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1. Introduction

Direct CP-violation inK — rrtr decays manifests as a difference in phase between the com-
plex amplitudesA; andAg, of the decay in thé = 2 (Al = 3/2) andl = 0 (Al = 1/2) channels
respectively (thé = 1 channel being forbidden by Bose symmetry):
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wherew = ReA, /ReAy andd are the scattering phase shifts of the final-state pions.

Low energy strong interactions play an important role in the dynamics of thesays; for
example they are largely responsible [1] for the factor020 enhancement of the= 0 decay
amplitude over thé = 2 amplitude that is known as thél'= 1/2-rule". As a result we must use
lattice QCD in order to study these processes. As the hadronic scald @eV is much smaller
than the W-boson mass, the decay can be described using the weéikestfesory. The interaction
takes the form of a local operator:
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wherez andy; are Wilson coefficients determined in the perturbative regithare the effective
four-quark operators, and= —V;tViq/VudV,j is responsible for the direct CP-violation in the de-
cay. On the lattice we measure Euclidean Green’s functiomg|Q;|K), and non-perturbatively
renormalize at the scaje. The finite-volume amplitudes are then corrected to the infinite volume
by applying the Lellouch-Luscher factor [2].

The first-principles calculation @&f has long been a goal of the lattice community, but it is only
recently that the techniques and raw computing power have become availpbléorm a realistic
calculation. The difficulties are two-fold: firstly, performing the calculatiequires both large
physical volumes and light quark masses, which in turn require the uskvafeed algorithms and
powerful computers; and secondly it requires the development ofgiat®r calculating diagrams
with vacuum intermediate states (in the- 0 channel), and for obtaining physical kinematics in
the decay.

Using large-volume but relatively coarse ensembles of domain wall fermiithghe
Iwasaki+DSDR gauge action and near-physical pion masses, the RBGKQCD collaboration
have performed the first realistib initio calculation of the decay amplitude in the- 2 channel [3,
4], and a calculation with finer lattices and a full continuum extrapolation i®wmay that will
substantially reduce the discretization systematic, which was the largesbatotr to the error
on the earlier calculation. Unfortunately the techniques used to obtain phisiematics in this
channel (discussed further below) are not applicable td thé® case, and an alternative strategy
must be found. For this we have chosen G-parity boundary conditiamdjgbussion of which will
be the focus of these proceedings.

(1.1)

2. Obtaining physical kinematics

We are interested in measuring the on-shell, physical decay. The kamisna80 MeV
and the pion mass is 135 MeV, hence the final state pions are requiredhtdh@ae non-zero
momentum. As this is an excited state of tie system (the ground state being that in which both
pions are stationary) its contribution is sub-dominant and some consideisatexjuired as to how
best to extract it. In principle it is possible to directly measure the excited siatelwtion on the
lattice providing one has sufficient statistical precision to resolve it ovelldh@nant ground-state
contribution. However for this calculation it is unlikely that a precise-ehomgasurement could
be performed within a reasonable time, particularly inltke0 case where the presence of vacuum
diagrams is expected to lead to considerably noisier measurements.
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Another possibility is to use a moving kaon in the initial state with a two-pion final state
comprising one moving pion and one stationary. The ground state ofrirgystem with these
kinematics has non-zero total momentum, which can be tuned to match the kagy étmvever,

in order to satisfy / pz + M = /p%+ M+ my (here we ignore the interaction between the pions)
we would requirep; = px ~ 780 MeV. As the signal-to-noise ratio for the kaon state is related
to the difference between the kaon energy and the pion mass of 135 Mgh\/ascalculation is
expected to be too noisy.

For theAl = 3/2 measurement it is possible to modify the valence quark boundary condi-
tions in order to induce momentum on the final state pions: With antiperiodic \&lemendary
conditions (BC), the finite-volume discretization of the lattice momentum chamgsesihteger
multiples of 2t/L with periodic BC to odd-integer multiples af/L, whereL is the lattice spatial
side length. Imposing these conditions on the down-quark propagator netaiaing periodic BC
for the up quark results in a charged pion state that is antiperiadicx+ L) = d(x+ L)u(x+L) =
—d(x)u(x). However, the neutral pion, which is needed for the physical d&cays P, re-
mains periodic asl(x+ L)d(x+L) = d(x)d(x). This can be avoided using the Wigner-Eckart
theorem to relate the physical decay to an unphysical one containingtwaryex pions:

(7)ol Q2K = L2 ) o EK). (2.1)
This trick circumvents another issue; that imposing different boundamgitons on the up and
down quarks manifestly breaks the isospin symmetry, allowing mixing betwets stiadifferent
isospin. This is prevented here by charge conservation, as the fiteissthe only charge-2 state
that can be formed with the remaining quantum numbers. Using this technigqu&B@ and
UKQCD collaboration were able to obtai [3, 4].

Unfortunately the strategy described above cannot be employed faalthdation ofAg: This
calculation requires the measuremen&8f— mrt m— and alsoK® — n°r°, where forl = 0 there
is no Wigner-Eckart relation to remove the neutral pions from the latterreTisealso no means
of avoiding the isospin-breaking induced by imposing different BC on thwendand up quarks.
G-parity boundary conditions (GPBC) [5, 6, 7] offer a means to avoigdligsues.

3. G-parity Boundary Conditions

G-parity is a combination of charge conjugation and an isospin rotation tadians about
the y-axis:é — Ce™y, where the hat-symbol is used to denote operators. The changettutral
pions are all eigenstates of this operation with eigenvatde hence applying the operation at
a spatial boundary causes the pion states to become antiperiodic in th&bdjreemoving the
zero-momentum ground state.

At the quark level, AT

| G<3)—< cd ) (3.1)
Cu
whereC = y?y* in our conventions. In order to efficiently handle the mixing between thekquar
flavours at the lattice boundary, we were required to perform extensddifications to the Columbia
Physics System (CPS) and BFM/Bagel libraries (which contains assempbigized code that
takes full advantage of the power of the IBM BlueGene/Q machines). Fulibeussion of the
implementation strategy can be found in ref. [8].

Additional complications arise from the fact that the Dirac operator for #lddiacross the
boundary involves complex conjugated gauge links which necessitatesribeatjon of new en-
sembles obeying complex conjugate BC. (Note that using antiperiodic BGx ta#m G-parity
BCs in this calculation would also require new ensembles to be generated theepiesence of
vacuum diagrams.)
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Figure 1. Top: the measured pion and kaon energies respectively asctidn of the number of G-parity
directions (twists), overlaid by the expected continuuspdision relations. BottonBx as a function of the
number of G-parity directions.

In order to describe states involving strange quarks, in particular thersiatioeutral kaons
required for theAg calculation, with the quarks interacting with gauge fields that obey complex-
conjugate BC, we place the strange quark in an isospin doublet with a fictiegenerate partner,
referred to as, and impose GPBC on this pair. We can then form a state comprising the usual
kaon and a fictional meson containing the partner qu&%ks:%(s_d +us). This is an eigenstate
of G-parity with eigenvalue-1, and thus obeys periodic BC and has a stationary ground state. If we
restrict ourselves to operators involving only the physical strangekgtrean the fictional partner
to the kaon can only contribute by propagating through the boundarffest which is suppressed
exponentially in the lattice size and the kaon mass, and is expected to be ob-{bersent level.

Of course this theory now has one too many quark flavours, hence wetakaghe square- root
of the s/s' fermion determinant. Unfortunately this results in a non-local determinant,ugjtho
the non-locality is confined to the boundaries and should be benign atienfly large volumes.
Further investigation is required into this source of systematic error, persng some variant of
staggered chiral perturbation theory, but to-date we have not @azkany evidence of its impact.

The use of GPBC impacts the forms of the diagrams involved in a given calculafioe
mixing of quark flavours allows for the Wick contraction of up and downrkueeld operators
resulting in non-zero values for the Green'’s functions:

g =Cuyd),  Gx? =(-duiCT). (3.2)

As a result we must evaluate additional diagrams involving propagatorsribes the boundary.
In the first of the above contractions, quark flavour flows towards thentbary on both sides.
Likewise, quark flavour flows away from the boundary in the secomtraction. We may interpret
this as the boundary destroying/creating flavour, violating baryon nuadpeservation. In practise
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Figure 2: (Left) The s-wavetr scattering phase shid as a function of the energy of thet state obtained
using Liischer’s quantization condition for G-parity boandconditions in 1,2 and 3 directions on our32
spatial box. The error band is obtained by varying the iredattice spacing by its combined systematic
and statistical error. These are overlaid by the phenomegigal curves from ref. [13]. The points at which
these curves meet are the allowed finite-volume two-pionggee Note that both of these curves assume a
physical pion mass. (Right) The histogram of the molecwaiagnics 'impulsel., x dt for each component
of the integrator, broken down according to the timestepe Blue distribution is for the first Hasenbusch
step, the red for the second Hasenbusch step (this termtednieslow the first and hence has components
with different time-steps), orange for the heavy quark diadlofor the DSDR ( twisted mass) term.

this means that baryon-number eigenstates are not eigenstates of the éyseéxample the proton
(uud) mixes with the anti-neutrord@iu). However this is not important for calculations involving
only mesonic states.

In order to demonstrate that the GPBC have the desired effect, we tggh&rdy dynamical
ensembles of domain wall fermions with the Iwasaki gauge actigh-at2.13, @ * = 1.73(3)
GeV) using a lattice volume of 6« 32x 16 and a pion mass ef 420 MeV, and G-parity boundary
conditions in one and two directions (with periodic BCs in the remaining direqtidvis compared
several quantities measured on these to those calculated on our exiséntgpéass[9] with the same
lattice parameters. In figure 1 we plot the measured pion and kaon enasgéefinction of the
number of directions with GPBC. We see clearly the increase in pion enssggiated with the
increasing number of G-parity boundaries, and that it agrees well witbah&huum dispersion
relation. We also see that stationary kaon states can be produced in nhésvisek. In addition,
we consider the quanti®x, which represents the amplitude of mixing between neutral kaon states
via the weak interaction. As it involves only kaons, we expect this quantity tonariant under
changing the number of G-parity boundaries; from the figure we se¢hikas indeed the case.

4. Generation of Physical Ensembles

With the modifications to our codebase now complete, we have commenced tatgen
of the ensemble for oudy calculation using 512 nodes of the USQCD BlueGene/Q machine at
Brookhaven National Laboratory. In order to avoid tuning the latticerpatars in the more com-
plicated G-parity environment, we have retained the parameters used fosbaalculation ofA,:
a lattice volume of 32x 64 with the lwasaki+DSDR gauge action®t= 1.75 (@1 = 1.37(1) [10])
and input dimensionless quark massesnpt= 0.001 andm, = 0.045, which results in a lightest
unitary pion of 1711) MeV. We deviate slightly from the previous runs in using Mébius domain
wall fermions withLs = 16 for the evolution, with the M6bius parametdérandc set to 1.5 and
0.5 respectively. The Mébius action with these parameters is equivalgrib[ihe Shamir domain
wall fermion action withLg = 32 that we used for the previous calculation, hence we achieve a
factor of two reduction irLs for the same physics. We are currently investigating the feasibility of
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reducing the input quark massng = 0.0001 in order to bring down the pion mass to (#3VieV,
and possibly tuning the M6bius parameters further to reduce the computaiisha

For the calculation ofy; it was necessary to impose APBC in two directions in order to match
the kaon and two-pion energies. In the- 2 state the pion interaction is repulsive whereas it is
attractive forl = 0, hence the energy of the latter state for a given choice of boundadjtioms
will be smaller than the former. We can estimate the energy by combining Lisg@ntization
condition [12], which relates the allowed latticer energies to the s-wave scattering length, and a
phenomenological curve [13] of the dependence of the scattering lendiie energy. The points at
which these two curves intersect for a given lattice spacing and box@imspond to the allowed
finite-volume it energies. As the Luscher formula depends on the boundary conditients du
the sum over allowed momenta in the zeta function, different curves armetttas we vary the
number of directions with GPBC. In figure 2 we plot the two sets of curvelkdthl =0 andl =2
it states. We see that we can achi&yg ~ 470 MeV using GPBC in three directions, which
is close to the kaon mass of 500 MeV. Of course this estimate assumes ploysidalmasses,
whereas in practise the lightest unitary pion will be somewhat heavier. émgining difference
between thatrr energy and the kaon mass introduces a systematic error that must be dhiclude
the final error budget.

The layout of the molecular dynamics integrators used for Monte Carlo temolaf this en-
semble is somewhat unusual. In a typical 2 flavour calculation the contributions of the two
flavours of degenerate light quarks are determined using the pseoimiemethod with kernel
(MT™™M)~1, whereM is the Dirac matrix. Using the square of the matrix is necessary to ensure
that the matrix is positive-definite and as such can be represented assidbantegral over the
pseudofermion fields. For domain wall fermions we must also evaluate themied@t of Pauli-
Villars fields that are used to cancel the bulk infinities in ltge— oo limit arising from unphysical
heavy modes; as these are bosonic fields, the calculation of their detetisitambined with
that of the pseudofermion determinant, such that we evaluate MtibgM(1)/M(m;¢) ™™ (my),
wherems is the fermion mass and the Pauli-Villars mass is unity. Reductions in the molecular
dynamics fermion force can be achieved using the Hasenbusch techitddus splitting this ra-
tio into a number of intermediate steps with masses in the numerator and denomiaatareth
closer in value and with independent pseudofermion fields. By re-usingdfutions of previous
Hasenbusch steps as inputs to the next inversion, the use of many Hscesbeps typically has
little overhead. For the single flavour of heavy quark, the Rational HyMrddte Carlo algorithm
(RHMC) is typically used to evaluate the psuedofermion integral with kedéM)~1/2. This
requires the evaluation gM™™ + s)~2, for a number of shifts. In order to do this efficiently,
multi-shift Krylov solvers are typically used. These have the limitation that thetitguess” to
the solver must be zero (this can avoided [15] at the expense of intngdpossible instabilities
into the solver), which prevents us from re-using the results of the preH@asenbusch steps to
speed up the evolution. As a result we cannot use multiple HasenbussHastdpe evaluation of
the heavy quark determinant without incurring significant overheadsally this is not important
as the total force is dominated by the light quarks.

In the G-parity case the Dirac matrix is intrinsically two-flavour, hence we mesRHMC for
both the light and strange quark determinants to take the square-roauatiutfoot of detvi™™
respectively. In addition, the cost of inverting the two-flavour Dirac masirxoughly a factor
of two larger than usual. These additional overheads force us to wee Fasenbusch steps for
the light quark determinant, making the tuning more difficult. We have been alalehieve a
good balance of forces using two Hasenbusch steps with méassespy ) = (0.001,0.007) and
(0.007,1) with the second step nested beneath the first (i.e. with a smaller time-steph&dpec
heavy quark and twisted mass (DSDR) terms were further nested. Wenslgdh integrators for
each term in the nested hierarchy. In figure 2 we show a histogram obitgity L., x dt for each
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term, wherdlt is the time-step anll is the global maximum of the matrix-norm of the molecular
dynamics forceL. = max(||F||) and whereF is the force (a matrix in theu(3) Lie algebra). We
have found that the distribution of this quantity gives a good indication as &h&ha particular
term or set of terms are dominating the integration error. We see that the impoéseell balanced
such that no single term dominates in the acceptance. At the time of writing veeachieved a
theoretical acceptance of around 60% and a generation time of 10.5gdsstrenfiguration on 512
nodes of BlueGene/Q, although further tuning is still taking place.

5. Conclusions and Outlook

After performing the calculation of thal = 1/2 K — it amplitude we will have all of the
pieces required for a complesb initio determination of the measure of direct CP-violation in the
Standard Model. This calculation requires significant computational amdetieal advances to
be made, particularly in the strategy used to obtain physical kinematics in thg dé@ach of this
work has now been completed, and the RBC and UKQCD collaboration egumiyenerating the
large-volume, near-physical pion mass ensembles for the calculation.

Our work now is focused upon formulating and testing the measuremenggirateluding
the technique we will use to evaluate the vacuum diagrams. Further testirggsyfstematic errors
associated with the G-parity technique is also required, although thus faaveeobserved no
evidence of any sicknesses. Further afield we might also considerebeofti&-parity boundary
conditions in other frontier calculations performed by the collaboratiortjcodarly those with
significant noise contributions from intermediate pion states such as théat@mliowf theK_ — Ksg
mass difference [16].
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