PROCEEDINGS

OF SCIENCE

Lattice QCD study for relation between
confinement and chiral symmetry breaking
on temporally odd-number lattice

Takahiro M. Doi * Hideo Suganuma

Department of Physics & Division of Physics and Astronomy, Graduate School of Science,
Kyoto University, Kitashirakawaoiwake, Sakyo, Kyoto 606-8502, Japan

E-mail: [doi@ruby.scphys.kyoto-u.ac.jp |

Takumi Iritani

High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki 305-0801, Japan

We investigate the contribution from each Dirac modes to the Polyakov loop based on a gauge-
invariant analytical relation connecting the Polyakov loop and the Dirac modes on a temporally
odd-number lattice, where the temporal lattice size is odd, with the normal (nontwisted) periodic
boundary condition. The dumping factor in the relation plays crucial role for the negligible con-
tribution of low-lying Dirac modes to the Polyakov loop. The zero-value of the Polyakov loop in
the confinement phase is due to the “positive/negative symmetry” of the Dirac-mode contribution
to the Polyakov loop. In the deconfinement phase, there is no such symmetry.

XV International Conference on Hadron Spectroscopy-Hadron 2013
4-8 November 2013
Nara, Japan

*Speaker.

(© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/


mailto:doi@ruby.scphys.kyoto-u.ac.jp

Lattice QCD study for relation between confinement & CSB on temporally odd lattic&akahiro M. Doi

1. Introduction

Color confinement and chiral symmetry breaking have been investigated as interesting non-
perturbative phenomena in low-energy QCD in many analytical and numerical studies. However,
their properties are not sufficiently understood directly from QCD. The Polyakov loop is an order
parameter for quark confinemef[ At the quenched level, the Polyakov loop is the exact order
parameter for quark confinement, and its expectation value is zero in confinement phase and is
nonzero in deconfinement phase. Also, its fluctuation is recently found to be important in the QCD
phase transitiord]. As for the chiral symmetry, low-lying Dirac modes are essential for chiral
symmetry breaking in QCD, according to the Banks-Casher reldgon [

Not only the properties of confinement and chiral symmetry breaking in QCD but also their
relation is an interesting challenging subjeditff]. From many analytical and numerical studies,
it is suggested that confinement and chiral symmetry breaking are strongly cori@afedHow-
ever, we showed analytically and numerically that low-lying Dirac modes have little contribution to
the Polyakov loop and that there is no one-to-one correspondence between confinement and chiral
symmetry breaking in QCO8 B, [1J.

In this study, we discuss the relation between confinement and chiral symmetry breaking based
on an analytical relation between the Polyakov loop and Dirac modes on temporally odd-number
lattice, with the normal (nontwisted) periodic boundary condit@®IJ. We investigate each
Dirac-mode contribution to the Polyakov loop in both confinement and deconfinement phases.

2. Dirac modes in lattice QCD

In this section, we review the Dirac operator, its eigenvalues and its eigenmodes (Dirac modes)
in SU(N) lattice QCD [B]. We use a standard square lattice with spaeingnd the notation of
sitess = (S1,%,%,%4) (Sy = 1,2,---,Ny,), and link-variables), (s) = €294« with gauge fields
Au(s) € suN;) and gauge coupling. In lattice QCD, the Dirac operatd = y,,D,, is given by

1 4
ws,s’ = %uzlyu [Uu (S)ésrfﬂ,s’ -U_, (5)537[1,5’] ) (2.2)

withU_,(s) = UJ(S— ). Here,[1 is the unit vector in directiop in the lattice unit. In this paper,
we define all the/-matrices to be hermite a% = yu. Since the Dirac operator is anti-hermite in
this definition ofy,, the Dirac eigenvalue equation is expressed as

BIn) =iAn|n) (2.2)

with the Dirac eigenvalug\, (An € R) and the Dirac eigenstats).

3. An analytical relation between the Polyakov loop and Dirac modes on temporally
odd-number lattice

We consider a temporally odd-number lattice, where the temporal lattic&gizeodd, with
the normal (nontwisted) periodic boundary condition in both temporal and spatial directions. The
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spatial lattice sizéN;..3(> Ny) is taken to be even. Using Elitzur's theorem, we derive a relation
connecting the Polyakov loop and the Dirac mod@&0],

(2aD% 5 ANt (G, (3.1)

(Lp) = VAR

where the link-variable operattfriu is defined by the matrix element

(810plS) =Usp(9)dsipis- (3.2)

In this derivation, we use the fact that any gauge-invariant quantity cannot be composed of the
product of odd-numbeN, link-variables [B [IQ], except for the Polyakov loop. This is a Dirac
spectral representation of the Polyakov loop, and is valid on the temporally odd-number lattice.
Using this relation[Z.]), we can investigate each Dirac-mode contribution to the Polyakov loop
individually and discuss the relation between confinement and chiral symmetry breaking in QCD.

4. Modified KS formalism for temporally odd-number lattice

The Dirac operato has a large dimension ¢# x N; x V)2, so that the numerical cost for
solving the Dirac eigenvalue equation is quite huge. This numerical cost can be partially reduced
using the Kogut-Susskind (KS) formalisi, [, [LT]. However, the original KS formalism can be
applied only to the “even lattice” where all the lattice sikgsare even number. In this section, we
show brief introduction of the modified KS formalisf{] applicable to the odd-number lattice.

We consider the temporally odd-number lattice, and introduce a matrix

S) = Vi VY Yy R (4.1)

Using the matrixM(s) and taking the Dirac representation, we can spin-diagonalize the Dirac
operatoi) in the case of the temporally odd-number lattice,

wheren, D, is the KS Dirac operator given by
1 4
(NuDy)s¢ = %a Zlnu(S) [Uu (S)0sipi8 _Ufll(s)as—[l,s’} . (4.3)
U=

Here, n,(s) is the staggered phasei(s) =1, nu(s) = (—1)2" %1 (u > 2). Thus, all the
eigenvaluesA, can be obtained by solving the reduced Dirac eigenvalue equation,

NuDy|Nn) =iAq|Nn). 4.4)

5. Numerical analysis for each Dirac-mode contribution to the Polyakov loop

Using the modified KS formalism, Em is rewritten as

(2a| YNa=

(Lp) = Z/\N“ (n[Ug|n (5.1)
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Note that the (modified) KS formalism is an exact method for diagonalizing the Dirac operator and
is not an approximation, so that EGEJ) and £.3) are completely equivalent.

We numerically calculate each Dirac-mode contribution to the Polyakov loop, i.e., the matrix
elements(n|U,|n) andAN+~1(n|Uy4|n) in the sum of the relatior&d). We perform SU(3) lattice
QCD Monte Carlo simulations with the standard plaquette action at the quenched level in both
cases of confinement and deconfinement phases. For the confinement phase, We Gsiattide
with B = 2N;/g? = 5.6 (i.e.,a~ 0.25 fm), corresponding t@ = 1/(Nsa) ~ 160 MeV. For the
deconfinement phase, we use® 103 lattice with3 = 5.7 (i.e.,a ~ 0.20 fm), corresponding to
T =1/(Nsa) ~ 330 MeV. For each phase, we use 20 gauge configurations, which are taken every
500 sweeps after the thermalization of 5,000 sweeps.

As the numerical result, we find that the relati@@]]j is almost exact and low-lying Dirac
modes have little contribution to the Polyakov loop for each gauge configuration in both confine-
ment and deconfinement phad&§][ Thus, we can discuss each Dirac-mode contribution to the
Polyakov loop even for one gauge configuration.

In the confinement phase, we show in Fig.1 each Dirac-mode contribution to the Polyakov
loop AN+~1(n|U,|n) as the function of Dirac eigenvalug. From Fig. 1, we can confirm that low-
lying Dirac modes have little contribution to the Polyakov loop. All the sum of these quantities
ANa=1(n|Ugy|n) is zero, which leads to the vanishing Polyakov loop in the confinement phase. As a
remarkable fact, the zero value of the Polyakov loop is due to the “positive/negative symmetry” of
real and imaginary parts af—(n|U,|n), as shown in Fig.1.
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Figure 1: Lattice QCD results for each Dirac-mode contribution to the Polyakov g, * (n|Us|n), as the
function of the Dirac eigenvalud, in the lattice unit, on 19x 5 with 3 = 5.6, for one gauge configuration
in the confinement phase. The left figure shows the real part and the right figure the imaginary part.

In the deconfinement phase, we show in Fig.2 the real part of the matrix eleménm)
and each Dirac-mode contribution to the Polyakov o}y —(n|U4|n), as the function of Dirac
eigenvaluei,. In this configuration, the expectation value of the Polyakov loop is real, and the
behavior of the imaginary part of these quantities is similar to that in the confinement phase. There
is no “positive/negative symmetry” in the DIrac-mode distribution o(rﬁ{il§4]n), and all the sum of
these quantitiea\“*Re(n|U,|n) is nonzero, which gives a nonzero value of the Polyakov loop in
the deconfinement phase. The signs of the contribution from infrared Dirac modes and ultraviolet
Dirac modes are different. Although the matrix element$riRéy|n) have a peak in the small
Dirac-mode region, the contribution from this region to the Polyakov loop is very small, because
of the dumping factoA+~1. Thus, the factoA~* plays a crucial role in RHS of E&L).
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Figure 2: Lattice QCD results for the real part of the matrix elementriRéy|n) and each Dirac-mode
contribution to the Polyakov loop,)* *Re(n|U4|n), as the function of the Dirac eigenvaltigin the lattice
unit, on 16 x 3 with B = 5.7, for one gauge configuration in the deconfinement phase.

6. Summary and concluding remarks

In this study we have investigated each Dirac-mode contribution to the Polyakov loop based on
the relation connecting the Polyakov loop and the Dirac modes on temporally odd-number lattice,
with the normal (nontwisted) periodic boundary condition. In both confinement and deconfinement
phases, low-lying Dirac modes have little contribution to the Polyakov loop because of the dumping
factorAN*~! in RHS of EqE.J). Also, the zero-value of the Polyakov loop in confinement phase
is due to the “positive/negative symmetry” of the Dirac-mode matrix elemg@niit|n). In the
deconfinement phase, there is no such symmetry.
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