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1. Introduction



1. Introduction

Goal of nuclear astrophysics: understand the abundances of the elements

ABUNDANCE (Si = 10%

e H, *He most abundant (~75%, ~2

astrophysici

e « Gap » between A=4 and A=12: no st¥e

e Iron peak (very stable)

Cross
sections

B lifetimes

Fission
barriers

Etc...




1. Introduction

* Years ~ 1940-50: Hoyle, Gamow
Role of nuclear reactions in stars
* Energy production
* Nucleosynthesis (Hoyle state in 12C)

* 1957: B,FH: Burbidge, Burbidge, Fowler, Hoyle (Rev. Mod. Phys. 29 (1957) 547)
Wikipedia site: http://en.wikipedia.org/wiki/B%C2%B2FH
Cycles:  pp chain: converts 4p—> “He
CNO cycle: converts 4p—>“He (via 2C)
s (slow) process: (n,y) capture followed by 3 decay
r (rapid) process: several (n,y) captures
p (proton) process: (p,y) capture

* Nucleosynthesis:
Primordial (Bigbang): 3 first minutes of the Universe

Stellar: star evolution, energy production

» Essentially two (experimental) problems in nuclear astrophysics
Low energies = very low cross sections (Coulomb barrier)
Need for radioactive beams
=» in most cases a theoretical support is necessary (data extrapolation)



1. Introduction

Reaction networks: set of equations with abundances of nucleus m: Y,

dyY;
d—:" = —AmYm —> Destruction of m by 8 decay: A =1/t
+ Z )\;(Cm)yk —> Production of m by 3 decay from elements k
k
— Z Y, Y. [mk] (m=+k) 3 pestruction of m by reaction with k
k
+ 3 VY [k (m) - Production of m by reaction k+/->m
k.l

with [kl]™~ <ov>, <cv>=reaction rate (strongly depends on temperature)

In practice:

e Many reactions are involved (no systematics)

e o must be known at very low energies = very low cross sections
e Reactions with radioactive elements are needed

e At high temperatures: high level densities = properties of many resonances needed



1. Introduction

Specificities of nuclear astrophysics

low energies (far below the Coulomb barrier)
- small cross sections
(in general not accessible in laboratories at stellar energies)
- low angular momenta (selection of resonances)

radioactive nuclei
= need for radioactive beams (’Be, 13N, 18F, ...)

different types of reactions:
* transfer (a,n), (o,p), (p,at), etc...
* radiative-capture: (p,y), (o,Y), (n,y), etc...
» weak processes: p+p 2 d+ et +v
e fusion: 12C+12C, 160+16Q, etc.

different situations
* capture, transfer
* resonant, non resonant
* low level density (light nuclei), high level density (heavy nuclei)
e peripheral, internal processes

=>» different approaches, for theory and for experiment



1. Introduction

Some key reactions

e d(a.,y)bLi, 3He(a.,y)’Be: Big-Bang

e Triple o, *C(a,y)%0: He burning

e ’Be(p,y)®B: solar neutrino problems
e 18F(p,0)’>0: nova nucleosynthesis

e Etc...



2. Low-energy cross sections

e Definitions
 General properties
e S-factor



2. Low-energy cross sections

Types of reactions: general definitions valid for all models

Type ___|EBample __lorign

Transfer 3He(®*He,2p)a Strong

Radiative capture  2H(p,y)3He Electromagnetic

Weak capture p+p 2 d+et+v Weak

cross section
decreases

11



2. Low-energy cross sections

* Transfer: A+B = C+D (o, strong interaction, example: 3He(d,p)*He)

; QL +1)@2L+1)" cc
VA

1T
Ot coc! (E) = I 2

UC]ZT, (E) =collision (scattering) matrix (obtained from scattering theory = various models)
¢, ¢ =entrance and exit channels

Transfer reaction: @_) (_@
Nucleons are transfered /

T Scattering energy E

A+B threshold, ex: 3He+d

C+D threshold, ex: *He+p

Compound nucleus, ex: °Li 12



2. Low-energy cross sections

 Radiative capture : A+B = C+y (o, electromagnetic interaction, example: 12C(p,y)*3N)
Jrm o 2
;" (E) ~ z z K24 < WA || My Wi (E) >|
A Jim;

Jrmg=final state of the compound nucleus C
WJiTi(E)=initial scattering state of the system (A+B)
M, ,=electromagnetic operator (electric or magnetic): M, ~ e r’lY/{‘(Qr)

Capture rgactio.n: ® %
A photon is emitted @

Long wavelength approximation:

Wave number k, = E, /hc, wavelength: 4, = 2m/k,

Typical value: E, = 1 MeV, 4, ~ 1200 fm >> typical dimensions of the system (R)
=2 k,R < 1= Long wavelength approximation

13



2. Low-energy cross sections

/[ initial state E>0, contains all J;m;,

A+B threshold, ex: 12C+p

/ final states Ef <0, specific Jrm;

o ™ (E) ~ z z K221 < WA || vy Wi (B >
Jimi 4
* ky, = (E — Ef)/hc = photon wave number
* In practice

o Summation over A limited to 1 term (often E1, or E2/M1 if E1 is forbidden)

E2 2 .
=i (kyR) K 1 (from the long wavelength approximation)
o Summation over J;m; limited by selection rules

Ui—Jfl<a<)i+J;

T = (—1)* for electric, ;T = (—1)**1 for magnetic




2. Low-energy cross sections

Example 1: 8Be(a,y)?C

9.64|
* Initial partial wave J; = 0% (includes
the Hoyle state.
16542 ? s E2 dorrzlinant (E1 forbidden in N=2)
! * > essentially the Jf = 27 state is
'W populated.
\4.4389




2. Low-energy cross sections

Example 2: 1*N(p,y)*°0

/2

14N+p

s/2+|_

n.c*—

J7=1/2

T E (all J; values)

Spin of *N: I,=1*, proton 1,=1/2*

Channel spin I:
|Il_12| SISIl‘l'IZ
->1=1/2,3/2

Orbital momentum ¢
I —-¢| <], <I+¢

At low energies, ¥ = 0 is dominant 2 J; =
1/2%,3/2%

multipolarity E1 = transitions to /5 =
1/27,3/27,5/2~

Resonance 1/2% determines the cross section

16




2. Low-energy cross sections

Example 3: 12C(a.,7)*°0, >N(p,7)*°0, °N(p,a)**C

N -5 F‘:'p":.i.lﬁ'! A
132591
B b T
 TPRIIESR) Gy L —
11X 759 7 1999172 1 1 [P T 15N+p threshold
IXTIS 2 DOPR A A 15N(p,y)*®0 and >N(p,a)!2C are open
1036 | §? - °N(p,y)*0 negligible
= %‘éﬁ?ﬁ%‘fg A
88719 2
71169 ..,
NeIIT = 2C+q threshold
46049042991 | jo* 5 only possibility: 12C(a.,y)®0
- 12C(a,y)°0 (very) important
1S
L |
JW'O‘.‘I’-O



2. Low-energy cross sections

* Weak capture (p+p—> d+v+e’): tiny cross section
- no measurement (only calculations)

ool () ~ Y < W [0 [wimi(E) >

JiT;
o Calculations similar to radiative capture
o Og=Fermi (Y; t;+) and Gamow-Teller (3; t;10;) operators

o 3He+p—> *He+v+e : produces high-energy neutrinos (more than tiny!)



2. Low-energy cross sections

e Fusion: similar to transfer, but with many output channels
—> statistical treatment
—> optical potentials

experimental cross section
Satkowiak et al. PRC 26 (1982) 2027

T T 1 T ] T
}
ol (g
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2. Low-energy cross sections

General properties (common to all reactions)

V(r)

£>0

Scattering energy E: wave function ¥;(E)

common to all processes

Reaction threshold

E astro

Cross sections dominated by Coulomb effects
Sommerfeld parameter n = Z,Z,e?/hv

Coulomb functions at low energies
Fp(n,x) = exp(—mn) Fp(x),
Go(n, x) — exp(mn) Go(x),

Coulomb effect: strong E dependence : exp(27mn)
neutrons: 6(E) ~ 1/v

Strong £ dependence
2
Centrifugal term: ~ h—{)({);l)
2u r

—> stronger for nucleons (u = 1) than for a (u = 4)
20




2. Low-energy cross sections

General properties: specificities of the entrance channel 2 common to all reactions
* All cross sections (capture, transfer) involve a summation over ¢: ¢(E) = Y., 0,(E)

* The partial cross sections g,(E) are proportional to the penetration factor

ka . .
P,(E) = PR Gk (a =typical radius)

1.E+01

1.E+00
Consequences

~>1.6-01 « £ > 0 are often negligible at low energies

e £ =4,,,isdominant (often £,,;;;, = 0)

1.E-02 * For¢ =0, Py(E) ~ exp(—2mn)

1.E-03

0 2 4
E (MeV)

Astrophysical S factor: S(E) = o(E)Eexp(2mn) (Units: E*L2: MeV-barn)

e removes the coulomb dependence = only nuclear effects
21

» weakly depends on energy 20 (E) = S, exp(—2mn) /E (any reaction at low E)



2. Low-energy cross sections

10'5 E
10°
107 b &
= F
E i O Parker et al.
o) 10'8 3
~ - O O Krawinkel et al.
© 9
10° ‘8 @ Di Leva et al.
I |
3
a
X
wn

® Di I.Ieva et al.

O Krawinkel et al.

1 2 3

non resonant:S(E) = a(E)Eexp(2mn)

Example: 3He(a,y)’Be reaction

e Cross section o(E) Strongly
depends on energy
* Logarithmic scale

S factor

 Coulomb effects removed
 Weak energy dependence
* Linear scale

22



2. Low-energy cross sections

Resonant cross sections: Breit-Wigner form

T g +1) [ (E)L(E)

k?(21; + 1)(2I, + 1) (Er — E)? +T?/4

* Jr, Ep=spin, energy of the resonance

* Valid for any process (capture, transfer)

» Valid for a single resonance = several resonances need to be added (if necessary)

or(E) =

e [}=Partial width in the entrance channel (strongly depends on E, ¥)
I, (E) = 2y2P,(E) with y#=reduced width (does not depend on E)

Pp(E) ~ exp(—2mn)
A resonance at low energies is always narrow (role of P,(E))

e [, =Partial width in the exit channel (weakly depends on E, ¥)

o Transfer: I[,(E) = ZyZZP{)f(E + Q) (ingeneralQ » E > P;,(E + Q) almost constant)

A
o Capture: I, (E) ~ (E — Ef)z +1B(E/l) - weak energy dependence

» Sfactor near aresonance S(E) = a(E)Eexp(2nn)

yiT
SR (E) ~ (ER—El)Z-ZI-FZ/ Pf(E) eXp(Zﬂ:n)

'\Almost constant

- Simple estimate at low E (at the Breit-Wigner approximation)



2. Low-energy cross sections
g 7 P
1/2+ : (Er —E)?>+T%/4
#CHp A il

T (Er —E)2+T12/4

P,(E) exp(2mn)

1/2-
K i /  For? =0:Py(E)exp(2nn) ~ constant
* For? >0, Pp(E) < Py(E)
- £ > 0 resonances are suppressed
1000 ¢

$ 100 i 12C(p,Y)13N $X.‘ In IZC(p’y)13N:
> ? & \ * Resonance 1/2*: £ =0
‘cf)’ 10 | / \ * Resonances 3/2-,5/2* ¢ = 1,2 = negligible
e . L ~
5 L

0 0.2 0.4 0.6

Note: BW is an approximation

* Neglects background, external capture

* Assumes an isolated resonance

* |Is more accurate near the resonance energy



2. Low-energy cross sections

3He(d,p)*He: isolated resonance in a transfer reaction

20
—3/2+/ I'__
3He+d . _ I -TE.
15 | |
2
Q=18.4 MeV g 1
7y
---------------- l? @t
L 1/2_ A l 1 A Zhichang 77
@ Krauss 87
a+p _ Vv 3/2_ 3He(d,p)4He O Geist 99
0
0.001 0.01 0.1 1
Eem (MeV)

3/2+ resonance:
e Entrance channel: spin S=1/2,3/2, parity + 2 £ = 0,2
e Exit channel: spin S=1/2, parity+ 2 £ =1



2. Low-energy cross sections

Breit Wigner approximation

n (2Jg + 1) Fa(E)Ip(E)
k?(21; + 1)(2I, + 1) (Er — E)? 4+ T?%/4

Odp (E) =

20

Width at half maximum=total width I"

Amplitude: ~ T [, /T*

A Zhichang 77
@ Krauss 87

O Geist 99

S(E) constant for £ = 0

26



2. Low-energy cross sections

Two comments:

1. Selection of the main resonances

2. Going beyond the Breit-Wigner approximation

1. Selection of the main resonances

:|89O S PP 1C(p,y)2N (spin t1c=3/2")
w—.v"-,r—;—fvo.g 6_0%‘-;‘-:2-'- 0.60| . Eesonance i‘; »i: (])" I;:E:;/Ml
T * Resonance 2*:{ =1,
J +
” 2 T C+p - negligible
0oC N ~

6.4112

BF +p

Kr=(12h

BE(p,at)O (spin 18F=1%)

535

1/2*

° I\/Iany resonances

5.09

5/2*

4.71

4.604.64

13/27

172"

¥
| FirN

(L27)

4.38
144.20

* Only £ = 0 resonances are important
> ] =1/2%3/2% only

.03

2727 (9]
*H

=>» In general a small number of resonances play a role



2. Low-energy cross sections
2. Going beyond the Breit-Wigner approximation

 How to go beyond the BW approximation?
* Problem of vocabulary

* Direct capture

e External capture

* Non-resonant capture = « direct » capture
—> confusion!

 External capture 6(E) = |My + My |?
With opw (E) = [Mipe|?
M, ~ C, with C=Asymptotic Normalization Constant (ANC) is needed

* Non resonant capture : 6(E) = X, 04,(E) = 0g(E) + Xpszs, 0¢(E)
- scanning the resonance is necessary



2. Low-energy cross sections

Many different situations
» Transfer cross sections (strong interaction)

— Non resonant: 6Li(p,at)3He
—  Resonant, with £.=( . : 3He(d,p)a
— Resonant, with {>¢ . 11B(p,0)®Be
—  Multiresonance: 22Ne(o,n)?>*Mg '®
O
» Capture cross sections (electromagnetic interaction) wn
— Non resonant: ®Li(p,y)’Be 8
— Resonant, with £=(_. 12C(p,y)*N M
— Resonant, with £;>€ . : 'Beln v)3R Q
—  Multiresonance: 22 10 .
) POXOA A
—  Subthreshold state: no_ S A00 SR o g,
3 ®Li(p,0)*He
S 0l
* Weak capture cross sections (weak interaction| < ol |
— Non resonant p| &
3 O 0.001§ o
0.0001 . &m“.:l(p,v) Be
0.00001 i —
0.01 0.1 1 10
E (MeV)




120

(00]
o

D
o

S-factor (eV-b)

S-factor (eV-b)
H
o
o

50 r

0
1000
2 100
S
()
é
S
(&)
38
0w

o

3/ "Be(py)°B

Sow o
i o
e & e® * °
1 1 1

ee? %000

10 |

0.6

Non resonant

K 5/
5/2-
olivp  ———
7/2-
a+3He  ——
—_—— 1/2-
3/2-
\\\\ Be 4///
/ - 3+ \
\ }
"Be+p 2+
8B

Resonant
lmm=0, E1l
4R=1, M1

13N

5/2+‘\\\

3/2-

1/2+

1/2-

Resonant
¢ . =0

min~—

£,=0




2. Low-energy cross sections

S-factor (keV-b)

S-factor (MeV-b)

100

[N
(@)

10t

10t |

108 -

**Ne(a.,n)*°Mg

wfw-,

E (MeV)

— 2+
- 1-
—_— 9.
o+2C ——  1-
2+
- 3_
0+
0+
K 160 J
4 e
20 states S E—
a+22Ne
125 states
0 0+
26Mg

\_

Subthreshlod
states 27, 1-

Multiresonant

General situation
for heavy nuclei




3. Reaction rates

1.

2.
3.
4

Definitions

Gamow peak
Non-resonant rates
Resonant rates



3. Reaction rates

1. Definition
Quantity used in astrophysics: reaction rate (integarl over the energy E)

Ny < ov>=N,J o(E)vN(E, T)dE
 Definition valid for resonant and non-resonant reactions

* Ny=Avogadro number

* T=temperature, v = velocity, kg= Boltzmann constant (kg ~ ﬁMeV/lOgK)

8E 1/2 E o
« N(ET) = (numN(RBT)3) exp (— E) = Maxwell-Boltzmann distribution

=typical reaction time
N p<ov>

e 2 approaches
* numerical

e analytical: non-resonant and resonant reactions treated separately

=>» essentially two energy dependences: exp (— ﬁ) decreases with E
B

exp(—2mn) : increases with E



3. Reaction rates

2. The Gamow peak
Defines the energy range relevant for the reaction rate (non-resonant reactions)

Linear scale
Logarithmic scale
( 0.05 0.1 0.15 02
06
A

AN

N

o.v.exp(-E/KT)

\ Eo | Ecm

Ecm

Gamow peak (~ Gaussian, depends on T)

Gamow peak: E, = 0.122u'/3(Z,Z,Ty)?/*MeV: lower than the Coulomb barrier
increases with T

AE, = 0.237 uY8(Z,Z,)3 T/® Mev

=Energy range where g (E) must be known (Ty = T in 10°K) 34




3. Reaction rates

Examples
Reaction T (10° K) E, (MeV) AE, (MeV) Ecou (MeV) o(Eg)/o(Ecou)
d+p 0.015 0.006 0.007 0.3 104
3He + 3He 0.015 0.021 0.012 1.2 1013
a +12C 0.2 0.3 0.17 3 101
12C +12C 1 2.4 1.05 7 10-10
2
Q Eo/Ecom ~ 03T (pand ) V(r)
Ecoul
d Atlow Ty, E, K E_,, (coulomb barrier)
I
r I

O Very low cross sections at stellar temperatures

(different for neutrons: no barrier)




3. Reaction rates

3. Non-resonant reaction rates

E—EO)2

* Approximation: Taylor expansion about the minimum E = Ey: 2mnp + E /kgT = ¢y + (ZAE
0

Then < ov > = ( ° )1/2 exp (—3 ijOT) J S(E)exp (— (E_EO)Z) dE

mumpy (kgT)3 2AE,

 S(E) is assumed constant (= S(E,)) in the Gamow peak

E
- < ov >~ S(E,) exp (—3 ka) JT?/3 with Ey = 0.122u'/3(Z,Z,T4)?/3 MeV

1.0E+06
1.0E+03
1.0E+00
1.0E-03 |
1.0E-06 |
1.0E-09 |
1.0E-12 | 3He(a,y)7Be
1.0E-15 |
1.0E-18 [

1.0E-21
0.001 0.010 0.100 1.000 10.000

T(10°K)

Very fast variation with the
temperature

NA{GV:’




3. Reaction rates

4. Resonant reaction rates
«  General definition: Ny < ov > = N[ o(E)vN(E,T)dE
here o(E) is given by the Breit-Wigner approximation
et @rtD  LELE
k2 (21, + V2L, + 1) (Ex — E)2 + I'2/4

< > — 2T 3/2 hz ER
OV >p= 'umeBT wy exp kBT

B 2/p + 1 T,
VL DCL + DT +T,

* y=resonance « strength »

e This provides

I';,,I',=partial widths in the entrance and exit channels

* Forareaction (p,y) : I'<<[, > oy~T,

e Valid for capture and transfer
e Rate strongly depends on the resonance enrgy

=>» In general: competition between resonant and non-resonant contributions



3. Reaction rates

Tail contribution: for a given resonance

For a resonance: < ov > ~ [ S(E)exp(—2mn — E/kgT) dE

Non resonant: S(E) = Sy: 1 maximum at E = E,,
Resonant: S(E)=BW : 2 maxima at E = Ej does not dependon T
E = E,: dependson T

—> 2 contributions totherate : Ny < ov >= N, < ov >, +Ny < ov >

\ J
\ Y J Y

« resonant » « tail »

2 \3/2 _, Er
< OV >p= (umeBT) h*wy exp (—m)

2/3 \ui _ _T1(Eo)T2(Eo)
)/T , with S(E}) En—E)? 412/

Eo
kgT

<oV >p~ S(Eo) exp (_3

Both contributions depend on temperature: in most cases one term is dominant
« Critical temperature »: when E, = Er = separation not valid

38



3. Reaction rates

Example 2C(p,y)!3N: Ep = 0.42 MeV
Integrant S(E)exp(—2mn — E /kgT)

Eq
Fe T.=0.72 T,=0.24
|, / \ 2 IIIII,.-’ ‘"\\ 3
o i / L e
i ! |
] . r — A |
-/III 1 ~ _-;Jlﬂl .-"'ll 1 1 1 I\'\-\.
2 0 0.1 02 03 04 05 g 0.1 0z 02 04 0
5
D
= T.=0.28 | T.=0.30 fr,
= | | |
[ |
/_ f | | |
II."I I|I | |I|I |
{
"ll '—""J I. --’/,-‘_ — - f"' I|I
_,/: 1 L L \'\\. - 1 L 1 I‘\'\-\_
0 a1 0 0.3 0.4 05 0 a1 02 0.3 04 0

Above Tq =~ 0.3:

Below Ty = 0.2:

E (MeV)

« resonant » contribution is dominant

#C(p,y)*N

requires Ep, wy only (no individual partial widths)

strongly depends on Ey: exp(— Er/kgT)

E, < Ep: « tail » contribution is dominant

requires both widths
weakly depends on Ep: 1/((Egr — Eg)? + T?/4)

39



4. General scattering theory

1. Different models

2. Potential/optical model

3. Scattering amplitude and cross section
(elastic scattering)



4. General scattering theory

Scheme of the collision (elastic scattering)

1 0
O > < é \

Before collision
After collision

Center-of-mass system

41



4. General scattering theory
1. Different models

Schrodinger equation: HWY (1,13, ...14) = EWY(rq,1,,...74) with E > 0: scattering states

* A-body equation (microscopic models) H =} t; + %Zi,j vij(ry — ;)

v;j=nucleon-nucleon interaction

® 9

* Optical model: internal structure of the nuclei is neglected
the particles interact by a nucleus-nucleus potential

absorption simulated by the imaginary part = optical potential
2

HY(r) = <_ZA + V(r)) Y(r)=E¥Y(r)

O—®

e Additional assumptions: elastic scattering
no Coulomb interaction
spins zero 42




4. General scattering theory

2. Potential/Optical model

Two contributions to the nucleus-nucleus potential: nuclear Vy () and Coulomb V(1)

Typical nuclear potential: V() (short range, attractive)
Gaussian Vy() = =V exp(—(r/19)?%)

examples:

Woods-Saxon: V() =—

Real at low energies

parameters are fitted to experiment

Vo

1+exp(r_ar°)

no analytical solution of the Schrodinger equation

r (fm)

Woods-Saxon potential
7o =range (~sum of the radii)
a= diffuseness (~0.5 fm)

Figure: V=50 MeV, 15=5fm, a = 0.5 fm

43



4. General scattering theory

Coulomb potential: long range, repulsive

Z1Z,e?

* « point-point » potential : V(1) =

* « point-sphere » potential : (radius R.)

Z,Z,e?
Ve(r) = -

AVAY '\
Ve(r) = 12RZC (3 — (R_c*) ) forr < R,

Total potential : V(r) = Vy(r) + V-(r): presents a maxium at the Coulomb barrier
* radiusr = Rp
i he|ght V(RB> = EB

forr = R,




4. General scattering theory

3. Scattering amplitude and cross section
2

HY(r) = (—Z—MA + V(r)) Y(r)=E¥(r)

e ikr

At large distances : W(r) — A (eik'r + £(0) ) (with z along the beam axis)

r

where:  k=wave number: k2 = 2uE /h?
A =amplitude (scattering wave function is not normalized to unity)
f(0) =scattering amplitude (length)

Incoming plane wave

/

I, >
X F—_A o
1 T~ - :
r N/~ . o ®r—o0)=Ae"
RN~ X >
- 'f r'/\\ - x’_'__.":‘ \"{’F\ > ;
T~L_/ ){/_ \ J.—," "}:'XK‘*\_. " >
il IS5z S N .
'.__ - VST /: ’..“"f By :Kl\/} --;'I:--".".I'--_ / E,-.l] T
— =< T > _ ) — (O
“ A a 7~ 2 /{\,{f e > lI’rm?feft':.(l — Q) = A ffﬁj -
K { _:_".‘ — N )‘\‘ >
N 'y
— — * >
¥ - o q g
> Outgoing spherical wave



4. General scattering theory

é

0 solid angle dQ2

vyv

_ do _ 2 . _ [ 40
Cross section: aq |f(6’)| , 0 —f ) d()

e Cross section obtained from the asymptotic part of the wave function
General problem for scattering states: the wave function must be known up to large
distances

“Direct” problem: determine o from the potential

“Inverse” problem : determine the potential V from ¢

Angular distribution: E fixed, 0 variable

Excitation function: 0 variable, E fixed,
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4. General scattering theory

Main issue: determining the scattering amplitude f(8) (and wave function ¥ (1))

At low energies: partial wave expansion: ¥(r) = X;,,, ¥;(r)Y;* (6, @)
o Scattering wave function necessary to compute cross sections
o Must be determined for each partial wave [

o Main interest: few partial waves at low energies

£>0

. h2 £(£+1
\/ r centrifugal term 2= £ > )
2u r

Partial-wave expansion

* Only a few partial waves contribute

e Effect more important for nucleon-
nucleus: u = 1

» Strongest for neutron: no barrier for
£ =0. 47




4. General scattering theory
4. Phase-shift method

* Goal: solving the Schrodinger equation

hZ
(— EA + V(r)) Y(r)=E¥(r)

with a partial-wave expansion

v = Dy, v

r

fm

e Simplifying assumtions
e neutral systems (no Coulomb interaction)
* spins zero
* single-channel calculations = elastic scattering



4. General scattering theory

* The wave function is expanded as

v = > Dy v @

fm

* This provides the Schrédinger equation for each partial wave (Q;, =0 - m = 0)

h2<d2 1€+ 1)

@z T T )u{) + V(r)u, = Euy

* Large dista_lr_1c1es :r > 00,V(r) >0

Uy — 2 W + k?u, = 0 Bessel equation - u,(r) = rj,(kr),rn,(kr)

* Remarks
— must be solved for all £ values
— at low energies: few partial waves in the expansion
— atsmallr: u,(r) - rttl



4. General scattering theory

l

Forsmallx: jj(x) — (2111)!! For large x: j;(x) — %sin(x — I /2)
() » —Z n,(x) > = cos(x - l/2)
. sin x COS X 1.5
Examples: j,(x) = L no(x) = — . 1 o
—JUIX)
0.5 —n0(x)
0 —7%%—
05 0 5 10 15 20
-1 1
15

At large distances: u,(r) is a linear combination of rj,(kr) and rn,(kr)

u,(r) - C;r (jp(kr) —tan &, x np(kr))

With 6§, = phase shift (provides information about the potential): If V=0 2 §, = 0



4. General scattering theory

Derivation of the elastic cross section

Identify the asymptotic behaviours
, ikr
Y(r) - A (e‘k‘r +£(0)= )

r

24+1
4m

Y(r) > X, Co(jo(kr) —tan 6, X np(kr))Y)(Q,)

Provides coefficients C, and scattering amplitude f(8) (elastic scattering)

f(8,E) = 5= 354(2¢ + 1) (exp(2i8,(E)) — 1) Py(cos 6)

dO'(Q,E) _ 2
CB — \£(9,E)

Integrated cross section (neutral systems only)

co

T
o= ﬁz(Z{’ + 1) sin? 6,
7=0

In practice, the summation over £ is limited to some £,,, 4,
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4. General scattering theory

da(6,E)

1 (0 0)
0 |f(6,E)|? with f(0,E) = ﬂ;(Zf + 1) (exp(2i6,(E)) — 1) Pp(cos )

=>» factorization of the dependences in E and 0
low energies: small number of £ values (6, = 0 when £ increases)
high energies: large number (= alternative methods)

General properties of the phase shifts
1. The phase shift (and all derivatives) are continuous functions of E
2. The phase shift is known within n7t: exp 2id = exp(2i(d + nm))
3. Levinson theorem
e O,(E =0)isarbitrary
e 5,(0) — 6,(0) = Nm, where N is the number of bound states in partial wave ¢

e Example: p+n, £ = 0:6,(0) — §y(0) = 1 (bound deuteron)
£ =1:6,(0) — 6;(o0) = 0 (no bound state for £ = 1)



4. General scattering theory

Example: hard sphere (radius a)
continuity atr = a 2 jy(ka) —tan 6, X np(ka) = 0 Stan s, = je(ka)

ne(ka)
9 5 0= —k a
0
p*******
V(r) Rl
5000‘9’0’0’0’0’0
5000‘9’0’0’0’0’0 _
S 30
5000‘9’0’0’0’0’0
s
%*3*3*3*1*1*3*2*
-60
&
a r = 90
3
-120
-150 . I I I
0 0.5 1 1.5 2 2.5
ka
: (ka)*1 , 26+1
At low energies: 6,(E) — in general: §,(E) ~ k

e+ DuEI-1)n !

=>» Strong difference between £ = 0 (no barrier) et £ # 0 (centrifugal barrier)
(typical to neutron-induced reactions)
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4. General scattering theory

example : a+n phase shift £ = 0

consistent with the hard sphere (a ~ 2.2 fm)

E. A, ARNDT AND L. I, ROPER

1 I i i T [

& {deq)

~0G |
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4. General scattering theory

5. Resonances

Resonances: §z(E) ~ atan

Ex=resonance energy

I'=resonance width: related to the lifetime I't = h

O(E)
T b

3n/4

r
2(Egr—E

—

/2
/4

= Breit-Wigner approximation

e Narrow resonance: I' small, T large
* Broad resonance: I large, T small

e Bound states: I' =0,E; <0

E-[/2  E

Ex+/2




4. General scattering theory

Cross section (for neutrons)

o(E) = R—RZZ{;(Z{’ + 1)|exp(2i8,) — 1|* maximum for § = g
I'?/4
(ER—E)2+4T2/4’

4 .
Near the resonance: g(E) = k—’j (26 + 1) where £p=resonant partial wave

Er

In practice:

* Peak not symmetric (I" depends on E)

* « Background » neglected (other € values)
* Differences with respect to Breit-Wigner



4. General scattering theory

Example: n+12C

rrrrrrrrrrrrrrrrrrrrrrrrrrrr

\-3.6845@“‘:: | ' Elubww}'

3.089
E..=1.92 MeV

0 B F= 6 keV
o4t By 4
11 ¥ o3 ! |
¥ /2 v - ., il
Te1/2 alf :
|3 |:|I—' L L P T W S S T T [N S TR S———

20 2.5 210 215 2.20
c Eluh':H‘I"'l]
Comparison of 2 typical times:
197

a. Lifetime of the resonance: 1z = /I’ =

— ~ 1.1 X107 %
3.10%23x6.1073
b. Interaction time without resonance: Tyg = d/v = 5.2 X 107%%s = 1,<< 1,
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4. General scattering theory

Narrow resonances

* Small particle width

* long lifetime

* can be approximetly treated by neglecting the asymptotic behaviour of the wave
function

6 72t .
|9435 proton width=32 keV
|ZC +p — can be described in a bound-state
approximation




4. General scattering theory

Broad resonances
e Large particle width
e Short lifetime
* asymptotic behaviour of the wave function is important
- rigorous scattering theory
- bound-state model complemented by other tools (complex scaling, etc.)

2.92. ()5 very broad resonance: ['=1990 keV

(3)3 ground state unstable: '=120 keV

P il

"He

-0.445
He +n



5. Generalizations

e Extension to charged systems
* Numerical calculation
* Optical model (high energies = absorption)

e Extension to multichannel problems



5. Generalizations

Generalization 1: charged systems

I
|
/ | \ Scattering energy E
I
|
I
I

E > Eg: weak coulomb effects (V negligible with respect to E)
E < Eg: strong coulomb effects (ex: nuclear astrophysics)
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4. Generalizations

A. Asymptotic behaviour

Neutral systems

hz
<_ZA + Vn(r) — E> Y@)=0

Y(r) - exp(ik-r) + f(6)

exp(ikr)

Charged systems

h2A+V +ZlZze2 E|¥@) =0
20 n(T) - r)=

¥(r)
— exp(ik-r+inln(k-r —kr))
+£(0) exp(i(kr — nln2kr))

_ Z1Z,e”
- hv
 Sommerfeld parameter

e « measurement » of coulomb effects
* Increases at low energies

e Decreases at high energies
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5. Generalizations

B. Phase shifts with the coulomb potential
d? 2(£+1) 2 .

(drz_ T2 Tk )R{)_O

Bessel equation : solutions j,(kr), n,(kr)

Neutral system:

2
Charged system: (d — {)(f;l) — 2% + kz) R, = 0:

dr?

Coulomb equation: solutions F,(n, kr), G,(n, kr)

2 - 12 -

Go (1,X)

30

0 2 _
05 - eta=0
= gota=1 0 -
-1 4 eta=5 0
—eta=10
15 - 4
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. Generalizations

Incoming and outgoing functions (complex)

. m
I,(n,%) = Go(n,x) — iFp(n,x) » e {2 NIN2ZX+00) 5 s ming wave

i(x—%n—n In 2x+0y),

0,(n,x) =G,(n,x) +iF,(n,x) > e : outgoing wave

Phase-shift definition
o neutral systems : R,(r) — T'A(jg(k?") — tan &, Tl{)(k?"))

o charged systems: R,(r) — A(F{;(n, kr) + tan 6, G,(n, kr))
— B(cos &y Fp(n, kr) + sin 6, G,(n, kr)

- C(I{’(’?: k?") _ Ufof(nl kT'))

3 equivalent definitions (amplitude is different)

Collision matrix (=scattering matrix)

218,

Uy=c¢e : modulus |U,| =1



5. Generalizations

Example: hard-sphere potential

ZZ,e?

V(r) = forr > a

o forr < a

__ Fi(nka)

phase shift: tan §, = G (ka)
L\

-180

-360

-540 -
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5. Generalizations

C. Rutherford cross section
For a Coulomb potential (I, = 0):

n eZi(O'O—T] In sin 6/2)
2k sin2 6/2
* Coulomb phase shift for £ = 0: g, = arg'(1 + in)

* scattering amplitude : f,(6) = —

We get the Rutherford cross section:

2
Oc Z1Z282
A |fC(9)|2 = ]
d() 4F sin“ 0 /2
* Increases at low energies
» Diverges at 8 = 0 = no integrated cross section



5. Generalizations

D. Cross sections with nuclear and Coulomb potentials
* The general defintions

1 (0]
£(6) = ﬁZ(Zf + 1)(exp(2i6,) — 1) Py(cos 0)
£=0
— = |f(®)]*

are still valid

* Problem : very slow convergence with £
—> separation of the nuclear and coulomb phase shifts

8p = 6) + 0y
op=argl'(1+ ¢+ in)

* Scattering amplitude f(6) written as f(8) = f¢(0) + V()
« fC(6) = —Z{; 0(2€ + 1)(exp(2ioy) — 1) Py(cosB) = —sti:l’—ZO/ZeZi(Uo—n In sin 6/2)
- analytical

- N = —Z{, 0(2€ + 1) exp(2io,) (exp(2i8,") — 1) Pp(cos )
— converges rapidly



5. Generalizations

Total cross section: — = |f(8)]|? = [f¢(0) + N (6)]|?
* Nuclear term domlnant at 180°
* Coulomb term coulombien dominant at small angles = used to normalize experiments

da/dﬂ

* Coulomb amplitude strongly depends on the angle > Toc)
aq

: d : :
* Integrated cross section [ ﬁdﬂ is not defined

F 12,00 Mev
o1 ———t+—+—f—+—t—+F—+—1+F—

=
L
L ]

|

F 1213 MeV

System ©Li+>8Ni

: 58
gu.};:I:I:I=I=I=I=I=I=; * Eem =G Elan
o]
5 o L * Coulomb barrier
o] 1L 3x28x1.44
Eg ~ 7 ~ 17 MeV

Below the barrier: ¢ ~ o,

* Above Ej : o is different from o,

0 20 40 60 80 100 120 140 160 180
6., (deg)



5. Generalizations

Generalization 2: numerical calculation
For some potentials: analytic solution of the Schrodinger equation

In general: no analytical solution = numerical approach

72 d?
—Zﬁw(ﬂ + (V(r) — E)ug(r) =0
2 2
with: V() = Vy(r) 4 21227 TPEER L)
r 2 7

up(r) — Fyp(kr,n) cosdy + Gy(kr,n) sin dy

Numerical solution : discretization N points, with mesh size h

*1;(0) =0

e u;(h) = 1 (or any constant)

e 1u;(2h) is determined numerically from u;(0) and u;(h) (Numerov algorithm)
e u;(3h),..u;(Nh)

e for large r: matching to the asymptotic behaviour = phase shift

Bound states: same idea (but energy is unknown)



5. Generalizations
Experimental phase shifts

- Example: a+a o0
. . N *1=0
Experimental spectrum of Be 0l % - e
.0 =4
w - LN ]
95{‘100_ L | . - ‘..'-lllnlll
— '\%i "’0
% 501 O .”0
7 b ° .
? i / Z 4+ [ ] - » .
915 f]] 35 A ?//-HI Ol_L__ ----- - S
07775777 E~11 MeV 5 10 MR-
# L
Vi '~3.5 MeV 50
II|i1‘|| Ecm (MeV)

Potential: V(r)=-122.3*exp(-(r/2.13)?)

/\ .

|
PRS2 <= E~3 MeV . Vsl Mev
N/ [~1.5 MeV s b1 2 s 5 s
_L tr_t — 2 7 [—nuckea
o+ HBt‘: o+ > o 7$;jlomb
E=0.09 MeV
I'=6 eV 15
-20

r (fm)




o+o, wave function for £ = 0

15
o—o. potential
2
1
/\ 4s
0
2 4 6 8 10 v} .
15
1 0.1 0.2 0.3 0.5 1
-2 E=1 MeV, £ variable
15
-3 1
0.5
4 0
m\]v 5 10 15 20
0.5
-1
15
—ell=0 —ell=2 —ell=4

Y
H



5. Generalizations

Generalization 3: complex potentials V = Vp + iW

Goal: to simulate absorption channels

>
%-
=]
>:
2]
.
=]
-
\3..39 - T
137 742 5 [ I6%
pos [L16705 O3]
}zﬁz .73 0 \K"—1
5.62 379 175
497 2 16
425 F a++°0
9.992% 79%//
1.6G3 2
K*=0; [0 0, T=0)

High energies:
e many open channels
e strong absorption

e potential model extended to complex
potentials (« optical »)

Phase shift is complex: § = 8 + i,
collision matrix: U = exp(2i8) = n exp(2idy)
wheren = exp(—26;) <1

Elastic cross section

do 1 )
o= a2 ;(212 + 1) (npexp(2id,) — 1) Py(cosh)
Reaction cross section:

o= 5220+ 1)1 )
£

2




5. Generalizations

In astrophysics, optical potentials are used to compute fusion cross sections

Fusion cross section: includes many channels
Example: 12C+12C: Essentially 2°Ne+a, 22Na+p, 22Mg+n channels
—> absorption simulated by a complex potential V = V, + ilW

ot ==
|r84:27 | a2 A5 5o V2,90 24
E 3,0 - 7432+ 5.38 - +'_ e (LR
N 478 0 -2
TIT:3 Ml
£72.0% a43:0/27)_|p 23Mg+n
2.0 many * ag 1@
392
3 - TwTE
states L E’»’
S L1l 3.68 4
—_— 1.0~ == 45| 208
:;J 4.97:2” 264 271 g“
= - a3 [239:72F | °
. + 3 16 8
Fz e 0254+ 2:08:(7/2%) |, 0+%Be ™
2cyl2c | G*C s 2 0+2a
- =
(VW]
E 0.439:5/2% p
=20 03zt D‘
23 o
? . Na+p
o -3.0— 1,63 12 a,
-4,0
o:0%
iA 20 o
= = Ne+a
-14.0 f—
24
Mg
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5. Generalizations

Typical potentials

A. Real part

* Woods-Saxon: Vp(r) = — - V((’,,_,,O) with parameters I/, 1y, a adjusted to experiment
.

* Folding

Ve(r) = Aff drydryuyy (r — 1y + 1) p1 (1) p2 (12)

T W

&® - (&
Nucleus 1 Nucleus 2
density p; (17) density p, (1)

vyny=nucleon-nucleon interaction
A =amplitude (~1), adjustable parameter
p1, Po=nuclear densities (in general known experimentally)

Main advantage: only one parameter A
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5. Generalizations

B. Imaginary part

Woods-Saxon:

Volume: W(r) = —Wyf(r) = —

Surface W (r) = —W,

Folding
W(r) = NiVe(r)

df(r)
dar

1+ex

-10

-20

-30

-40

-50

-60

Surface

Volume
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5. Generalizations

Example: a+1%4Sm
P. Mohr et al., Phys. Rev. C55 (1997) 1523

Measurement of elastic scattering = optical potential = used for astrophysics

Elastic cross section at E_,=20 MeV
(E.,=9.5 MeV)

o+144Sm potential (folding)

-20

-40

-60

-80

-100
-120
-140
-160
-180
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6. Models used for nuclear reactions in astrophysics



6. Models used in nuclear astrophysics (for reactions)

Theoretical methods: Many different cases 2 no “unique” model!

Model Applicable to | Comments
Potential/optical Capture  Internal structure neglected
model Fusion « Antisymetrization approximated
. . . Light
R-matrix Capture * No explicit wave functions systems
Transfer « Physics simulated by some parameters
Low level
DWBA Transfer » Perturbation method densities
» Wave functions in the entrance and exit
channels
Microscopic Capture « Based on a nucleon-nucleon interaction
models Transfer  A-nucleon pr0b|ems
* Predictive power
Hauser-Feshbach | Capture  Statistical model
Transfer Heavy
_ systems
Shell model Capture « Only gamma widths




7. Radiative capture in the potential model



7. Radiative capture in the potential model

Potential model: two structureless particles (=optical model, without imaginary part)
o Calculations are simple
o Physics of the problem is identical in other methods

o Spins are neglected

* R_,,=center of mass, r =relative coordinate

Ay
1 = Rip — X‘r
Ay
r, =Rep + 71‘
 |nitial wave function: Ptimi(y) = %u,gi(r)Y{)T" (Q), energy Efi=scattering energy E
Final wave function: WM (r) = %ugf(r)Y;:f(Q), energy E*r

The radial wave functions are given by:

K2 ( 2 2(£+1)

—t
— 2# e — 2 >u{) + V(T)U,g =E Up



. Radiative capture in the potential model

. RZd?  f(4+1)
Schrédinger equation: (er 2

> )u{) +V(@)u, = Etu,

Typical potentials:
e coulomb =point-sphere
* nuclear: Woods-Saxon, Gaussian
parameters adjusted on important properties (bound-state energy, phase shifts, etc.)

Potentials can be different in the initial and final states

Wave functions computed numerically (Numerov algorithm)

Limitations
* initial (scattering state): must reproduce resonances (if any)
* final (bound) state: must have a A+B structure initial state
/[ E>0
/ final state

E <0



7. Radiative capture in the potential model

Some typical examples

95100 g0yt 1, 6.36 vzt
S S 77 10.94 3/2% 142"
h 555 5.38 3571
7.454 ol 2255 3% :5.09 = ——3/2% 9/
6.604 ., ... 5 - * — 4554 32"
IIIIIIIIIIIIIIIIII ._._ __: 3-843 SIE_I.L
4652 T 2H 2 n+/li 30954 /27 n+1°0
o =% structure structure
y structure 0808 S L

0.47761 el YV Jjn_% 7 O STes2t
- TR T=1/2
=37 T= 81
“Li |

Problem more and more important when the level density increases
—> in practice: limited to low-level densities (light nuclei or nuclei close to the drip lines)
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7. Radiative capture in the potential model

* Electric operator for two particles:

lelz € (lerl - Rcml)l YAM(QH—Rcm) + Zerz o Rcmll Y7LH(QT2_RCW))

A A
Ay Ay
Z(-=2) +7,(=

* Matrix elements needed for electromagnetic transitions

which provides

MEr = e rAY(Q,) = eZy s Y (Q))

EA im; — Mgy ulymi ” A
< Wylrmy |]V[H |l1J/m >=eZyr < Y]f |Y)1 |Y]1 >f0 uy,(r) u]f(r)r dr

* Reduced matrix elements:
< WIr || MEA|Wt > = eZ,pp < J0A0] J;0 >
1/2
(2J;+1)(2A+1) 0 1
% ( am(2]+1) ) Jo i, (r’dr
- simple one-dimensional integrals




7. Radiative capture in the potential model

Assumptions: initial state E: all J; are possible
* spinszero: £; = J;,£f = J; /[wave functions u; (r, E)

* given values of J;, ], A

photon with multipolarity A

/ Final state Ee, Jr
wave function: u]f(r)

Integrated cross section

00 2

8m e?
fo w,(r,E) u]f(r)r’ldr

o, (E) = e ZZr k2 F (4,01 )¢)

with

A REAC

(A+1)(2A+1)
¢ F(/L]i']f) :<]i’10 Ol]fo > (Zji + 1) A(2A+1)112
. _ E—Ef

ky " hc

Normalization
» final state (bound): normalized to unity u;(r) » CW (2kgr) — Cexp(—kpr)
* initial state (continuum): u;(r) - F;(kr) cos §; + G;(kr) sin §;



7. Radiative capture in the potential model
Integrated vs differential cross sections

e Total (integrated) cross section:

o(E) = ) oi(E)

A
— no interference between the multipolarities

 Differential cross section:

2

d
= ‘Z a, (E)P,(6)
A

* P,(8)=Legendre polynomial

« a,(E) are complex, g, (E) ~ |ay(E)|?
- interference effects
— angular distributions are necessary to separate the multipolarities
—>in general one multipolarity is dominant (not in *2C(a,y)'®0: E1 and E2)



7. Radiative capture in the potential model

Example: 12C(p,y)3N
e First reaction of the CNO cycle

e Well known experimentally

* Presents a low energy resonance (£ =0 - ] =1/2%)

X}
® 9
__ 100E-01 o= 9
g &g
/ E Ca %
=, [<]
.9435, G ry
IZC ’ g E %
+ Q
P % o q,@m!q o* %,
e o
0.39 1.00E-03 L
0 0.1 0.2 0.3 04 05
J7=1/2; E (MeV)

1 T=1/2

Potential : V= -55.3*exp(-(r/2.70)?) (final state)
-70.5*exp(-(r/2.70)?) (initial state)



Final state: [y = 1/27

Initial state: £; =0 —» J; = 1/27
=» E1 transition 1/2* > 1/2-

12C+p

1.60E-02
1.40E-02
" 1.20E-02
1.00E-02
8.00E-03
6.00E-03
4.00E-03
2.00E-03
0.00E+00
-2.00E-03

-4.00E-03

Initial wave function:
Ei=100 keV

7.00E-01

6.00E-01

5.00E.01 Final state Ef=-
1.94 MeV

4.00E-01

3.00E-01

2.00E-01

1.00E-01

0.00E+00
0 5 10 15 20

25

30

5.00E-03

4.00E-03

3.00E-03

2.00E-03

1.00E-03

0.00E+00

-1.00E-03

-2.00E-03

Integrant Ei=100
keV

1.40E+00

1.20E+00

1.00E+00

8.00E-01

6.00E-01

4.00E-01

2.00E-01

0.00E+00

-2.00E-01

Integral Ei=100 keV

90



7. Radiative capture in the potential model

The calculation is repeated at all energies

1.00E+00 ¢

1.00E-01

1.00E-02

S (MeV-b)

1.00E-03 |

1.00E-04

E (MeV)

Necessity of a spectroscopic factor S

Assumption of the potential model: $33N=12C+p
In reality 3N=1°C+p @ 1°C*+p ® °Be+a @....

=> to simulate the missing channels: u,(r) is replaced by Sl/zuf(r)
S=spectroscopic factor

Other applications: 'Be(p,y)®B, 3He(a,y)’Be, etc...



8. The R-matrix method

* General presentation

* Single resonance system

* Applications to elastic scattering 12C+p

* Application to *2C(p,y)'*N and 12C(a.,y)**0O



8. The R-matrix method

Introduced by Wigner (1937) to parametrize resonances (nuclear physics)
In nuclear astrophysics: used to fit data

Provides scattering properties at all energies (not only at resonances)

Based on the existence of 2 regions (radius a):
* Internal: coulomb+nuclear
e external: coulomb

Exit channels

Entrance channel

L2C+a

Internal region \ S 2Cta

15N+p’ 150+n

Coulomb

Nuclear+Coulomb:
Coulomb R-matrix parameters
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8. The R-matrix method

Main Goal: fit of experimental data

do/dQ (mb/sr)

Se, (keV b)

O this work Oy, = 167.7°
¥ Angulo et al. 0, =170.2°
& Skorodumov et al. 0,,, =165°

103
102

101 |

102 [

18Ne+p elastic scattering
—> resonance properties

Nuclear astrophysics: *2C(a.,y)*e0
- Extrapolation to low energies

101



8. The R-matrix method

* Internal region: The R matrix is given by a set of resonance parameters Ei,yiz

i ¥’ (a) .
R(E) = Zi E;—E = ¥(a) |=3r E3, VS?
i=2, Ez,)/zz
i=1, Ell ]/12

e External region: Coulomb behaviour of the wave function
Y(r)=I1(r)—U0(r)
—the collision matrix U is deduced from the R-matrix (repeated for each spin/parity Jm)

* Two types of applications:
 phenomenological R matrix: yl-z and E; are fitted to the data (astrophysics)
e calculable R matrix: yiz and E; are computed from basis functions (scattering theory)

* R-matrix radius a is not a parameter: the cross sections must be insensitive to a
» Can be extended to multichannel calculations (transfer), capture, etc.

* Well adapted to nuclear astrophysics: low energies, low level densities



8. The R-matrix method

A simple case: elastic scattering with a single isolated resonance

)

E resonance: energy Eg, width T (or y?) =“observed parameters’
“calculated” parameters: E, &

threshold

 From the total width I' = reduced width T' = 2y2P;(ER)
P,(Er)=penetration factor

* Link between (ER,)/Z) © (Eo,yé)

2
« Calculation of the R-matrix R(E) = =22

Eo—E

I(ka) 1-L*R(E)
0(ka) 1-LR(E)
* Calculation of the cross section = E, and/or y5 can be fitted

* Calculation of the scattering matrix: U(E) = (must be done for each ¥)



8. The R-matrix method

Example: 2C+p: Eg=0.42 MeV

1000
900 %
Resonance 800 - . t=
=0 700 - =
— *
— 0%e £ *
/ e | 3 [ 3
1.9435, E 00 .,
12 > 400 . * o
C+p 3 .
300 | .
0.89 200 0; L3
| ' 100 - 'é‘
J =|2? 0 T T T T
’ T={/2 0 0.1 0.2 0.3 04 05 0.6
13N E (MeV)

In the considered energy range: resonance J=1/2+ (£ = 0)
— Phase shift for £ = 0 is treated by the R matrix
- Other phase shifts £ > 0 are given by the hard-sphere approximation



First example: Elastic scattering 12C+p
Data from H.O. Meyer et al., Z. Phys. A279 (1976) 41

1000 2500
900
800 2000
o 700
% 500 3 1500
500 é
0 b 1000
300
200
100 500
0
0.2 0.3 0.4 0.5 0.6 0.7 0
E (MeV)
E (MeV)
R matrix fits for different channel radii
a ER I EO 'Y02 Xz
45 0.4273 0.0341 -1.108 1.334 2.338
5 0.4272 0.0340 -0.586 1.068 2.325
5.5 0.4272 0.0338 -0.279 0.882 2.321
6 0.4271 0.0336 -0.085 0.745 2.346
=> E,, [ very stable with a
=>» global fit independent of a .



8. The R-matrix method

Extension to transfer, example: 8F(p,o)>0

resonance: energy Ey, partial widths I}, T, (or yZ, %) =“observed parameters”
E “calculated” parameters: Ey, Y&, V&

threshold 1 (p+'8F)

threshold 2 (a+°0)

* Link between (Eg,y%,v2) © Eo,v41, Y&, more complicated

2
e R-matrix: 2x2 matrix R;;(E) = E)/LlE associated with the entrance channel
o—
2
Ref(E) = Yoz associated with the exit channel
Eo—E
Rl-f(E) = % associated with the transfer
o—
* Scattering matrix: 2x2: U4, U, > elastic cross sections

U,,~2transfer cross section
« More parameters, but some are common to elastic scattering (E, y51)
—> constraints with elastic scattering



8. The R-matrix method

Recent application to ¥F(p,p)8F and 8F(p,a)>0
D. Mountford et al, Phys. Rev. C 85 (2012) 022801

400
*F(p,p)*°0

300
simultaneous fit of both cross sections

angle: 176°
for each resonance: Jm, Ep, [, T
8 resonances > 24 parameters

200

100

w
o
[y
[=:]
-
a—
©
-
Q
—
ey
w
o

40

Differential Cross Section (mb/sr)
(e}

30 -

o Iy e jj !

0

Q.5 0.7 0.9 11 1.3 1.5 1.7
Center of Mass Energy (MeV)
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8. The R-matrix method

Extension to radiative capture

E resonance: energy Ep, reduced y?, gamma width [, ="observed parameters”
o ” . 2
calculated” parameters: Ey, 45, [y

threshold

Final state: ANC Cf

Capture reaction= transition between an initial state at energy E to bound states

Cross section o (E) ~ |< LPf|Hy|LPL-(E) >|2
Additional pole parameter: gamma width [,;

< We |Hy |W(E) > = < Wr|H, Wi (E) > + < Wr|Hy |Wi(E) >ene

N

iy Tyi

internal part: < LIJf|H,,|‘IJi(E) >int™ z YE\/Z
i=1 "7

external part: < ‘Pf|Hy|‘Pi(E) >ext™~ Cr faoo W(Zkfr)r’l(li(kr) — U0;(kr))dr 108




8. The R-matrix method

External part: < LPf|H),|‘Pi(E) >ext™~ Cr faoo W(Zkfr)r’l(li(kr) — U0;(kr))dr

Essentially depends on k¢

r

Witthaker function W(Zkfr) ~ exp(—ksr)
* kslarge:  fast decrease
example 1C(a.,y)*°0, Ef=7.16 MeV, u = 3 —>external term negligible
—~insensitive to (¢

. kf small:  slow decrease
example: ’Be(p,7)®B, Er=0.137 MeV, u = 7/8 —> external term dominant
= mainly given by (¢

* Contribution of internal/external terms depends on energy (external larger at low energies)



8. The R-matrix method

Example 1: 2C(p,y)*3N: R-matrix calculation with a single pole

E (MeV)

Experiment: Ex = 0.42 MeV, [}, = 31 keV, [, =04eV
Red line: internal contribution, pure Breit-Wigner approximation
. external contribution: important at low energies, sensitive to the ANC 110



8. The R-matrix method

Example 2: 12C(a,y)0

General presentation of 12C(a,y)*0

eDetermines the *2C/°0 ratio N —

eCross section needed near E_,=300 keV (barrier ~2.5 MeV)
—> cannot be measured in the Gamow peak 12C40,

e1-and 2* subthreshold states e )’

— extrapolation difficult 6.1
*E1 and E2 important (E1 forbidden when T=0)
eInterferences between 1,17, and between 2+, 2%,

eCapture to gs dominant but also cascade transitions -

160

111



8. The R-matrix method

Many experiments

 Direct 2C(a.,y)*®0 (angular distributions are
necessary: E1 and E2)

* Indirect: spectroscopy of 1/, and 2%,
subthreshold states

e Constraints AR
e o+!2C phase shifts (1- > E1, 2* =2 E2)

2% 107

e E1: !®N beta decay
(Azuma et al, Phys. Rev. C50 (1994) 1194)
probes J=1" > E1 6%

e £2: 777




8. The R-matrix method

Current situation

S (keV b)

100 ¢

0.1

[N
o
T T

100.0 =3
| 3
i T
El Hn o ] B2
TJ' + T 1 ;
= 10.0 g I : ¥ EI 11
- 3 [ oower || L] 1{1% s
1 1 1 1 1 s i
i:: - © Redder * 1 - Jﬁ{T{% . 1F -U-I
00 05 10 15 20 25 %) ] 1l P
1.0 : Rotters l T J_ [
Ecm (MeV) : ¢ Kunz ‘ Il
® Orsay 2 par
® Orsay 3 par ]
0.1 T . : —
0 1 2 3
E.m (MeV)
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8. The R-matrix method

S(300 keV): current situation for E1

300
12 16
C(OL,'Y) O E1 Humblet 93
250 Azuma 94
Ouellet 96
’é* 200 - Descouvemon.t 87 Trautvetter 97
© Weissef Gialanella 01
‘>? 74 @ . Fey 03
150 A Redder 87
Q Dyer 74 ®
~ ®
- Kremer 88
B 100 - _ +
Koonind & Humblet 76 ° + ++ +
74
50 . . '
Filippone 89 ¢
Ouellet 92
O I I I I . I I
1970 1975 1980 1985 1990 1995 2000 2005
year < >

16N data available
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8. The R-matrix method

S(300 keV): current situation for E2

250
12C(0,y)160 E2
200 | Kettner 82 *
~ o .
Angulo 00
% Barker 91 g
Q 150
>
Fey 03
&’ Langank§ 8Redder 87 Buchmann 96 y
< 100 | () Plaga 87 Descouvemaont 93
o o Redder 87 ®
%) Descouvemont 84 Descouvethont 87
uv
50 | I I Dufour 08
Redder 8 ®
Ouellet 96 Tichhauser 02
Barker 87 l Filippone 89 Brune 99
0 ! . ! ! ; ! ! !

1980 1985 1990 1995 2000 2005 2010

year
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9. Microscopic models



9. Microscopic models

o Goal: solution of the Schrodinger equation HY = EWY
o Hamiltonian: H = ¥; T; + X5 Vi

T. = kinetic energy of nucleon i

V;; = nucleon-nucleon interaction

o Cluster approximation ¥ = A¢p,1¢0,9(p)
with ¢4, ¢, = internal wave functions (input, shell-model)
g(p) =relative wave function (output)
A = antisymmetrization operator

@

o Generator Coordinate Method (GCM): the radial function is expanded in Gaussians
—> Slater determinants (well adapted to numerical calculations)

o Microscopic R-matrix: extension of the standard R-matrix = reactions

117



9. Microscopic models

Many applications: not only nuclear astrophysics
spectroscopy, exotic nuclei, elastic and inelastic scattering, etc.

Extensions:
* Multicluster calculations: 2 deformed nuclei (example: "Be+p)

@
Rl

* Multichannel calculations: ¥ = A¢,¢,9(p) + Apip59*(p) + -
—> better wave functions
- inelastic scattering, transfer

e Ab initio calculations: no cluster approximation
—>very large computer times
- limited to light nuclei

- difficult for scattering (essentially limited to nucleon-nucleus)
118



9. Microscopic models

Example: ’Be(p,y)B

* |Important for the solar-neutrino problem

* Since 1995, many experiments:

» Direct (proton beam on a ’Be target)

* Indirect (Coulomb break-up)

* Extrapolation to zero energy needs a theoretical model (energy dependence)

20

40

817 (eV b)

O Filippone
Hammache
Hass

A Strieder n

¢ Baby

® B Junghans BE1BES 1

o 200 400 600

E (keV)

astrophysical energies

800

1000 1200

From E. Adelberger et al., Rev.
Mod. Phys.83 (2011) 196



9. Microscopic models

Example: ’Be(p,y)B

* Microscopic cluster calculations: 3-cluster calculations
 P.D.and D. Baye, Nucl. Phys. A567 (1994) 341
 P.D., Phys. Rev. C 70, 065802 (2004)

* Includes the deformation of ’Be: cluster structure a+3He
* Includes rearrangement channels °Li+3He

* Can be applied to 8B/2Li spectroscopy

* Can be applied to 'Be(p,y)®B and ’Li(n,y)8Li

7Be:OL+3He 5Li:a+p

120



9. Microscopic models

Spectroscopy of B
experiment Volkov Minnesota
1 (2%) () 1.03 1.48 1.52
Q(2%) (e.fm?) 6.83 +£0.21 6.6 6.0
B(M1,1*—2%) (W.u.) 51+25 3.4 3.8

Channel components in the 2B ground state

Be(3/2)+p 47%
'Be(1/2)+p 9%
5Li(3/2°)+3He 34%
SLi(1/2)+3He 3%

= Important role of the 5+3 configuration
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9. Microscopic models

’Be(p,y)®B S factor
60 q)! A
U
U]
o 40 r
2 ?q
S o f
o
h 20 %ol
n % e ﬁl ® Hammache etal. o Hass et al.
o Strieder at al. = Baby et al.
O Junghans et al. A Schumann et al.
A Davids et al.
0 1 1 1 1
0 1 2 3
Ecm (MeV)

* Low energies (E<100 keV): energy dependence given by the Coulomb functions
* 2 NN interactions (MN, V2): = the sensitivity can be evaluated

* Overestimation: due to the 8B ground state (cluster approximation)



9. Microscopic models

Cluster models
* In general a good approximation, but do not allow the use of realistic NN interactions
 Example: o particle described by 4 Os orbitals

-2 intrinsic spin =0

- no spin-orbit, no tensor force, no 3-body force

- these terms are simulated by (central) NN interactions

Ab initio models
* No cluster approximation
» Use of realistic NN interactions (fitted on deuteron, NN phase shifts, etc.)
* Application: d+d systems 2H(d,y)*He, ?H(d,p)3H, 2H(d,n)3He
two physics issues
* Analysis of the d+d S factors (Big-Bang nucleosynthesis)
* Role of the tensor force in 2H(d,y)*He



9. Microscopic models

2H(d,y)“He S factor

Ground state of *He=0+
El forbidden—> main multipole is E2 = 2* to 0* transition—=> d wave as initial state
Experiment shows a plateau below 0.1 MeV: typical of an s wave

Interpretation : the “He ground state contains an admixture of d wave

S factor (keV-b)

final O* state: WO+
initial 2+ state: W2+

1.E-02

1.E-03

1.E-04

1.E-05

1.E-06

10

H(d,y)*He

d—=>s ¥

.

10000

=YL =0S=0+V¥Y"*"(L=2S5=2)=[0%0>+]|0",2>
=Y (L =2S=0)+¥**(L=0,S=2)=|2Y,0>+|2%,2>

E2 matrix element < ¥0* | E2 | ¥2%* >
~< 07,0 E2|2%,0>:d=>s, dominant E>100 keV
+< 0%,2 1 E2|2% 0 >:s>d, tensor (E<100 keV)

- direct effect of the tensor force



9. Microscopic models

Application: d+d systems

* Collaboration Niigata (K. Arai, S. Aoyama, Y. Suzuki)-Brussels (D. Baye, P.D.)
Phys. Rev. Lett. 107 (2011) 132502

« Mixing of d+d, 3H+p, 3He+n configurations

d+d 3H+p, 3He+n

* The total wave function is written as an expansion over a gaussian basis
e Superposition of several angular momenta
* 4-body problem (in the cluster approximation we would have: x,=x,=0)
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9. Microscopic models

We use 3 NN interactions:
* Realistic: Argonne AV8’, G3RS
e Effective: Minnesota MN

* No parameter
* MN does not reproduce the

ie plateau (no tensor force)
> * D wave component in “He:
2 13.8% (AVS')

& 11.2% (G3RS)

)

>

<=

o).

o BA87
10—5- Lol Lol Lo
0.01 0.1 1 10

Ecm [ MeV]
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9. Microscopic models

Transfer reactions 2H(d,p)3H, 2H(d,n)3He

1000 3 ULLLLLLL LY L L """;- LRELELLLL DL ELLLLLL DL L ""”;

f °H(d,n)’He

100 ¢ " -

! — AV8' | 1 — AVE

........................ - = G3RS | |.eaeaeeee ™ - - G3RS

""" MN |¥ e MN2 |
& SC72 | ¥ O SC72 | 3
® KR87a| T ® KR87a
A BR9O | T A  BR95
O GR9S | T [0 GR95

S-factor [ keV-b ]
=

'l SR EEEIT I EEEIT] Lol I EEIIT vl Lol I EEEIT SNt
0.001 0.0t 0.1 1 0.001 0.01 0.1 1 10
Ecm [ MeV | Ecm [ MeV |
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10. Conclusions

Needs for nuclear astrophysics:
* low energy cross sections

® resonance parameters

Experiment: direct and indirect approaches

Theory: various techniques
e fitting procedures (R matrix)=> extrapolation
® non-microscopic models: potential, DWBA, etc.
® microscopic models:
» cluster: developed since 1960’s, applied to NA since 1980’s
» ab initio: problems with scattering states, resonances—> limited at the moment

* Current challenges: new data on 3He(a.,y)’Be, triple a process, *?C(a.,y)°0, etc.
D(d,y)*He : 4 nucleons = 4 clusters



