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We discuss computational details of our recent result, namely, the first derivation of the
two-loop gluon Regge trajectory within the framework of Lipatov’s high energy effective
action. In particular, we elaborate on the direct evaluation of Feynman two-loop diagrams
by using the Mellin-Barnes representations technique. Our result is in precise agreement
with previous computations in the literature, providing this way a highly non-trivial test
of the effective action and the proposed subtraction and renormalization scheme combined
with our approach for the treatment of the loop diagrams.
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1. Introduction

A particularly active field in perturbative QCD which addresses both fundamental
formal issues and phenomenological applications is the resummation program of the high
center-of-mass energy logarithms. The formalism was initiated almost forty years ago
by the Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation [1, 2], which emerged within the
framework of high energy factorization. Examples of current applications of the high
energy factorization to QCD phenomenology can be found in the analysis of dijets widely
separated in rapidity [3, 4, 5, 6], the studies of the transverse momentum dependent parton
distribution functions in the low x region [7, 8, 9] and the the study of observables in heavy
ion collisions [10]. Their unifying factor is the factorization of QCD scattering amplitudes
in the limit of infinitely high center of mass energies, combined with a resummation of
large perturbative logarithmic enhanced corrections.

A very powerful tool for the study of high energy scattering amplitudes is proving to be
Lipatov’s high energy gauge invariant effective action [11], which attempts to reformulate
the high energy limit of QCD as an effective field theory of reggeized gluons. While the
determination of the high energy limit of tree-level amplitudes is well understood for a long
time within this framework [12], it was only recently that progress in the calculation of loop
corrections has been achieved. Starting in Ref. [13] and extended in Refs. [14, 15], a scheme
has been developed, combining a subtraction procedure to avoid double counting and the
regularization and renormalization of high energy divergences. This scheme then allowed to
successfully derive jet vertices for both quark and gluon initiated jets at NLO accuracy from
Lipatov’s high energy effective action. Within this formalism, we were able to address the
more challenging project we discuss here: the determination of the two-loop gluon Regge
trajectory [16, 17, 18]. The gluon Regge trajectory provides an essential ingredient in the
formulation of high energy factorization and reggeization of QCD amplitudes at NLO and
was originally derived in Refs. [19, 20] (see also relevant work in Refs. [21, 22, 23]).

Within Lipatov’s effective action approach, to compute the gluon Regge trajectory at
NLO, one has to calculate two-loop corrections to the reggeized gluon propagator which,
in other words means computing two-loop self-energy Feynman diagrams. This step was
actually the main bottleneck of the project, for details, we refer the reader to the original
publications [16, 17, 18]. Here, we will restrict ourselves to the discussion of the techniques
we used to evaluate the two-loop Feynman diagrams.

2. The computation of the master integrals

We focus on the gluonic contributions (no quark loops in the diagrams) to the NLO
gluon Regge trajectory which are technically more involved. We remind the reader1 that
we decompose momenta four-vectors not in terms of light-like vectors n± but in terms of
deformed light-like vectors, n−→ na = e−ρn+ +n− and n+→ nb = n+ + e−ρn−, where ρ
is an external parameter used to regularize longitudinal divergencies and the amplitude

1For details, see Refs. [16, 17, 18].
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has to be evaluated in the limit ρ→∞. As it turns out, only a subset of diagrams can
contribute, namely, those that could be potentially enhanced by a factor ρk, k ≥ 1.

We have used the Mathematica package FIRE [24] which is an implementation of the
Laporta algorithm [25] to reduce the number and complexity of the initial set of integrals
into a smaller set of master integrals through integration-by-parts identities [26]. The
generic two-loop master integral in our work can be represented2 by

MI[α1,α2, · · · ,α9 ] = (µ4)−2ε
∫∫

ddk

(2π)d
ddl

(2π)d
1

(−k2− i0)α1 [−(k− q)2− i0]α2(−l2− i0)α3

× 1
[−(l− q)2− i0]α4 [−(k− l)2− i0]α5

· 1
(−na ·k)α6(−nb ·k)α7(−na · l)α8(−nb · l)α9

, (2.1)

where q is the momentum of the reggeized gluon whereas ξ= n2
a = n2

b = 4e−ρ, δ= na ·nb∼ 2.
Dropping all terms that cannot give contributions to the NLO gluon Regge trajectory,

we finally have to compute six master integrals, A to F , which can be seen in Tab. 1,
each uniquely defined by the powers of its propagators, along with a certain pre-coefficient
associated to each one of them.

master integral coefficent

A ≡
[
1,1,1,1,0,1,0,0,1

]
cA =−q

qq2

2

B ≡
[
1,0,0,1,1,0,0,1,1

]
cB = 66 + 42ε

3 + 2ε

C ≡
[
1,1,1,1,1,1,0,0,1

]
cC =−(qqq2)2

D ≡ [1,0,0,1,1,1,1,1,1
]

cD =−qqq2

E ≡
[
1,1,0,1,1,1,1,−1,1

]
cE =−2ξqqq2

F ≡
[
1,1,1,1,1,1,−2,0,1

]
cF=− ξqqq2

Table 1: Master integrals and pre-coefficients. There is also a common overall factor (−2iqqq2)g4N2
c .

To evaluate the master integrals we have used the Mellin-Barnes representations tech-
nique (for a review see e.g. [27]). For that purpose, we re-expressed the diagrams in terms
of Schwinger parameters so that we could apply the basic Mellin-Barnes formula:

1
(X1 + · · ·+Xn)λ = 1

Γ(λ)
1

(2πi)n−1

∫
· · ·
∫ +i∞

−i∞
dz2 · · ·dzn

n∏
i=2

Xzi
i X

−λ−z2−···−zn
1

×Γ(λ+z2 + · · ·+zn)
n∏
i=2

Γ(−zi),
(2.2)

2We use dimensional regularization with d= 4 + 2ε.
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where the integration contours are such that poles with a Γ(· · ·+zi) dependence are to the
left of the zi contour and poles with a Γ(· · · − zi) dependencies lie to the right of the zi
contour. The Mellin-Barnes representation of the generic master integral reads:

S=
∫∫

ddk

(2π)d
ddl

(2π)d
1

[−k2− i0]α1 [−(k− q)2− i0]α2 [−l2− i0]α3 [−(l− q)2− i0]α4

× 1
[−(k− l)2− i0]α5(−na ·k− i0)α6(−nb ·k− i0)α7(na · l− i0)α8(−nb · l− i0)α9

= −
(
qqq2)d−α12345−

α6789
2

2(4π)d
6∏
i=1

∫
dzi
2πiΓ(−zi)

Γ
(
z1234 +α345 + α6789

2 − d
2

)
Γ(−z4 +α2)∏9

j=1 Γ(αj)Γ(−2z1)Γ(−2z6)

Γ
(
−z12345−α345 + α6789

2 + d
2

)
Γ
(
−z1 +z2345 +α345− α6789

2 − d
2

)
Γ(−z3 +α1)

Γ(−2z2−z34−α126789−2α345 + 2d)
Γ
(
−z23−α2345− α6789

2 +d
)
Γ
(
−z24−α1345− α6789

2 +d
)
Γ(z2345−z6 +α3458− d

2)
Γ(2z234 +z5 + 2α345 +α789−d)

Γ(2z234 +z5 + 2α345 +α89−d)Γ(−z234 +z6−α345 + d
2)Γ

(
z2 +α12345 + α6789

2 −d
)

Γ(−z5 +α6)
Γ(−z23456−α3458 + d

2)Γ(−2z2−z34−2α34−α589 +d)Γ(z23 +α3)Γ(z24 +α4)
Γ(−α34589 +d) e−z16ρ

(2.3)

where zijk... = zi+zj +zk + . . . and αijk... = αi+αj +αk + . . ..
Once we substitute the actual values of the powers of the denominators for each master

integral in Eq. 2.3, we determine the integration contours using the Mathematica package
MB.m [28] which also serves as our working platform. We then perform an asymptotic
expansion in e−ρ to obtain the leading behavior, using MBasymptotics.m [29]. As a next
step we resolve the structure of singularities in ε, again using MB.m ( the package MBresolve
[30] was also used) and finally we proceed to the evaluation of those terms that are ρ-
enhanced, making use at this stage also of the routine barnesroutines.m [31].

3. Conclusions

We have discussed the approach we used in [18] to compute the two-loop Feynman
integrals emerging in our calculation of the NLO gluon Regge trajectory. We have used the
Mellin-Barnes representations technique which was proved adequate and which we believe
will be further used in future calculations within the framework of Lipatov’s high energy
effective action.
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