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We construct the Schrödinger Functional (SF) setup for the Möbius domain wall fermions (MD-
WF). The method is an extension of the method proposed by Takeda for the standard domain wall
fermion. In order to fulfill the requirement that the lattice Dirac operator with the SF boundary
obeys the Lüscher’s universality argument: the lattice chiral fermion with the SF boundary con-
dition breaks the chiral symmetry at the temporal boundary, we impose the parity symmetry with
respect to the fifth-direction on the MDWF operator. This additional symmetry restricts the choice
of the parameter of the MDWF so that the optimal parameter from the Zolotarev optimal approx-
imation cannot be applied. We introduce a modified parameter set having the fifth-dimensional
parity symmetry. We investigate the MDWF with the SF boundary by observing eigenvalues of
the Hermitian operator and the Ginsparg-Wilson relation violation at the tree-level. We compare
the computational cost with that of the standard DWF with the SF scheme.
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1. Introduction

The lattice chiral symmetry with the Ginsparg Wilson (GW) relation [1] can be realized by
the domain wall type or overlap type fermions, and the large scale simulations with these actions
has been made to investigate QCD and flavor physics[2]. The renormalization factors for these
actions are desirable and the Schrödinger functional (SF) scheme [3] is one of the method and has
been successfully used to investigate the running coupling constants, running masses, and various
renormalization factors non-perturbatively on the lattice. However the realization of the lattice
chiral symmetry with the SF boundary condition is not trivial because the SF temporal boundary
condition must break the chiral symmetry at the temporal boundary in the continuum theory (the
universality) as pointed by Lüscher [4];

γ5S(x,y)+S(x,y)γ5 =
∫

z0=0
d3zzzS(x,y)γ5P−S(z,y)+

∫
z0=T

d3zzzS(x,y)γ5P+S(z,y), (1.1)

where S(x,y) is the massless Dirac propagator, T is the temporal extent, and P± = (1± γ4)/2.
The lattice chiral fermions with the SF boundary condition should reproduce this relation in the
continuum limit and have been constructed for the overlap fermion [4, 5] and the standard domain
wall fermion (SDWF) [6, 7]. The overlap fermion with the SF scheme has been applied to the
Gross-Neveu model [8]. The SDWF can be generalized by introducing the parameters which have
the dependence on the index of the fifth-dimension to improve the chirality at a finite extent in
the fifth-direction [9, 10]. The SF construction of these generalized domain wall fermions are not
known. In this paper, we apply the SF boundary condition to the Möbius domain wall fermion [10]
(MDWF) aiming for constructing the SF scheme with the lattice chiral symmetry more effectively.

In the next section, we briefly introduce the SF construction for the SDWF and the boundary
operator, which is designed to satisfy Eq. (1.1), introduced by Takeda [7]. Then we apply them to
the MDWF operator to break properly the chiral symmetry at the SF boundary. In this extension we
need the fifth-direction parity for the MDWF. In section 3, we introduce MDWF parameters into
this operator to have the fifth-direction parity symmetry. In section 4, we check the universality of
the MDWF operator with the SF boundary by investigating the spectrum and the chiral symmetry
towards the continuum limit at the tree-level and we summarize this paper in the last section.

2. A construction of the MDWF with the SF boundary condition

The SDWF operator with the SF boundary term [7] ,DSF
DWF, is

DSF
DWF(n,s5;m, t5) = (DDWF +BSF)(n,s5;m, t5)

=



DWF +1 −PL 0 0 0 m f PR + cSFB
−PR DWF +1 −PL 0 cSFB 0

0 −PR DWF +1 −PL + cSFB 0 0
0 0 −PR − cSFB DWF +1 −PL 0
0 −cSFB 0 −PR DWF +1 −PL

m f PL − cSFB 0 0 0 −PR DWF +1


(n;m), (2.1)
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where DDWF is the SDWF operator, DWF is the four dimensional Wilson-Dirac fermion operator
with a negative mass, PR/L = (1±γ5)/2, cSF is the boundary coefficient, and m f is the mass param-
eter. The temporal hopping connecting the sites with the temporal site index n4 = 0 and T are zero
in DWF as usual with the SF boundary condition. The boundary operator BSF is defined by

BSF(n,s5;m, t5) = cSF f (s5)B(n;m)δs5,N5−t5+1, (2.2)

B(n,m) = δnnn,mmmδn4,m4γ5(δn4,1PL +δn4,T−1PR), (2.3)

f (s5) =

{
+1 (1 ≤ s5 ≤ N5/2)

−1 (N5/2+1 ≤ s5 ≤ N5).
(2.4)

In the following we restrict our attention to the case N5 with an even number and use N5 = 6 as an
example for this paper. The structure of BSF is almost uniquely fixed by the discrete symmetries
(C, P, T , Γ5-Hermiticity) and the chiral symmetry breaking property at the boundary [4, 7].

The MDWF operator is a generalization of the DWF operator aiming for better chiral property
and cost-effectiveness [10]. The MDWF includes the SDWF, Borici’s DWF [11] and Chiu’s optimal
DWF [9] as the special cases.

We introduce the following operator as the MDWF operator with the SF boundary term BSF.

DSF
MDWF(n,s5;m, t5) = (DMDWF −D−

DBSF)(n,s5;m, t5)

=



D+
1 D−

1 PL 0 0 0 D−
1 (−m f PR − cSFB)

D−
2 PR D+

2 D−
2 PL 0 −cSFD−

2 B 0
0 D−

3 PR D+
3 D−

3 (PL − cSFB) 0 0
0 0 D−

3 (PR + cSFB) D+
3 D−

3 PL 0
0 cSFD−

2 B 0 D−
2 PR D+

2 D−
2 PL

D−
1 (−m f PL + cSFB) 0 0 0 D−

1 PR D+
1


(n;m),

(2.5)

D−
D = diag(D−

1 ,D
−
2 ,D

−
3 ,D

−
3 ,D

−
2 ,D

−
1 ), (2.6)

D+
i = DWFbi +1, and D−

i = DWFci −1, (i = 1,2, · · · ,N5/2). (2.7)

The tunable parameters bi and ci have the parity symmetry so that the MDWF operator satisfies
the discrete symmetries C,P,T,Γ5. Because of this symmetry we cannot apply the optimal choice
for the parameters, for example, the optimal choice via the Zolotarev approximation introduced
by Chiu [12] does not have this symmetry. This parity symmetry is not the required condition
for the usual temporal boundary condition (periodic/anti-periodic), nevertheless it seems to have
theoretical benefits to analyze the operator and the action [10, 13, 14, 15, 16] . In order to improve
the chiral property of the MDWF operator in accordance with the SF boundary condition, we have
to search an optimal choice for the coefficients bi and ci under the restriction of the parity symmetry.

3. The quasi optimal Zolotarev approximation

In the previous section, we have introduced the fifth-direction parity symmetry to the MDWF.
An optimal choice for the coefficients bi and ci with the parity symmetry has been proposed and
used to construct the single flavor algorithm for the optimal domain wall fermion [13, 14]. In this
section we briefly discuss our choice for the coefficients bi and ci, and describe the property.
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Without the SF boundary operator, the MDWF operator induces the following truncated over-
lap operator [17, 18, 19];

D(N5)
EOVF ≡ ε†P† D−1

MDWF

∣∣
m f =1 DMDWFPε =

1+m f

2
+

1−m f

2
γ5RN5(HW ), (3.1)

P = PLδs5,t5 +PRδs5,t5+1 +PRδN5,1, (3.2)

where ε = (1,0,0,0,0,0)t is the operator projecting out a four dimensional slice and P is the per-
mutation matrix. The matrix function RN5(x) and the kernel operator HW become

RN5(x) =
∏N5

j=1(1+ω jx)−∏N5
j=1(1−ω jx)

∏N5
j=1(1+ω jx)+∏N5

j=1(1−ω jx)
, (3.3)

HW = γ5DWF(αDWF +2)−1, (3.4)

α = b j − c j, ω j = (b j + c j). (3.5)

α is the Möbius parameter. This converges to the sign function with appropriate conditions on
ω j and on the spectrum of HW . The optimal approximation for the sign function has been given
in [9, 12] and the coefficient dose not have the parity symmetry.

Under the parity constraint, Eq. (3.3) becomes

R̃N5(x)≡
∏N5/2

j=1 (1+ω jx)2 −∏N5/2
j=1 (1−ω jx)2

∏N5/2
j=1 (1+ω jx)2 +∏N5/2

j=1 (1−ω jx)2
. (3.6)

Our choice for ω j is simply to employ ω j obtained for the half order (N5/2) Zolotarev optimal
approximation RN5/2(x) 1. This choice for ω j (and b j and c j) violates the mini-max optimal ap-
proximation to the sign function even if RN5/2 is the optimal Zolotarev approximation. However
the approximation error stays at the same order to the optimal one as seen from the following error
analysis. Because R̃N5(x) can be written in terms of RN5/2(x) as

R̃N5(x) = 2RN5/2(x)/
[(

RN5/2(x)
)2

+1
]
, (3.7)

the approximation error is bounded by

|sign(x)− R̃N5(x)| ≤
(∆N5/2)

2

2(1−∆N5/2)+(∆N5/2)2 ≡ ∆̃N5 , with ∆N5/2 ≡ |sign(x)−RN5/2(x)|. (3.8)

Since the empirical error estimate indicates that ∆N5 ∼ (∆N5/2)
2 [12] for the Zolotarev optimal

approximation, we conclude that ∆̃N5 ∼ ∆N5 (see Fig. 1). This choice is not optimal under the parity
constraint, nevertheless we refer this choice of the coefficient as the quasi optimal approximation.

We employ the quasi optimal coefficients for the MDWF with the SF boundary term. In the
following we restrict the kernel operator to the Shamir type kernel in order to compare them with
the SDWF;

b j = (ω j +1)/2, c j = (ω j −1)/2 ( j = 1, · · · ,N5/2), (3.9)

HW = γ5DWF(DWF +2)−1. (3.10)

1This choice may have been already used in [13, 14] for the single flavor simulation.
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ω j is adjusted optimally to enclose the spectrum of HW . Although the ordering of ω j is arbitrary
under the parity symmetry constraint, we employ the ordering of ω1 < ω2 < · · ·< ωN5/2.
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Figure 1: The sign function approximation error
for the optimal Zolotarev approximation (red) and
the quasi optimal approximation (blue). The sol-
id (dot) lines are error in the positive (negative) re-
gion of x. N5 = 12, the approximation range is from
6.7497331×10−3 to 1.
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Figure 2: The lowest ten eigenvalues of the Hermi-
tian operator, N5 = 8 with PDWF (left) and N5 = 32
with SDWF and PDWF (right). Red circles are the
continuum values (CL) taken from [21].

4. The universality check

We construct the Shamir optimal type DWF by applying the quasi optimal Zolotarev approx-
imation coefficients, Eqs. (2.5)-(2.7), and call this the Palindromic-optimal DWF (PDWF). We
employ the standard boundary condition for the gauge field [20] which induces the classical back-
ground field, m f = 0, M0 = 1 (negative mass parameter in DWF), L = T , and cSF = 1 for both the
PDWF and the SDWF. In this section we study the property of the PDWF operator at the tree-
level whether the operator satisfies the Lüscher’s universality argument using the double-precision
arithmetic.

We investigate the lowest ten eigenvalues of the squared Hermitian operator L2D†
qDq, where

Dq is given by the following relation [7, 19],

Dq
−1 ≡ (D(N5)

EOVF)
−1(1−D(N5)

EOVF). (4.1)

Figure 2 shows the eigenvalues for the PDWF and the SDWF. The red circles at 1/L = 0 are
the eigenvalues in the continuum limit [21]. We find that the eigenvalues for the lattice fermion
operator approach to those of the continuum operator appropriately when the lattice extent in the
fifth-direction is large enough (right figure: N5 = 32). When N5 is small (left figure: N5 = 8),
however, the eigenvalues are leaving from the continuum values as decreasing 1/L. The reason is
the following; the lowest eigenvalue of the kernel operator approaches to zero as decreasing 1/L
and this makes the sign function approximation poor with N5 fixed at constant. The continuum
limit is properly realized as expected when the accuracy of the sign function approximation is good
enough and the parameters are properly renormalized on a fixed constant physics. The comparison
between the SDWF and PDWF at N5 = 32 shows that the lattice spacing error for the PDWF is
slightly larger than that of the SDWF.
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In order to see the chiral symmetry violation effect of the boundary term BSF we examine the
GW relation violation in the temporal direction δGW (n4,m4);

δGW (n4,m4) = max
color

∣∣∣γ5D(N5)
EOVF(ppp,n4;m4)+D(N5)

EOVF(ppp,n4;m4)γ5 −2(D(N5)
EOVFγ5D(N5)

EOVF)(ppp,n4;m4)
∣∣∣ , (4.2)

with spatial momenta ppp = 0. Figure 3 shows the time dependence of δGW (n4,m4) with L = T = 30
in common logarithmic scale. We observe that the chiral symmetry in the bulk region is restored
as increasing N5, while the chiral symmetry violation remains only at the SF temporal boundaries.
Although this does not reflect Eq. (1.1) directly, this is desired behavior for the universality argu-
ment. We show that the GW relation violation at the center of the temporal lattice for the SDWF
and the PDWF with L = T = 16 and = 30 in Figure 4. The violation decreases as increasing N5

and is bounded from below and the error bound becomes smaller as decreasing the lattice spacing.
The error bound seems to be the finite lattice spacing error induced by the SF boundary condition.
As seen in Figure 4, the SDWF has a smaller error than that of the PDWF at the same N5 before
reaching the error bound. The PDWF is not cost-effective. This is unexpected and we need further
investigation.
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Figure 3: The time dependence of the GW relation violation of the PDWF operator.
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Figure 4: The GW relation violation as a function of N5.

5. Summary

We have constructed the Möbius domain wall fermion (MDWF) with the SF boundary con-
dition in this paper. In order to introduce the proper boundary condition and the desired property
on the operator we imposed the parity symmetry in the fifth-direction on the MDWF operator with
the SF boundary term. We have introduced the quasi optimal Zolotarev approximation which sat-
isfies the parity symmetry and constructed the Palindromic-optimal domain wall fermion (PDWF)
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operator with the SF boundary term. We investigated the lower eigenvalues and the GW relation
violation of the PDWF operator and compared them to those of the standard DWF operator. The
continuum limit of the spectrum was properly recovered and the desired chiral symmetry prop-
erty were observed at the tree-level analysis. However the quasi optimal approximation does not
improve the chiral symmetry. One reason of this behavior could be the effect of the O(a)-error
coming from the boundary term. This error can be removed by tuning cSF. We have to investigate
cSF and the universality of the beta function at the one-loop level, and these are ongoing.
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