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1. Introduction

The rapidly progressing laser technology [1] offers unprecedented opportunities for investi-
gations of quantum systems with intense laser beams [2]. A laser intensity of ∼ 2× 1022 W/cm2

has been already achieved [3]. Intensities of the order of IL ∼ 1023...1025 W/cm2 are envisaged in
near future, e.g. at the CLF [4], ELI [5], and HiPER [6] laser facilities. The high intensities are
provided in short pulses on a femtosecond pulse duration level [2, 7], with only a few oscillations
of the electromagnetic (e.m.) field or even sub-cycle pulses. (The tight connection of high intensity
and short pulse duration is further emphasized in [8]. These conditions are relevant for the forma-
tion of positrons from cascade processes in a photon-electron-positron plasma [9, 10] generated
by photon-laser [11], electron-laser [12] or laser-laser interactions [13] (see [14] for surveys). The
evaluation of corresponding transport equations needs as an input the probabilities/cross sections
for the formation of e+e− pairs (e.g., in the non-linear Breit-Wheeler process) and photons (e.g., in
the non-linear Compton scattering).

The solutions, obtained by Reiss, Nikoshov, Ritus, Narozhny and collaborators in a compact
form, are valid for an infinite (both in time and space) e.m. background field [15, 16, 17, 18, 19].
That means the infinite pulse approximation (IPA) is used often in the above studies. However,
the analysis of the non-linear Breit-Wheeler processes in a short plane-wave pulse (we call this the
finite pulse approximation (FPA)) performed recently [20, 21, 22, 23] shows striking differences
between results of IPA and FPA which can reach several orders of magnitude depending on the
pulse shape, duration, and intensity. Obviously, such significant effects must be properly taken
into account in corresponding simulations for the development of seeded cascades [24]. It seems
therefore naturally to perform a similar analysis for the Compton scattering, thus further developing
recent approaches in [25, 26, 8, 27, 28, 29, 30], where FPA effects have been addressed. Most of
these papers were focused on fully differential cross sections with relatively simple one-parameter
envelope functions, e.g. cos2, Gauss, sinh, box or related shapes. It was found that the fully
differential cross section has a complicated structure being a rapidly oscillating function of the
frequency of the outgoing photons ω ′ at fixed scattering angle θ ′, especially in the most interesting
kinematically forbidden region for one-photon emission enabled by the multi-photon dynamics.
The spectral structure of the cross section is rather involved and determined by the properties of the
pulse structure, namely its shape and duration, as well as field intensity and kinematics. Since the
Compton scattering in the multi-photon (cumulative) region has a basic and applied significance as
a source of hard photons it should be interesting and important to answer the following questions
(i) what observables and kinematical conditions are preferable for a manifestation of the non-linear
dynamics, which may be related to the multi-photon effects, (ii) what is role of the pulse structure
(shape and duration), and (iii) under which conditions the predictions of FPA are close to that of
IPA which is important for the design of transport approaches. The aim of our contribution is to
clarify these questions. The presentation is based on our recent paper [31]

2. General formalism

The Compton process is considered here as the spontaneous emission of one photon off an
electron in an external e.m. wave. We employ the four-potential of a circularly polarized laser field
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in the axial gauge Aµ = (0, A⃗(ϕ)) with

A⃗(ϕ) = f (ϕ)
(⃗
a1 cos(ϕ + ϕ̃)+ a⃗2 sin(ϕ + ϕ̃)

)
, (2.1)

where ϕ = k · x is invariant phase with four-wave vector k = (ω ,⃗k), obeying the null field property
k2 = k · k = 0 implying ω = |⃗k|, a⃗(1,2) ≡ a⃗(x,y); |⃗ax|2 = |⃗ay|2 = a2, a⃗x⃗ay = 0; transversality means
k⃗⃗ax,y = 0 in the present gauge. The envelope function f (ϕ) with lim

ϕ→±∞
f (ϕ) = 0 (FPA) accounts for

the finite pulse length. (IPA would mean f (ϕ) = 1). To define the pulse duration one can use the
number N of cycles in a pulse, N =∆/π = 1

2 τω , where the dimensionless quantity ∆ or the duration
of the pulse τ are further useful measures. The carrier envelope phase ϕ̃ is particularly important
if it is varied in a range comparable with the pulse duration ∆. In IPA it is anyhow irrelevant; in
FPA with ϕ̃ ≃ ∆ the cross section of the photon emission would be determined by an involved
interplay of the carrier phase, the pulse duration and pulse shape as well as the intensity of e.m.
field as emphasized, e.g., in [32]) (see also [23, 33]). In present work, we drop the carrier phase,
thus assuming ϕ̃ ≪ ∆, and concentrate on the dependence of the cross sections on the parameters
responsible essentially for multi-photon effects.

Below, we are going to analyze the dependence of observables on the shape of f (ϕ) for two
types of envelopes: the one-parameter hyperbolic secant (hs) shape and the two-parameter sym-
metrized Fermi (sF) shape

fhs(ϕ) =
1

cosh ϕ
∆

, fsF(ϕ) =
cosh ∆

b +1

cosh ∆
b + cosh ϕ

b

. (2.2)

These two shapes cover a variety of relevant envelopes discussed in literature (for details see [20]).
The parameter b in the sF shape describes the ramping time in the neighborhood of ϕ ∼ ∆. Small
ratios b/∆ cause a flat-top shaping. At b/∆ → 0, the sF shape becomes a rectangular pulse [25].
In the following, we choose the ratio b/∆ as the second independent parameter for the sF envelope
function.

The intensity of the e.m. field is described by the dimensionless parameter ξ 2 = e2a2

m2 , where
m is the electron mass (we use natural units with c = h̄ = 1, e2/4π = α ≈ 1/137.036). A second
relevant variable is the total energy in an electron–one-photon interaction s = m2 + 2(E + |p⃗|)ω ,
where E and ω are the electron energy and the laser background-field photon-frequency in the
laboratory system, and we consider head-on collisions.

Using the e.m. potential (2.1) and the Volkov solution for the electron wave function in that
field leads to the following expression for the S matrix element

S =−ie
∞∫

−∞

dl M(l)
(2π)4δ 4(p+ lk− p′− k′)√

2E 2E ′ 2ω ′
, (2.3)

where k, k′ = (ω ′ ,⃗k′), p = (E, p⃗) and p′ = (E ′, p⃗′) refer to the four-momenta of the background
(laser) field (2.1), scattered photon, as well as asymptotic incoming (in-state) and outgoing (out-
state) electrons in the Furry picture. All quantities are considered in the laboratory system. The
transition matrix M(l) consists of four terms (cf. [25]),

M(l) =
3

∑
i=0

M(i)C(i)(l) , (2.4)

3
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where the transition operators have the form M(i) = ūp′ M̂(i) up with

M̂(0) = ε/′ , M̂(1) =
e2a2 (ε ′ · k)k/
2(k · p)(k · p′)

,

M̂(2,3) =
ea/(1,2)k/ε/′

2(k · p′)
+

eε/′k/a/(1,2)
2(k · p)

. (2.5)

Here, up and ūp′ are free Dirac spinors depending on the momenta p and p′; and ε ′ denotes the
polarization four vector of the scattered photon. Utilizing the prescription of Ref. [20] one can
express the coefficients C(i)(l) through

C(0)(l) = Ỹl(z)eilϕ0 , C(1)(l) = Xl(z)eilϕ0 ,

C(2)(l) =
1
2

(
Yl+1(z)ei(l+1)ϕ0 +Yl−1(z)ei(l−1)ϕ0

)
,

C(3)(l) =
1
2i

(
Yl+1(z)ei(l+1)ϕ0 −Yl−1(z)ei(l−1)ϕ0

)
(2.6)

with Ỹl(z) = z
2l (Yl+1(z)+Yl−1(z))−ξ 2 u

ul
Xl(z), where the functions Yl(z) and Xl(z) are defined by

Yl(z) =
1

2π

∞∫
−∞

dψ f (ψ +ϕ0)eilψ−izP(ψ+ϕ0) ,

Xl(z) =
1

2π

∞∫
−∞

dψ f 2(ψ +ϕ0)eilψ−izP(ψ+ϕ0) ,

P(ϕ) = z
∫ ϕ

−∞
dϕ ′ cos(ϕ ′−ϕ0) f (ϕ ′)

− ξ 2 u
u0

∫ ϕ

−∞
dϕ ′ f 2(ϕ ′) . (2.7)

The phase ϕ0 is equal to the azimuthal angle of the direction of flight of the outgoing electron,
ϕ0 = ϕe′ , and is related to the azimuthal angle of the photon momentum as ϕγ ′ = ϕ0 +π . For the

dynamical variables in Eqs. (2.6) and (2.7) we use the standard notation: z= 2lξ
√

u
ul

(
1− u

ul

)
with

u ≡ (k′ · k)/(k · p′), ul = l u0 and u0 = 2k · p/m2.
This representation of functions C(i)(l) allows to define a partial differential cross section

dσ(l)
dω ′ dϕe′

=
2α2

N0 ξ 2 (s−m2) |p− lω|
w(l) (2.8)

with

w(l) = −2Ỹ 2
l (z)+ξ 2(1+

u2

2(1+u)
)

×
(

Y 2
l−1(z)+Y 2

l+1(z)−2Ỹl(z)X∗
l (z)

)
. (2.9)

Equation (2.9) resembles the corresponding expression for the partial probability of photon emis-
sion in the case of IPA [19] with the substitutions l → n = 1,2, · · · and Ỹ 2

l (z), Y 2
l (z), Ỹl(z)X∗

l (z)→

4
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J2
n (z

′), namely

wn = −2J2
n (z

′)+ξ 2(1+
u2

2(1+u)
)

×
(
J2

n−1(z
′)+ J2

n+1(z
′)−2J2

n (z
′)
)
, (2.10)

where Jn(z′) denotes Bessel functions with z′ = 2nξ√
1+ξ 2

√
u
un

(
1− u

un

)
and un =

2n(k·p)
m2(1+ξ 2)

. Similarly

to IPA, the phase ϕ0 can be determined through invariants α1,2 as cosϕ0 = α1/z, sinϕ0 = α2/z with
α1,2 = e(a1,2 · p/k · p−a1,2 · p′/k · p′).

The dimensionless field intensity ξ 2 can be determined through the average value of the man-
ifestly covariant variable η = T µν pµ pν/(p · k)2 [35] (cf. also [16]), where T µν is the e.m. stress-
energy tensor T µν = gαβ FµαFβν + 1

4 gµνFαβ Fαβ and Fµν = ∂µAν − ∂νAµ is e.m. field strength
tensor. In the charge’s rest frame η = T 00/ω2, where the stress-energy tensor T 00 is equal to the
energy density of the e.m. field or to the pulse intensity IL. In IPA the quantity ξ 2 is determined by

ξ 2 =
e2

m2
1

τIPA

τIPA/2∫
−τIPA/2

dt η =
e2

m2ω2
1

2π

π∫
−π

dϕ IL (2.11)

with the above quoted value e2a2

m2 , where the averaging interval is set equal to the duration of one
cycle, τIPA = 2π/ω . The generalization to a finite pulse may be done in a straightforward manner:

ξ 2
FPA =

e2

m2
1

τFPA

∞∫
−∞

dt η =
e2

m2ω2
1

2πN

∞∫
−∞

dϕ IL . (2.12)

Now, the interval τFPA is determined by the number N of oscillations in a pulse as 2πN/ω .
That is, the quantity ξ 2, which is included in the expressions for the basic functions (2.7), cross
section (2.8) and probability (2.9), can be expressed through the averaged value of the intensity of
a finite laser pulse

ξ 2 = ξ 2
FPA

N
N0

, (2.13)

or

ξ 2 =
N
N0

e2

ω2m2 ⟨IL⟩ ≃
N
N0

5.6 ·10−19

ω2[eV 2]
⟨IL⟩

[
W

cm2

]
, (2.14)

where N ⟨IL⟩= (ω/2π)
∫ ∞
−∞ dt IL. Hence, the normalization factor N0 defined as

N0 =
1

2π

∞∫
−∞

dϕ ( f 2(ϕ)+ f ′2(ϕ)) (2.15)

has the meaning to renormalize the photon flux in case of the finite pulse and to determine the cross
section in Eq. (2.8). The factor N0 is described in some detail in Sect. III.A below. In fact, for the
considered envelope functions N0 ≃ N and, therefore, ξ 2 ≃ ξ 2

FPA.

5
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The frequency ω ′ of the emitted photon is related to the auxiliary variable l and the polar angle
θ ′ of the direction of the momentum k⃗′ via

ω ′ =
l ω(E + |p⃗|)

E + |p⃗|cosθ ′+ lω(1− cosθ ′)
(2.16)

and increases with l at fixed θ ′ since ω ′ is a function of l at fixed θ ′. For convenience, we also
present a similar expression for IPA, where the fermions are dressed and the integer quantity n,
together with the field intensity ξ 2, appear:

ω ′ =
nω(E + |p⃗|)

E + |p⃗|cosθ ′+ω(n+ m2ξ 2

2(k·p))(1− cosθ ′)
. (2.17)

The differential cross section of the one-photon production is eventually

dσ
dω ′ =

∫
ζ

dl
2π∫
0

dϕe′
dσ(l)

dω ′dϕe′
δ
(
l − l(ω ′)

)
. (2.18)

The lower integration limit ζ > 0 is defined by kinematics, i.e. by the minimum value of the
considered ω ′, in accordance with Eq. (2.16). In the IPA case, the variable n = 1,2, · · · refers
to the contribution of the individual harmonics (n = 1 with ξ 2 ≪ 1 recovers the Klein-Nishina
cross section, cf. [18]). The value nω is related to the energy of the background field involved
in Compton scattering. Obviously, this value is a multiple of ω . In FPA, the internal quantity l
is a continuous variable, implying a continuous distribution of the differential cross section over
the ω ′−θ ′ plane. The quantity lω can be considered as energy of the laser beam involved in the
Compton process, which is not a multiple ω . Mindful of this fact, without loss of generality, we
denote the processes with l > 1 as a multi-photon generalized Compton scattering, remembering
that l is a continuous quantity.

The multi-photon effects become most clearly evident in the partially energy-integrated cross
section

σ̃(ω ′) =

∞∫
ω ′

dω̄ ′ dσ(ω̄ ′)

dω̄ ′ =

∞∫
l′

dl
dσ(l)

dl
, (2.19)

where dσ(l)/dl = (dσ(ω ′)/dω ′)(dω ′(l)/dl), and the minimum value of l′ is

l′ =
ω ′

ω
E + |p⃗|cosθ ′

E + |p⃗|−ω ′(1− cosθ ′)
. (2.20)

The cross section (2.19) has the meaning of a cumulative distribution. In this case, the subthresh-
old, multi-photon events correspond to frequencies ω ′ of the outgoing photon which exceed the
corresponding threshold value ω ′

1 = ω ′(l = 1) (cf. Eq. (2.16)).

3. Numerical results

3.1 The envelope shapes and the e.m. field structure

Detailed analysis of the one- and two-parameter envelope functions (2.2) have been considered
in [20, 31]. Here, for simplicity, we show only the main features of them. The parameter ∆ char-
acterizes the pulse duration 2∆ with ∆ = πN, where N has a meaning of a "number of oscillations"

6
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in the pulse. Certainly, such a definition is rather conditional and is especially meaningful for the
flat-top envelope with small values of b/∆. In the case of the hs envelope shape, the number of os-
cillations with small amplitudes may exceed N. Nevertheless, for convenience we call N "number
of oscillations in a pulse" for given f (ϕ), relying on its relation with the shape parameter ∆. The
parameter b in the two-parameter sF shape has the meaning of the "thickness" or ramping time of
the pulse shape. It was shown that the properties of the two-parameter sF shape for large values of
b/∆ ≃ 0.3 . . .0.5 are close to that of the one-parameter hs shape. Therefore, as mentioned above,
in order to stress the difference between one- and two-parameter (flat-top) envelopes we focus our
consideration on the choice of b/∆ = 0.15 throughout our presentation.

The envelope shape f (ϕ) and the integrand f 2(ϕ)+ f ′2(ϕ) in Eq. (2.15) as functions of the
invariant phase for hs and sF shapes are shown in Fig. 1 in left and right panels, respectively.
The numbers in the plot indicate the number N of oscillations in a pulse. The thick solid curves
labeled by N are for f (ϕ). The dashed, long-dashed, dot-dashed and dot-dot-dashed curves are for
f 2(ϕ)+ f ′2(ϕ) with N = 0.5, 2, 5 and 10, respectively.

10
-1

10
0

10
1

10
2

φ/π
10

-2

10
-1

10
0

10
1

f(
φ)

,  
 f2 (φ
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f’

2 (φ
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N=0.5 2 5 10
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2 (φ
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b/∆=0.15

Figure 1: (Color online) The envelope functions f (ϕ) and the integrand f 2(ϕ)+ f ′2(ϕ) in Eq. (2.15) as the
functions of invariant phase ϕ = kx. The thick solid curves labeled by N are for f (ϕ). The dashed, long-
dashed, dot-dashed and dot-dot-dashed curves are for f 2(ϕ)+ f ′2(ϕ) with N = 0.5, 2, 5 and 10, respectively.
Left and right panels are for hs and sF envelope shapes, respectively.

For the smooth hs shape the integrand is also a smooth function (cf. Fig. 1, left panel). For the
flat-top sF envelope shape and N ≥ 2 both, f (ϕ) and the integrand f 2(ϕ)+ f ′2(ϕ) (the latter one
being proportional to the intensity in the course of the pulse), are smooth functions of the invariant
phase which more compact as compared with the hs shape with the same value of N. At N = 0.5
and ϕ ∼ ∆ the integrand (see dashed red curve in the right panel) displays some overshoot resulting
locally in the height h = 1/4+(∆

b /4∆)2 ≃ 1.37. Increasing ∆ (or b/∆) leads to a vanishing of this
overshoot.

For the hs envelope, the normalization factor in Eq. (2.15) has the form

Nhs
0 =

∆
π

(
1+

1
3∆2

)
, (3.1)

while for the sF shape one has

NsF
0 =

∆
π

(
F1 (t)+F2 (t)

b
∆

)
, t =

1+ cosh ∆
b

sinh ∆
b

, (3.2)

7
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where

F1(t) =
(t2 +1)(−t4 +10t2 −1)

16t
,

F2(t) =
3t10 −35t8 +90t6 −90t4 +35t2 −3

24(t2 −1)3 . (3.3)

In the limit b
∆ → 0,

NsF
0 =

∆
π
+O

(
exp[−∆

b
]

)
≃ ∆

π
. (3.4)

3.2 The differential cross sections

In IPA [18, 19], the cross section of the multi-photon Compton scattering increases with θ ′

towards 180o. For instance, it peaks at about 170o for the chosen electron energy of 4 MeV (all
quantities are considered in the laboratory frame) and rapidly drops to zero when θ ′ approaches
180o for the harmonics n > 1 yielding thus the blind spot for back-scattering. Therefore, in our
subsequent analysis we choose the near-backward photon production at θ ′ = 170o and an optical
laser with ω = 1.55 eV. Defining one-photon events by n = 1, this kinematics leads via Eq. (2.17)
to ω ′

1 ≡ ω ′(n = 1,ξ 2 ≪ 1, θ ′ = 170o)≃ 0.133 keV which we refer to as a threshold value. Accord-
ingly, ω ′>ω ′

1 is enabled by non-linear effects, which in turn may be related loosely to multi-photon
dynamics with n > 1 in IPA or l > 1 in FPA where, we remind again, the internal variable l can
not be interpreted strictly as number of laser photons involved (cf. [36]). Note that all calcula-
tions for IPA are performed in a standard way [18, 19]. The energy of the outgoing photon in IPA
is calculated using Eq. (2.17), where dressing of electrons in the background field is taken into
account.

Let us consider first an example of short pulses with moderate intensity, ξ 2 = 10−3, similar to
a recent experiment of Compton backscattering [37]. Results for the hs and sF shapes are exhibited
in Fig. 2. The red curve (marked by boxes) and the blue curve (marked by diamonds) correspond to
pulses with N = 2 and 5, respectively. The black stars depict the IPA results, i.e., the harmonics at
fixed scattering angle θ ′. Their positions correspond to integer values of n = 1, 2, · · · in accordance
with Eq. (2.17). i.e. the distribution of scattered photon energies is a discrete function of ω ′. We
stress that the cross section at ω ′ > ω ′

1 is essentially "sub-threshold", i.e. outside the kinematically
allowed region of the Klein-Nishina process due to multi-photon effects.

In the FPA case, the energy distribution becomes a continues function of ω ′. The actual
shape is determined by both the pulse duration and the envelope form. Consider first the case
of the hs pulse (cf. Fig. 2, left panel). The cross section displays sharp bumps with peak positions
corresponding to integer values of l = n (as in IPA). In the vicinity of the bumps, at l = n±ε , ε ≪ 1,
the cross section is rapidly decreasing. Such a behavior reflects the properties of the functions
Yl(z) [20] which behave under such conditions as

Yn+ε(z) ≃ zn

2nn!
e−iεϕ0F(n+1)(ε) , (3.5)

where F(n)(ε) is the Fourier transform of the function f n(ϕ). At ξ 2 ≪ 1, the contribution of terms
∝ Xl is negligible. The behavior of the cross section in the vicinity of the first bump is proportional

8
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Figure 2: (Color online) Differential cross section dσ/dω ′ |θ ′=170o of Compton scattering for ξ 2 = 10−3.
The red curves (marked by boxes) and blue curves (marked by diamonds) are for N = 2 and 5, respectively.
The black stars depict the IPA results for lowest harmonics. Left and red panels correspond to hyperbolic
secant (hs) and symmetrized Fermi (sF) shapes of the envelopes, respectively.

to F2
hs(ε) with

Fhs(x) =
∆

2cosh 1
2 π∆|x|

, (3.6)

or Fhs(x)≃ ∆exp[−π∆x/2]. Thus, the cross section becomes steeper with increasing pulse duration
∆. This result qualitatively agrees with that of Ref. [30].

In the case of the sF shape, the dependence FsF(ε) is more complicated:

FsF(x) =
1+ exp

[
−∆

b

]
1− exp

[
−∆

b

] b sin∆x
sinhπbx

. (3.7)

Together with the overall decrease of the cross section proportional to exp[−2πbl(ω ′)] it also
indicates fast oscillations with a frequency ∝ ∆. Such oscillations show up in the cross section
as some secondary bumpy structures. These properties are manifest in Fig. 2 (right panel): the
overall decrease of the cross section decreases with decreasing pulse duration, and the number of
the secondary bumps in the region of ω ′, corresponding to the nearest integer values of l, increases
with pulse duration.

In Fig. 3 we present the differential cross sections for different field intensities ξ 2 = 0.01, 0.1
and 1, depicted by red (marked by boxes), blue (marked by diamonds), and green (marked by
circles) curves, respectively. The duration of the pulse corresponds to N = 2. The bump positions
for FPA in Fig. 3 are shifted relative to the discrete positions of contributions from the individual
harmonics in IPA, shown by corresponding symbols. These shifts are a consequence of the electron
dressing in IPA which depends on ξ 2.

Finally, we can conclude that predictions for fully differential cross sections for IPA and FPA
are quite different. In IPA, the cross section represents the discrete spectrum where the frequencies
of the outgoing photons ω ′ are fixed according to Eq. (2.17). The fully differential cross sections
are continuous functions of ω ′. Some similarities of IPA and FPA can be seen in the case of small
field intensities ξ 2 ≪ 1 and the smooth one-parameter envelope shape with N = 2 . . .10. Here, the
differential cross sections have a bump structure, where the position of bumps and bump heights
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Figure 3: (Color online) Differential cross section dσ/dω ′ |θ ′=170o of Compton scattering for ξ 2 = 0.01, 0.1
and 1, shown by red (marked by boxes), blue (marked by diamonds), and green (marked by circles)curves,
respectively, for N = 2. The symbols "x", stars and pluses depict the IPA results for the lowest harmonics
for ξ 2 = 0.01, 0.1, and 1, respectively. Left and right panels correspond to hyperbolic secant (hs) and
symmetrized Fermi (sF) shapes of the envelopes.

are close to that predicted by IPA. The situation changes drastically for more complicated (and
probably more realistic) flat-top envelope shapes. In this case one can see a lot of additional bumps
which reflect the more complicated spectral properties of the flat-top shape; it is difficult to find
a relation not only between IPA and FPA, but also within FPA for different pulse durations. Ex-
perimentally studying multi-photon effects using rapidly oscillating fully differential cross sections
seems to be rather complicated. An analysis of integral observables helps to overcome this prob-
lem. In particular, the partly integrated cross sections have a distinct advantage: they are smooth
functions of ω ′ and allow to study directly the multi-photon dynamics.

3.3 Partly integrated (cumulative) cross sections

Non-linear effects become most transparent in the partially energy-integrated cross section
defined in Eq. (2.19). In this case, the sub-threshold multi-photon events are filtered when the lower
limit of integration ω ′ exceeds the threshold value ω ′

1 = ω ′(n = 1,ξ 2) (with ξ 2 ≪ 1 for the pure
Klein-Nishina process). Thus, events with ω ′(l)≫ ω ′

1 and l ≫ 1 correspond essentially to multi-
photon process, where the energy lω ≫ ω is absorbed from the pulse. Experimentally, this can be
realized by an absorptive medium which is transparent for frequencies above a certain threshold ω ′.
Otherwise, such a partially integrated spectrum can be synthesized from a completely measured
spectrum. Admittedly, the considered range of energies with a spectral distribution uncovering
many decades is experimentally challenging.

The partially integrated cross sections of Eq. (2.19) are presented in Fig. 4. The thin solid
black curve (marked by dots) depicts IPA results given by

σ̃ IPA(ω ′) =

∞∫
l′(ω ′)

dl
∞

∑
n=1

dσ IPA
n

dω ′
n

dω ′
n

dn
θ(n− l) , (3.8)

where ω ′(n) is defined by Eq. (2.17). That is, the partially integrated cross section becomes a step-
like function, where each new step corresponds to the contribution of a new (higher) harmonic n,

10
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Figure 4: (Color online) The integrated cross section (2.19) for ξ 2 = 10−3. The thin solid curve marked by
dots depicts the IPA result. The red (with pluses), blue (with boxes) and green (with crosses) curves corre-
spond to N = 2, 5 and 10, respectively. Left and right panels are for hyperbolic secant (hs) and symmetrized
Fermi (sF) envelopes.

which can be interpreted as n-laser photon process. Results for the finite pulse exhibited by red
(marked by pluses), blue (marked by boxes) and green (marked by crosses) curves correspond to
N = 2, 5 and 10, respectively. In the above-threshold region with ω ′ ≤ ω ′

1, the cross sections do not
depend on the widths and shapes of the envelopes, and the results of IPA and FPA coincide. The
situation changes drastically in the deep sub-threshold region, where ω ′ > ω ′

1 (l ≫ 1), n ≫ 1. For
the short pulses with N ≃ 2, the FPA results exceed that of IPA considerably, and the excess may
reach several orders of magnitude, especially for the flat-top envelope shown by the red curve in
Fig. 4 (right panel). However, when the number of oscillation in a pulse increases (N & 10) there
is a qualitative convergence of FPA and IPA results, independently of the pulse shape. Thus, at
N = 10 and ω ′ = 0.6 keV the difference between predictions for hs and sF shapes is a factor of
two, as compared with the difference of the few orders of magnitude at N = 2 for the same value
of ω ′.

To highlight the difference of the hs and sF (flat-top) shapes for short pulse we exhibit in Fig. 5
(left panel) results for N = 2. At l & 5, corresponding to ω ′ & 0.7 keV, the difference between them
is more than two orders of magnitude.

Consider now the case of sub-cycle pulses with N < 1. Our result for N = 0.5 is exhibited in
Fig. 5 (right panel). One can see a large enhancement of the cross section with respect to the IPA
case for the sub-cycle pulse in the sub-threshold region. The enhancement for the sF shape is much
greater pointing to a sensible dependence on the actual pulse shape. For a qualitative estimate of
such a behavior we can drop the ϕe′ dependence by taking ϕe′ = 0. This choice is quite reasonable
for the flat-top sF envelope shape and may serve as an upper limit for the cross sections in the
case of the smooth hs envelope shape (cf. Sect. III.D). Under the considered conditions the basic
function Yl in Eq. (3.5) can be approximated as

Yl ≃
1

2π

∫
dqF(q)

∫
dϕei(l−q)ϕ−iP(ϕ)

≃ 1
2π

∫
dqF(q)

∫
dϕei(l−q−lβξ )ϕ−iδ

= e−iδ F(l̃) , (3.9)
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Figure 5: (Color online) The partially integrated cross section (2.19) for ξ 2 = 10−3. Left panel: N = 2,
for the hyperbolic secant (hs, dashed blue curve) and symmetrized Fermi (sF, solid red curve) shapes. Right
panel: The same as in left panel, but for a sub-cycle pulse with N = 0.5. The crosses and pluses correspond
to the asymptotic solutions for hs and sF shapes, respectively, described in the text.

where F(l) is the Fourier transform of the envelope function, l̃ = l(1−βξ ) with β = 2
√

u
ul
(1− u

ul
)<

1 and δ = z
∫ 0
−∞ dϕ cosϕ f (ϕ). As a result, the cross section is almost completely defined by the

square of the Fourier transforms (cf. Eqs. (3.6) and (3.7)), i.e. σ̃(ω ′) ≃ g(l(ω ′))F2(l̃(ω ′)− 1),
where g(ω ′) is a smooth function of l = l(ω ′). The Fourier transform for the sF shape decreases
slower with increasing l. Such a dependence is evident in Fig. 5 (right panel). For an illustra-
tion, the crosses depict the result of a calculation where the basic functions Yl and Xl in the partial
probability ω ′(l) in Eq. (2.9) are replaced by their asymptotic values F(1)(l̃ −1) and F(2)(l̃ −1).

The dependence of the partially integrated cross section as a function of ξ 2 at fixed ratio
r ≡ ω ′/ω ′

1 = 3 for short pulses with N = 0.5 and 2 is exhibited in Fig. 6 in left and right panels,
respectively. Note that the minimum value of l′(ω ′) is related to r as
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Figure 6: (Color online) The partially integrated cross section as a function of ξ 2 at ω ′/ω1 = 3 for short
pulses with N = 0.5 (left) and 2 (right). The solid curve and symbols correspond to IPA and FPA (hs and sF
envelope functions), respectively.

l′(ω ′) = r
E + |p⃗|cosθ ′

E + |p⃗|cosθ ′+ω(1− r)(1− cosθ ′)
, (3.10)
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meaning l′ < r. Similarly, for nmin one has nmin = x, for I(x)=x and nmin = x+1 for I(x)< x with

x =
E + |p⃗|cosθ ′+ ωm2ξ 2

2(k·p) (1− cosθ ′)

E + |p⃗|cosθ ′+ω(1− r+ m2ξ 2

2(k·p))(1− cosθ ′)
. (3.11)

The solid curves and symbols correspond to IPA and FPA, respectively, with different pulse shapes.
One can see that the main difference of IPA and FPA, as well as the pulse shape dependence,
appears at small field intensities ξ 2 ≪ 1, where the dependence of the cross section on the pulse
shape and duration is essential. To summarize this part we note that, in case of short pulses and
small field intensities, the partly integrated cross section is determined by the interplay of pulse
shape and multi-photon dynamics. For both considered shapes, the cross sections are described by
the simple asymptotic expressions (cf. Ref. [31]) which can be used in practical research.

At large values ξ 2 ≫ 1, our analysis shows that the dependence on the envelope shape dis-
appears because, similar to the Breit-Wheeler process [20], only the central part of the envelope
becomes important. Formally, under a change of the variable l → leff = l+m2ξ 2u/2(k · p), the ba-
sic functions Yl(z) with l ≫ 1, z ≫ 1 become similar to the asymptotic form of the Bessel functions
Jl(z) and, as a consequence, one can get the total production probability (or the total cross section)
in the IPA form [18].

3.4 Anisotropy

Let us discuss now the ϕe′ (azimuthal angle) dependence of the outgoing electron for sub-cycle
pulse. The corresponding cross sections are defined by Eqs. (2.8) and (2.18) with fixed azimuthal
angle ϕe′ . The anisotropy is manifest most clearly in case of the sub-cycle pulse with finite field
intensity, and it is very sensitive to the pulse shape. Thus, for sub-cycle and a smooth one-parameter
envelope shape (e.g., for the hs pulse shape) and finite field intensity, the direction of flight of the
outgoing electron (photon) is correlated with the coordinate frame of the e.m. field. The production
probability would have a maximum if the azimuthal angle of the outgoing electron ϕe′ = ϕ0 is equal
to zero, or the azimuthal direction of the electron momentum coincides with a⃗x. The explanation
of this effect is as follows. The most important dependence of the basic functions Yl(z) in (2.7),
which determine the production probability w(l) in (2.9), on azimuthal angle ϕe′ is

Yl(z) ∝
∞∫

−∞

dϕ f (ϕ)e
ilϕ−iz

ϕ∫
−∞

dϕ ′ f (ϕ ′)cos(ϕ ′−ϕe′ )
, (3.12)

and similarly for Xl(z) with the substitution f → f 2 in the integrand. The argument in the highly
oscillating exponent is

R(ϕ) = i

lϕ − zcosϕe′

ϕ∫
−∞

dϕ ′ f (ϕ ′)cosϕ ′

− zsinϕe′

ϕ∫
−∞

dϕ ′ f (ϕ ′)sinϕ ′

 . (3.13)
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The contributions of Y 2
l and X2

l to the probability would take a maximum when R is minimal. At
finite values of l and z, the dominant contribution comes from small ϕ ′ ∼ 1/l. Moreover, utilizing
the one-parameter sub-cycle fast-decreasing envelope shape leads to the inequality

ϕ∫
−∞

dϕ ′ f (ϕ ′)cosϕ ′ ≫
ϕ∫

−∞

dϕ ′ f (ϕ ′)sinϕ ′ , (3.14)

and therefore the second integral in (3.13) can be neglected. Then obviously, R would have a
minimum at maximum value of cosϕe′ , i.e. at ϕe′ = 0. This argument does not apply to the sF
envelope, where the first and the second integrals in (3.13) are of the same order of magnitude,
and the dependence R on ϕe′ becomes very weak. These properties of the partially integrated cross
sections are illustrated in Fig. 7, left panel, where results for the hs and sF envelope shapes are
shown by the dashed blue and solid red curves, respectively.
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Figure 7: (Color online) Left panel: Integrated cross sections as a function of azimuthal angle of the outgo-
ing electron for N = 0.5, ξ 2 = 0.1 and ω ′/ω ′

1 = 3. The dashed blue and solid red curves correspond to the
hyperbolic secant (hs) symmetrized Fermi (sF), respectively. Right panel: The same as in the left panel, but
for the electron anisotropy defined in Eq. (3.15).

To quantify the anisotropy we define

A (ϕe′) =
σ̃(ω ′,ϕe′)− σ̃(ω ′,π +ϕe′)

σ̃(ω ′,ϕe′)+ σ̃(ω ′,π +ϕe′)
. (3.15)

In Fig. 7 (right panel), the anisotropy is shown as a function of the azimuthal angle ϕe′ in the multi-
photon region for ω ′/ω ′

1 = 3 and for ξ 2 = 0.1. One can see a distinct anisotropy for the hs shape
and a negligible one for the sF flat-top shape. Our result for the hs shape qualitatively coincides
with the result of a recent paper [38], where an analog analysis is done for the one-parameter enve-
lope shape f (ϕ) = cos2(ϕ/2N)θ(2N −|ϕ |) which is qualitatively similar to the hyperbolic secant
in Eq. (2.2) for N ≥ 1. The situation changes for the sF envelope, where the anisotropy is very
small for the sub-cycle pulse with N ≃ 0.5, as shown in Fig. 7, right panel. Therefore, one can
conclude that the anisotropy strongly depends on the envelope shape.
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4. Summary

In summary we have considered the generalized nonlinear (multi-photon) effects in Compton
scattering of short and ultra-short (sub-cycle) laser pulses for different pulse shapes. Such pulses
might be produced in future facilities. In particular, we have shown that the fully differential cross
sections as a function of the frequency of the outgoing photon at fixed production angle are rapidly
oscillating functions for short pulses with the duration determined by the number of oscillations
N = 2 · · ·10, especially for the flat-top envelope shapes. An experimental study of multi-photon
effects in case of rapidly oscillating cross sections seems to be rather challenging. To overcome the
problem of such a staggering we suggest to utilize the partly integrated cross section which seems
to be a powerful tool for studying the non-linear (multi-photon) dynamics in the sub-threshold
region. We find that these cross sections at selected pulse properties (field intensity, pulse duration)
are very sensitive to the pulse shape. In the case of small e.m. field intensities, the cross sections
may be enhanced by several orders of magnitude as compared to an infinitely long pulse. Such
an enhancement is more important for flat-top envelope shapes which generate intensive high-
frequency harmonics and play a role of a power amplifier. In the above-threshold region, the partly
integrated cross sections manifest some "universality", i.e. the independence of the pulse shape
structure, where results for FPA and IPA are close to each other. Note that such a "universality"
does not appear in fully differential cross sections, where one can find rapidly oscillating cross
sections as a function of ω ′, especially for the flat-top envelope shape (cf. Figs. 2 and 3). A smooth
one-parameter envelope shape leads to a non-trivial anisotropy of the outgoing electrons (photons)
for very short pulses. At high field intensity, the central part of envelopes becomes dominant and the
integrated cross sections coincide with the results for infinitely long pulses. It provides a rationale
for the use of simple analytical expressions of IPA for Monte Carlo transport approaches.
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