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1. Introduction

Next-to-leading order (NLO) predictions for processesuratl by strong (QCD) and elec-
troweak (EW) interactions are a basic ingredient for thdyama of high-energy collider experi-
ments. In the past years many automatic tools based ondtiffenethods have been developed
for the calculation of QCD corrections [1, 2], and an NLO geer for EW corrections has been
constructed recently [3]. While in unitarity-based meth{4] a one-loop amplitude is directly ex-
pressed in terms of a set of basic scalar integrals, thditmadi Feynman-diagrammatic approach
as well as recently developed recursive methods [2, 3, §Jinstead on tensor integrals. For the
reduction of tensor integrals to scalar integrals varioethwds have been invented and refined over
the past decades [6, 7, 8, 9], resulting in several librdhiatare available for the calculation of one-
loop scalar and tensor integrals [10]. In this article weddtice @LLIER, a Complex One-Loop
Library in Extended Regularisations. Its particular stythis are the numerically stable calculation
of 3- and 4-point tensor integrals owing to the implementaf sophisticated expansion meth-
ods for critical phase-space regions, the support of complasses for internal particles, and the
possibility to treat infrared singularities either via dinsional or via mass regularisation. Tensor
integrals for 5-point and 6-point functions are reducechwiitethods that do not involve inverse
Gram determinants. The library has already been appliedesstully to many complex NLO
QCD and EW calculations, among others to the processes PlE'® — WW — 4fermions,

H — 4fermions, pp— ttbb, pp— WWhb, pp— tt+ 2jets, and pp— ¢¢ + 2jets. It is integrated
in the NLO generators EENLOOPS[2] and ReEcOLA [3] and the publication of the code is in
preparation [13].

2. Representation of tensor integrals

A one-loopN-point tensor integral of rank has the general form

4-D Ha Hp
N, s... Up _ (2mu) / b QHM---q
T (pla‘-pr*lan‘ba'-mefl) i d qiNoNl,.,NNfl' (21)

The denominator factors are given by
Ng= (q+ p)2—mé+id, k=0,....N—1, Po =0, (2.2)

where px and mg are the momentum and the mass of the particle in the corrdsmprioop-
propagator andd (6 > 0) is an infinitesimal imaginary part. Whiled@LLIER accepts only real
values for the four-momentgy, it permits complex values for the massas Thus, it can be ap-
plied to calculations in which propagators of unstableiplad are regularised by a complex mass
prescription [11, 14]. Lorentz covariance allows to decos®ga tensor integral as

(5] -
TNHL-He — {g -gp.. p}|2n+l ip iﬁ,iznu---iP (2:3)

n=0 i el
2n+1 )l n on
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where [P/2] is the largest integer number smaller or equaPi® and where the basic tensor
structures are recursively defined according to

{p... p}i‘ifj:gfp = pi‘f . pi‘f’,
P

1
piopp TR T TR R FET
{ggpp i2i1+1~F<’iP - ﬁkZl gt{g...gp...p iziHl.fipl P, (2.4)

n k<j n—-1

Since the tensof N+1-+# is totally symmetric, the Lorentz-invariant coeﬁicieﬁ@‘owlmip are
symmetric inion 1, ...,ip.

Ultraviolet- (UV-) or infrared- (IR-) singular integralg@represented in dimensional regular-
isation, whereD = 4 — 2¢, as

T = T )+ e ooy o (82 + 0 npE) +afal, (@9
with
c(s c(e c(e
Ay = & UV), A® — (2IR)’ AY — (&r) (2.6)
Euv &R &R

Note that we distinguish between singularities resultiognfthe IR and from the UV domain and
that we absorb atere(e) = (14 €)(4m)® in the constantéyy, AEF? andAl(FlQ. COLLIER provides
numerical results for the complete integra@l, i.e. for the sum of the finite paf\ (13, 4% ) and
thea'V-, alR- andaR-terms. The user can assign arbitrary values to the unpilysiass scales
uﬁv, MZR as well as to the constams,y, Al(é), andAl(é), which have to drop out in UV- and IR-finite
guantities. Varying these parameters allows to check nigalrthe cancellation of singularities.
UV- and IR-singular integrals are by default calculatedimehsional regularisation. Collinear
singularities can also be regularised with small massethi$@nd, masses must be declasethll
in the initialisation together with corresponding (not essarily small) numerical values. The
small masses are treated as infinitesimally small in the scalartemsbr functions, and only in
mass-singular logarithms the finite values are kept.

A general one-loop amplitud& # can be written in terms of tensor integrals as

[i}
2 N—-1
' Nj,H-Hp; ~j N;
5///:ZZCJ T J:ZZZ > g T (2.7)
Ha-Hp; T 0...0 ions1...ip; " J, 0...0 ionyq...ip; ?
[ : I P n=0 g1, ip=1 T S L~

2n 2n

where j runs over all appearing tensor integrals with rdfkand N; propagators. Traditional

calculations rely on the representationd# in terms of theTj'\:jl i and perform algebraic ma-
i1

nipulations of the corresponding coefficiem#gi; in D dimensions. New methods inspired by
Ref. [5] and implemented in the automatic NLO generatoreEK 0OPS[2] and RECOLA [3], on

val—ll“'

the other hand, make use of the representation in terms clinfllllrtensorsTj " and perform

a recursive numerical calculation of the respective caefiis cLl...“Pj. COLLIER can be used in

either of these approaches as it provides the Lorentz—irzacmlart:oefficientsTj'?i"'l i, as well as the

NJvIJlIJPJ

‘ij

full tensorsTj



COLLIER Lars Hofer

3. Implemented methods

The method used to evaluate a tensor integral depends onitiieenN of its propagators. For
N = 1,2, explicit numerically stable expressions are employe®]6

ForN = 3,4, scalar integrals are calculated using analytical espas as given in Ref. [15],
while tensor integraldN-P of higher rankP by default are numerically reduced to integrals of
lower rankTN-P~1 TN-P=2 and to integrals with a lower number of propagat®hs* via standard
Passarino—\Veltman reduction. Schematically this can littewras

ATNP — [TN,P—l’TNP—Z’TN—l] : (3.1)

where]...] denotes a linear combination of the corresponding termsrendeterminant = det(Z)

of the Gram matrixz;; = 2p; pj has been made explicit on the left-hand side. In certaironsgof

the phase-space the Gram determidanan become small, so that the numerical solution of (3.1)
gets unstable. This problem reflects the ambiguity of theessmtation off VP in terms of the
integrals on the right-hand side which tend to become ligeependent in this case. Since even
the scalar integrals become dependent, this problem issidito all reduction methods relying on
the full set of basic scalar integrals, i.e. it affects uitiyabased approaches as well. In the tensor
reduction method, on the other hand, spurious Gram sirigatacan be avoided for delicate phase-
space points by adjusting the strategy of solving the systelimear equations obtained from the
Passarino—\Veltman algorithm. Consider to this end (3.4pfe> P+ 1,

ATNPHL [TN,PjTNP—l’TN—l] : (3.2

in which the integral of interesfN'", now appears on the right-hand side. Neglecting in first ap-
proximation terms of ordef’(A), the integralsTN-P can be calculated recursively from integrals
of lower rankTN:P~1 and from integrals with a lower number of propagatéfs 2. In this way
tensor integrals of arbitrary rank can be determined attzesaler in the small parameté:. In-
serting afterwards the so-determined higher-rank temgegial TN-P+1 into the left-hand side of
(3.2) allows to calculate also terms of ord&(A) for TN-P. Proceeding systematically in this way
one obtainsTN-P as a series expansion in the paramétewhere higher precision in the form of
O(A¥) terms is achieved at the prize of calculating higher-ranisde integralsr NPk,

Based on the described strategy, various expansion metfzsgsbeen suggested in Ref. [9]
with the respective expansion parameter(s) depending emeifion in phase space. All these
methods have been implemented ioICIER to arbitrary order in the expansion parameter. In
order to decide which method to use for a certain phase-gpeicg, an a priori error estimate
is performed for the different methods considering a sifigalipropagation of errors from scalar
integrals and neglected higher-order terms into the teimdegrals of highest rank. During the
actual calculation of an expansion the precision is furtfexcked by analysing the correction of
the last iteration. In single cases where the a priori erstim@te turns out as having been too
optimistic, other expansions are tried in addition. In thigsy stable results are obtained for almost
all phase-space points ensuring reliable Monte Carlo iatems.

For N = 5,6, tensor integrals are directly reduced to integrals wothedr rank and loweN
following Refs. [8, 9], i.e., without using inverse Gram éehinants. The methods summarised
there can be extended to the cas@&lof 7 in a straightforward way.
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P=0 P=1 P=2 P=3 P=4 P=5 P=6
N=3 1 2 4 6 9 12 16
N=4 1 3 7 13 22 34 50
N=5 1 4 11 24 46 80 130
N=6 1 5 16 40 86 166 296
N=7 1 6 22 62 148 314 610
tensor 1 4 10 20 35 56 84

Table 1: Number of invariant coeﬁicienfﬁﬁ'_ip forN=3,...,7 and rankP =0, ...,6 (rows 2-6) and number
of tensor elementEN-F1F for rankP = 0, ..., 6 (last row)

While the methods described so far are formulated in thealitee in terms of the Lorentz-
invariant coefficientsT! ; , a new generation of NLO generators, such aseLoops and
RECOLA, needs the elements of the full tensd@¥+#. To this end, an efficient algorithm
has been implemented iNGCLIER to construct the tensofBN#1 ' from the coefficientsT ; .
It performs a recursive calculation of those tensor stmest2.4) that are built exclusively from
momentum vectors. Non-vanishing elements of other tertsoctares involving metric tensors
are then obtained by adding pairwise equal Lorentz indigaed,their value differs from the cor-
responding value of the pure momentum tensor only by a ccatdiial factor and a potential
minus-sign induced by the metric tensors. The relevant amabdrial factors are calculated and
tabulated during the initialisation of @ LIER.

The numbers of invariant coefficien®s) ; and tensor elements"** " are compared in
Table 3. ForN < 4 the number of invariant coefficients is smaller than the Ineinof tensor ele-
ments, and this fact constitutes a basic precondition oPgmsarino—\Veltman reduction method.
For N > 5, on the other hand, there are less tensor elements thdiicisrd$ and the reduction
method forN > 6 presented in (7.7) of Ref. [9] has been actually derive@ims of full tensors.
Its translation to tensor coefficients requires an additicymmetrisation and the resulting coef-
ficients are not unique because of the overdefined numbensétestructures. Therefore for the
calculation of the tensofBN-#1H° the reduction folN > 6 has been implemented ir0CLIER also

directly at the tensor level without resorting to a covaridecomposition.

4. Structure of thelibrary

The structure of the library GLLIER is illustrated schematically in Figure 4. The core of the
library is formed by the building block€ol i andDD. They constitute two independent imple-
mentations of the scalar integralg' and the Lorentz-invariant coefficients! ; employing the
methods described in the previous section. The modalesor s provides routines for the con-
struction of the tensorg"-#1-H° from the coefficientsT; ; as well as for a direct reduction of
6-point integrals at the tensor level. The user interacth thie basic routines dfol i , DD and
t ensor s via the global interface of GLLIER. It provides routines to set or extract numerical

values of the parameters@ol i andDD as well as routines to call the calculation of tensor coeffi-
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Collier
set/get parameters N-point coefficients 3 N-point tensors
in Col i andDD LEAH TN Kok
Col i DD tensors
x scalar integrals * scalar integrals « construction of
* 2-point coefficients x 2-point coefficients N-point tensors from
) _ _ . coefficients
x 3-,4- point reduction x 3-,4- point reduction
PV + expansions PV + expansions + direct reduction for
) _ ) _ 6-point tensors
x Bb-,6-point reduction x Bb-,6-point reduction

A Y A

Cache system

Figure1: Structure of the library GLLIER.
cientsT) ;_ or tensor elemenfs"#1--#*. The user can choose whether @ i - or theDD-branch
shall be used for the calculation of the integrals. It is glessible to calculate each integral with
both branches for the purpose of comparison.

In the evaluation of a one-loop matrix element the same tangegral is called various times:
On the one hand, a single user call of#point integral leads to recursive internal calls of lower
N’-point integrals and foN’ < N — 2 the same integral is reached through more than one path in
the reduction tree. On the other hand, different user callstheir reductions typically involve
identical tensor integrals. In order to avoid multiple cddtions of the same integral the subli-
braries of @LLIER are linked to a global cache system which works as followsarameteNgy;
numerates external integral calls, while for the book-kegmf internal calls a binary identifier
id is propagated during the reduction. A pointer is assigneshath index paifNex;,id). During
the evaluation of the first phase-space points the arguroéitie corresponding function calls are
compared and pairdNex, id) with identical arguments are pointed to the same addresg iceiche.
For later phase-space points the result of the first call afitegral is written to the cache and read
out in subsequent calls pointing to the same address.

5. Conclusions

We have introduced the fortran-based Complex One-Loopalybin Extended Regulariza-
tions COLLIER. It provides the complete set of basic scalar integrals disasgensor integrals of
arbitrary rank for up toN = 6 external particles (an implementation fér> 7 is in progress).



COLLIER Lars Hofer

In order to ensure numerical stability the expansion metHod 3- and 4-point integrals of
Ref. [9] have been implemented to arbitrary order in theasponding expansion parameter. UV
singularities are regularised dimensionally, IR singtits integrals can be regularised dimension-
ally or alternatively by introducing small masses. Complalues are supported for the masses
of internal particles in loop propagators, permitting thius application of ©LLIER to processes
involving unstable particles. As output the user obtaitiseithe coefficient3 | of the covariant
decomposition of the respective tensor integral or the efgsnof the tensof N-H1--He themselves.

A recalculation of identical integrals is avoided by an édfit built-in cache system. The fun-
damental building blocks of the library are provided in twopiementations that allow for an
independent calculation of each integral and for direct exical cross-checks.

CoLLIER has already been successfully applied to a large numbetafiations of QCD and
EW corrections and is integrated in the NLO generatopEKR ooPsand RECOLA. Publication
of the code facilitating its use by other generators andrajh@ups is in preparation.
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