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1. Introduction

Precise determination of the Standard Model (SM) parameters such as the CKM matrix ele-
ments V,,;, Ve is a necessary step in the search for new physics through precision measurements.
In many processes that are sensitive to new physics, charm and bottom quarks are included in the
hadronic initial and/or final state. To estimate the hadronic contribution, lattice QCD plays a crucial
role, but the heavy quark discretization effect can be overwhelming for m,a on currently available
gauge configurations. While the effective field theory approach for heavy quarks on the lattice is
applicable for the calculation of these quantities, a brute-force approach of taking a as small as
possible with conventional quark actions is also powerful as there is no need of additional match-
ing of parameters. This may be combined with the Symanzik improvement of the lattice fermion
action to eliminate leading discretization effects. In this work we investigate some choices of the
lattice fermion action to be used for heavy valence quarks, focusing on their discretization effect
and continuum scaling. In particular, we are interested in an improved action based on the Bril-
louin fermion [M]. In this initial study, we mainly consider the charm quark mass region, and leave
an extension towards heavier masses for future study. The quantities to be studied are the energy-
momentum dispersion relation and hyperfine splitting of the heavy-heavy mesons. For numerical
tests, we have generated quenched gauge configurations that have a roughly matched physical vol-
ume (at about 1.6 fm) and cover a range of lattice spacings between 1/a = 2.0 and 3.8 GeV. Since
these lattices do not contain sea quarks and have a small physical volume, we do not expect precise
agreement with the corresponding experimental data for the charm quark, but rather we are inter-
ested in their scaling towards the continuum limit. Here we update the report [@] by adding a finer
gauge configurations.

2. Formalism and simulation details

We focus on the discretization effects of the Brillouin fermion [[] and propose its improved
version according to the Symanzik improvement program [@]. Here let us briefly describe the
improved action. The improved Dirac-operator is given by
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where the operators Vﬁ" and AP are the isotropic derivative and the Brillouin laplacian operator,
respectively. These operators can be defined as
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Lla B Nens a '[GeV]
16 441 100  2.00(07)
24 466 100  2.81(09)
32 489 100  3.80(12)

Table 1: Parameters, numbers of statistics and the measured values of the lattice spacings of the gauge
configurations used in this study. The lattice volume is fixed to L ~ 1.6 fm.
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with (p1,p2,P3,P4) = 735 (64,16,4,1) and (A9, A1,42,A3,44) = 135 (240,—8,—4,—2,—1). The
summations over [t,v,p,0 = +1,42, 43, +4 are taken in different directions, i.e. U # vV # p #
o. The simplest way of constructing a gauge covariant operator is to sum over all shortest paths
connecting neighboring sites. D™ has no O(a) and O(a?) errors at tree-level and its leading
discretization error is of 0(a3). Cimp 1s a free parameter to be set.

In this study, we also use the stout link smearing with which one expects that the radiative cor-
rections of O(0a) and O(a®) are not substantial. In this work, we examine the scaling property
of some heavy-heavy meson observables, such as the speed-of-light and hyperfine splitting. For
the gauge action we employ the tree-level improved Symanzik action. For the ease of comparison
with the Wilson or the domain-wall operator, we set c¢;,, = 1/8 as a first choice. We are planning
to tune c;,, beyond this tree-level value in order to realize more continuum-like Dirac spectrum.
As listed in Table [, three quenched gauge ensembles with lattice spacing between 1/a = 2.0 and
3.8 GeV have been generated keeping the physical box size roughly fixed to L ~ 1.6 fm. The
lattice spacing is determined using the Wilson-flow scale wy [B]. For the detail of the gauge ensem-
bles, please see a similar scaling study using same set of ensembles [A]. We compare the scaling
properties among the improved Brillouin Dirac operator D7, the naive Wilson Dirac operator and
the domain-wall Dirac operator. The latter two have O(a) and O(a?) leading discretization errors,
respectively. For the implementation of the domain-wall fermions, we take the Mobius domain-
wall fermion discretization with three steps of stout smearing, as used in the recent works of the
JLQCD collaboration [H]. We set the size of the fifth dimension L; = 8 and the domain-wall height
My = —1. The violation of the Ginsparg-Wilson relation, as measured by the residual mass m,,;,
gives mys S 0(0.1) MeV or smaller. The code used in this study is developed as a part of the
Irolro++ package [B].

For the comparison of different types of Dirac operators, we roughly tune the bare quark
mass to give pseudo-scalar meson masses of m,; = 1.0, 1.5, 2.0, 2.5, 3.0 and 3.5 [GeV]. In the
calculation of the quark propagator, we use smeared sources with a function e~ ¢ =1, Our main
data set is obtained for mpg = 3.0 GeV, where the calculation is repeated with 4 source positions
to improve the signal. For other mpg, we use a single source location. We obtain the results at our
target values of mpg by interpolating the fitted values of the pseudo-scalar meson masses.
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3. Speed-of-light for pseudo-scalar meson

An effective speed-of-light cg(p) is defined as

2 oy
e(p) == (?)?ZE (o), 3.1)

which should be unity in the continuum theory. This provides a basic test of the Lorentz sym-
metry violating discretization effects, which becomes more significant for heavy quarks since m,a
increases. We calculate the two-point correlation functions for various momenta as C(t,?) =
Y <M(7,t)M(6>,O)> 6’77, with the meson operator M (¥,¢) = W(x)¥sy for the pseudo-scalar
r)fneson. We obtain the energy from the exponential fall-off of the correlators and extract the speed-
of-light for each value of 7 The speed-of-light calculated for the mass of m,; = 3.0 GeV at the
coarsest lattice (1 /a = 2.0 GeV) is shown in Figure [I. In this figure, the data for the Wilson fermion
(red squares), improved Brillouin fermion (blue triangles) and domain-wall fermion (magenta di-
amonds) are plotted as a function of normalized momentum ’72‘ (L/27)%. As we clearly see,
the data for the improved Brillouin action is consistent with unity within statistical errors, while
the data for the Wilson fermion and the domain-wall fermion deviate from the Lorentz-symmetric
value by about 20-30%. This is understood already at tree-level, and clearly demonstrates the
advantage of the Brillouin-type operator as already reported in [[] for an unimproved version.
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Figure 1: Effective speed-of-light calculated on the coarsest lattice a~! = 1.973 GeV for mps = 3.0GeV.

The three colors represent the three different discretizations of the Dirac operators.

We show the scaling of the speed-of-light against ¢ for the meson mass of mpys = 3.0 GeV
in Figure 0. One can clearly observe that the scaling of the improved action is excellent. We do
not see any significant deviations from unity for the ensembles with 1/a = 2.0 — 3.8 GeV. For all
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momenta which are shown in Figure [ and lattices, the speed-of-light of the improved action is
unity within statistical errors.

To investigate scaling properties, we try to model the discretization effect using the data at
\p|?(L/27)? = 1. One may employ an ansatz c?(a) = 1 4 cja + c2a?, since one expects that the
speed-of-light converges to unity in the continuum limit. For the domain-wall fermions, an ansatz
c*(a) = 1+ cpa® 4 c4a* should be used instead, because the O(a) and O(a?) terms are forbidden by
chiral symmetry. Strictly speaking, there might be O(a) and O(a?®) discretization effects because
of non-zero m,., but given the tiny m,,; such effects are negligible.

For the Wilson fermion, we obtain ¢; = 0.18(9) and ¢; = —26(1) with x2/d.o.f = 0.048. For
improved Brillouin fermion, ¢; = 0.5(4) and ¢; = —5(5) with x?/d.o.f = 0.826. The large error
for ¢; and ¢, implies that the lattice data are consistent with vanishing O(a) and O(a?) effects. If
one assumes an ansatz c%(a) = 1 + cza® + c4a”* for the improved action, we obtain c3 = 166(74)
and ¢4 = —1777(778) with x?/d.o.f = 0.311. Though the error is still large, their size is consistent
with nominal values (1GeV)? and (1GeV)*, as expected. Thus we may conclude that O(oa) and
O(0a?) discretization effects are negligible for the improved action. For the domain-wall fermion,
we found ¢; = —18(2) and ¢4 = —1033(271) with x?/d.o.f = 0.512. The size of these coefficients
is again consistent with 1 GeV and (1GeV)?.

Mps=3.00[GeV],|p|*=1
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Figure 2: The scaling of the speed-of-light against a” at m ps = 3.0 GeV, where the used ansatz is f(a) =1+
c1a+ coa? for the Wilson fermion, f(a) = 1+ ca® 4 c3a for the improved action and f(a) = 1+ cpa® + c4a®
for the domain-wall fermion.

4. Hyperfine splitting

Hyperfine splitting my — mpg is also useful to test the discretization effect for heavy quarks
and has been investigated with various lattice actions. It is well-known (see, e.g. [B, H]), that
the charmonium hyperfine splitting strongly depends on the choice of the Dirac operator, which
means that the hyperfine splitting is very sensitive to the discretization error. We show the scaling
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of the hyperfine splitting in Figure B. The Wilson fermion may contain an O (a) error whilst the
leading order errors of the domain-wall fermions are O (az). For the improved Brillouin operator,
we observe that the scaling is very mild against a®>. Theoretically, the leading discretization effect
is O (a*) as well as O (oa).

Here again, we examine the fitting with an ansatz f(a) = ¢y + cja+ c,a®. Note that the exper-
imental value of the charmonium hyperfine splitting is known, but since the lattice data receive the
systematics effect due to quenching we can not reproduce the experimental value. Thus we take
a common constant ¢ for all three Dirac operators and fit all data simultaneously with the ansatz.
We obtain ¢y = 0.0787(1) and ¢, = —4.1(2) for the domain-wall fermion. For the Wilson fermion,
c1 = —1.2(4) and ¢, = 4.9(3) are observed. For the improved action, we find ¢; = —0.38(5) and
¢y = 2.2(5). The fit is statistically reasonable x?/d.o.f = 0.16. We found smaller coefficients c;
and ¢, for the improved action than the c; of the Wilson fermion and ¢, of the domain-wall fermion.
We also attempted to fit the data of the domain-wall fermion by the ansatz f(a) = co + c2a* +cuat,
but the error for ¢4 was quite large. Thus instead we restricted the ansatz to f(a) = ¢y + c2a” only
for the fit of the domain-wall data.

If one assumes that O(aya) is small for the improved action, an ansatz f(a) = co + c2a® +
c3a’ might be adopted, from which we found ¢; = —9(1) and ¢3 = 72(10) with x?/d.o.f = 0.28.
However, then ¢, is unreasonably large and it suggests that f(a) = co + c2a® + c3a® is not an
appropriate ansatz. Thus, we can not conclude that O(o,a) is negligible for the improved action.
Here it seems natural to conclude that O(oya) is still visible, but its effect is smaller than that of
the other formalisms.
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Figure 3: Scaling for the hyperfine splitting against @, where the used ansatz is f(a) = 1 +cja+ cpa® for
the Wilson fermion and the improved action, f(a) = 1+ ca? for the domain-wall fermion.

5. Summary

We have shown non-perturbative scaling studies of the improved Brillouin fermion action compared
with two other fermion actions. From the scaling of the speed-of-light, we see that scaling of the
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improved action is excellent, always obeying the continuum dispersion relation. From the scaling
of the hyperfine splitting, we also observe good scaling of the improved action. We note that our
improvement is still at tree-level and one-loop level improvement or non-perturbative tuning of the
coefficients is desirable.

The computational cost to solve the heavy quark propagator for the improved Brillouin fermion
is only about 10 times higher than that for the Wilson fermion, though a single application of
the Dirac operator is more than 100 times costly. This is because the condition number for the
Brillouin operator is much lower than that for Wilson. Thus, given its excellent scaling property,
the improved Brillouin fermion is a promising formulation for heavy valence quarks. On the Blue
Gene/Q machine we are using for this work, the Wilson-Dirac operator is highly optimized, and
more work is necessary to optimize the improved Brillouin operator to that level.

We would like to thank Stephan Diirr for detailed discussions and offering codes. Numerical
simulations are performed on the IBM System Blue Gene Solution at High Energy Accelerator
Research Organization (KEK) under a support of its Large Scale Simulation Program (No. 13/14-
04). This work is supported in part by the Grant-in-Aid of the Japanese Ministry of Education
(No. 26247043) and the SPIRE (Strategic Program for Innovative Research) Field5 project. The
research leading to these results has received funding from the European Research Council under
the European Union’s Seventh Framework Programme (FP7/2007-2013) / ERC Grant agreement
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