(ion)yl. (2.9

Here, V =[] exp (ia!G¢) and W =[], exp (i Gy) are unitary transformations implementing gen-
eral gauge transformations. Note the difference between the two objects G¢ and A“, which share
the same commutation relation: while ¢ acts as a matrix on the color indices, G{ generates unitary
transformation in the entire Hilbert space. These transformations are the correct SU(N) or U(N)
gauge transformations and leave the Hamiltonian invariant [G¢,H| = [G,,H]| = 0. The additional
U (1) gauge symmetry can later be explicitly broken in order to reduce the U(N) gauge symmetry
to SU(N) (see e.g. supplementary material of [14]).

Furthermore, the Hamiltonian has certain global symmetries: spatial translations, charge con-
jugation, parity, baryon number symmetry (in the SU(N) case), as well as a Z, chiral symmetry.
All these symmetries are explained in detail in [14]. Since we want to focus on chiral symmetry
breaking, here we only discuss the chiral symmetry. A chiral symmetry transformation y for a
1-dimensional system corresponds to a shift by one lattice spacing. Therefore the transformation
rules are

X xe,x—H = Ux+1,x+27 xl//x = Yyt1- (2~10)
As we can see, the mass term in the Hamiltonian breaks the chiral symmetry explicitly. Therefore
we have an exact chiral symmetry only in the case of massless fermions, m = 0.
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2.5 Implementation in an Optical Lattice
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Figure 2: A superlattice with rishon and fermion sites. Quantum link operators U can be represented in
terms of rishon operators c, <t

The rishon representation allowed us to rewrite this model as a system of hopping fermions.
The implementation in a quantum simulator can be realized with a single species of alkaline-earth
atoms [14] representing either the rishons or the staggered fermions depending on their location
in an optical superlattice. Instead of an actual hop of a fermion from x+ 1 to x and a hop of the
rishon from (x,+) to (x+ 1,—), it is more convenient to move the alkaline-earth atom from x + 1
to the rishon position (x+ 1, —), while moving another atom from the rishon position (x,+) to the
fermion position x. An optical superlattice guarantees this behavior by restricting some atoms only
to move within the bright part in figure 2 and some atoms only within the darker region.

To implement this system in an optical lattice setup one needs only one species of fermions,
which hop between neighboring sites, keeping the total number of rishons per link constant. In our
proposed implementation we use alkaline-earth atoms (e.g. 37Sr or !7*Yb). The color degrees of
freedom are encoded in the Zeeman levels of these atoms, where due to their nuclear spin /, we
have an SU (2 + 1) symmetry in which the gauge group SU(N) or U(N) can be embedded.

3. Exact Diagonalization Results

3.1 Explicit Definition of the Hilbert Space

To investigate whether this model actually shows interesting physics, we now present some
exact diagonalization results for a (1 + 1)-dimensional system with a U(2) gauge symmetry. In
order to do this, we introduce the gauge invariant operators M, = W'y and O+ = cifi yi. Using
these we rewrite the (1 + 1)-d Hamiltonian to

H==Y (vl el vl +he) +mE(-1vl v,
X X

S (QLQHL, +h.c.) +mY (~1)'M,. G.1)

If we work in a representation with only one rishon per link, we see that only four states at each
site x are gauge invariant (i.e. G¢|y), = 0)

o+ . 1 .
1 2 2 1 2 1
o= (dbeh =2l ) o 120= o5 (2wl ~lwl?) o),

= 75 (il = lwl)[0) 4= ww!']0). (3.2)
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Now we write the operators Qy +, M, in the basis of the gauge invariant states {|1),|2),]3), |4)}

0000 010 0 001 0
0100 000 0O 0002
M. — _ = 3.3
*“loo10]’ Qut 000+v2|’ O 000 0 (3-3)
0002 000 0 000 0O

Because we have four states per link, we see that the dimension of the Hilbert space scales as 4~
with the number L of lattice points. However, there is a reduction of the Hilbert space: since the
rishon is either on the left or on the right end of the link, one is restricted to two states for each
neighbor. Therefore the dimension of the total Hilbert space only scales as 2°.

3.2 Exact Diagonalization Results
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Figure 3: Chiral symmetry breaking: (top) Scaling of the energy difference of almost degenerate vacua,
(bottom) spatial dependance of the chiral order parameter for various real times T =0, 1, 10.

A system, in which a discrete Z; chiral symmetry is broken spontaneously, will show an “al-
most degenerate” spectrum in a finite volume. This means that the spectrum contains always pairs
of states, which have almost the same energy. These pairs of states are related by the spontaneously
broken chiral symmetry and the energy difference AE between those two states decreases exponen-
tially with the volume L. In figure 3 (top) we show these energy differences, which indeed confirms
the chiral symmetry breaking.

The expansion of a chirally restored hot-spot is also calculated in real time. To do this we
start in an initial configuration, where the chiral symmetry is broken everywhere (background
vacuum) except at two points (hot-spot) where chiral symmetry is restored. The hot-spot mim-
ics, for example, the quark-gluon plasma in a heavy ion collision. After certain time-intervals
(t=0,7=1,7=10) we measure the order parameter of the chiral symmetry breaking

(Fy)e = (=1)"- (1 = My). (3.4

In the plot shown in figure 3 (bottom), we see how with increasing time the symmetric phase is
spreading out on the lattice.
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4. Conclusion and Outlook

We proposed a construction for a quantum simulator of a U (N) lattice gauge theory in an opti-
cal lattice setup. This is realized by using quantum links coupled to staggered fermions. The rishon
representation allowed us to rewrite the Hamiltonian in a Hubbard-like way, with only fermions
hopping on the lattice. This is then used to implement this model using ultra-cold alkaline-earth
atoms in an optical lattice. We showed exact diagonalization results of a (1+ 1)-d U(2) quantum
link model. Already in a simple model like this, we were able to demonstrate interesting physics
like the real-time dynamics of chiral symmetry restoration across the phase transition.

A next step will be to simulate models with finite baryon density. Later it would also be inter-
esting to simulate phenomena like baryon superfluidity, color superconductivity at high densities
and “nuclear collisions”. A long-term goal is to quantum simulate full QCD in real time.
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