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1. Introduction

The bridging over high energy models and measured neutrino parameters at low energies will
be more reasonable if the renormalization effects of neutrino parameters are properly considered.
As the energy scale changes, one expects the formulation of theory to evolve according to the
renormalization group equations (RGE). Intensive effort has thus been devoted to the study of
RGE effect of neutrino parameters (see, e.g., [0, I, B, B, B, B]). The formulation is in general
rather complicated under the framework of standard parametrization. While it may appear that the
choice of parametrization is not important since the resultant physical quantities are independent of
the parametrization and must be expressed as rephasing invariant combinations of the parameters.
However, for instance, when one considers the relations between parameters such as in the RGE
for neutrino mixing which depends on the energy scale, a particular choice of parametrization may
be advantageous over others.

Whether neutrinos are Dirac or Majorana particles has been one of the most important open
questions of neutrino physics. Both scenarios are well motivated from the theoretical perspectives
(see, e.g., [@, B]). Although many favor the well known see-saw mechanism as a support for Ma-
jorana neutrinos, there exists other models that provide theoretical grounds for the possibility of
Dirac neutrinos (see, e.g., Ref.[H] and the references therein). In addition to further experimental
evidences, investigating the theoretical implication for both scenarios may also provide indispens-
able hints at a more fundamental level.

It is the purpose of this work to study the RGE evolution of Dirac neutrinos using a new
set of rephasing invariant parameters. It is found that the evolution equations for many of the
parameters take similar matrix forms, which may facilitate both analytical and numerical studies
of the RGE evolution, and may provide an alternative view to the underlying physics. We discuss
some intriguing properties of the parameters and derive RGE invariants which are combinations
of neutrino masses and mixing. For illustration purpose, we also show examples of numerical
solutions.

2. A rephasing invariant parametrization

The rephasing invariant combinations of elements V;; for the neutrino mixing matrix V can be
constructed by the product [8, [, [, [, 3]

Lijk =V1iV2jVar = Rijk — i, 2.1

where the common imaginary part is identified with the Jarlskog invariant [I4], and the real parts
are defined as

(R123,R231,R312; R132, R213, R321) = (X1,X2,%33¥1,¥2,)3)- (2.2)

The (x;,y;) variables are constrained by two conditions:
detV = (x1 +x24x3) = (y1 +y2+y3) = 1, (2.3)

(x1x2 +x2x3 +x3x1) — (y1y2 +y2y3 +y3y1) =0, 2.4)
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and they are related to the Jarlskog invariant,
J? = X120X3 — y1y2)3. (2.5)

In addition, the (x;, y.,-) variables are bounded by £1: —1 > (x;,y j) > +1, with x; > y; for any pair

of (i, j)-
It is convenient to write |V; j|2 in a matrix form with elements x; —y;:

X1—Y1 X2 —Y2 X3—Y3
W=[Vail’l = | x3—y2 x1—y3 22— (2.6)
X2 —y3 X3—Yy1 X1 — )2

The matrix of the cofactors of W, denoted as w with wI W = (detW)I, is given by

X1 +y1 x2+y2 x3+y3
w=[Vail*l = | x34y2 x1 +y3 22+ 2.7
X2 +y3 X3+y1 X1+

The elements of w are also bounded, —1 > wy; > +1.
One may further obtain useful expressions of the rephasing invariant combination formed by
products of four mixing elements,

B _ * Y7k
" =VaiVgVaiViis (2.8)
which can be reduced to

7 = Vel Vg = X €apyiieVaaVp Vi
Yk

Yk
where the second term in either expression is one of the I"’s (I'*’s) defined in Eq. ().

3. RGE for the neutrino parameters

The RGE for the Hermitian matrix M = Y, Y,, where Y, is the neutrino Yukawa coupling
matrix, is given by

am
16::2W —oaM+P'M+MP (3.1

at the one-loop level. Here « is real and model-independent, P = CﬁYlTYl +Cy YJ Yy, with model-
dependent coefficients C!, and C}. The Yukawa coupling matrices for neutrinos and charged leptons
are denoted as Y, and Y}, respectively. One may choose the flavor basis where the charged-lepton
Yukawa coupling matrix Y; is diagonal, and the matrix M can be diagonalized by the matrix V:

M =V [diag(hi, 15, 15)]V", (32)

where h? are the eigenvalues of M.
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[Ai] [A7]

2x1y1 X1x2 +y2y3 X1x3 +y2)3 2x1y1 Xx3+y1y2 X2X3 + Y13

[Al] = | xi+yiy2 20y3 x4y |- A= | vty sy 200
X1X2 +Yy1y3 X1x3 +y1yz - 2x1y2 Xix2+y1ys  2x3y1 xpx2+yiyne
xix2+y1y3 2xy: xx3+yiy3 X1x3+Fy1y2  2xy2  X1x3+y2y3
[A2] = | xox3+y2y3 Xix2+y2y3  2x0)1 . [Ay)= 2x3y2  xix2+y2y3 Xix2 +y1y2

2xy3  Xx3+y1y2 Xix2+y1y2 X2X3 +y2y3 X2x3 +y1y2  2x1y2

X1X3+y1y2 X2x3+y1y2  2x3y3 X1x2 +y1y3 xix2+y2y3  2x3y3
[A3] = 20y:  xixs vz o Hyys o0 (A5l = | s dyays 20ys xoxs+yiys
xx3+y2y3  2xay1 xix3+y2y3 2x2y3  X1x3+Y1y3 X1X3 +Y2)3

Table 1: The explicit expressions of the matrices [A;] and [A]].

The evolution of the mixing matrix V satisfies the relation,

dV/dt =VT, (3.3)

here the matrix 7 is anti-Hermitian. One may define 2 = 16%2% with t = In(u /My ) and compare

the diagonal elements of 2(V [diag(h?,h3,h3)]VT) with that of ZM to obtain
h; =+ 20, (Vil* £ + Va5 + Vi) £5), (34

where f7 are the eigenvalues of the matrix Y;Yl, and the C} terms have been ignored. From the
off-diagonal elements, we obtain the expression of T;;:

T;; = —H;;Pl;/ (167%), (3.5)
with P/ = VTPV and
h + i3
H;j= i (3.6)

To derive the RGE for neutrino mixing parameters, we may use Eq. (B33), Eq. (B3), and
Eq. (B48) to obtain

DTijk = — (Y VuHiiPy)Va,Vai + Vii( Y VarHi P ) Vs + ViV (Y VatHi Pl (3.7
IZi I7) 17k

The real part of 21 gives rise to Zx; and Zy; in the following matrix forms:
Ixi = =2C,[Af35, AF3, AfB) Al [Has, Hat Ho) (3.8)

Dyi = —2C [0 AL AFB)IA] [Hys, Hyy H) (3.9)
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here A 5. =f?- 1-2, and the matrices [A;] and [A!] are given by Table I. In addition, the imaginary
part leads to
PI? = =2y [Af35, Af3 AfE) Wl [Has, Har, Hia) (3.10)

The evolution equations for W;; = |V;; |? can be derived directly from Zx; and Zy;:
DW= —2Cy[Af35, Af31, AL [Sij| [Has, Har, Hia] T (3.11)

where the matrices [S;;] are obtained by using suitable combinations of [A;] and [A]]. For instance,
[S23] = [A2] — [A}], etc. In addition, we denote the real part of 7y as Ay,

1P = fty = Ay +iJ. (3.12)

Since Re(nﬁﬁ )

;) takes the following forms,

Re(zP) = [Vai PV, 12 —xa = IVail*[Vij > + v (3.13)

the average of the two different forms is thus equal to Ay,
1
A= 5 (IVail Vi, 1* + [Va P Vail” = Vi), (3.14)

where (o, 3,7) and (i, j, k) are cyclic permutations. Furthermore, we may write down the elements
of the matrix [w] as
Wit = [Vaal*[V1* = Ve Vil (3.15)

The evolution equation for the elements of [w] can then be shown to take the form:
Dwij = =2C, [Af33, Af31, 01 Gij[Hos, Har Hia ] (3.16)
where the matrices [Gj;] are obtained by using suitable combinations of [A;] and [A{]. For instance,

[Ga1] = [A3] = [A3)], etc.

4. The RGE invariants

The study of RGE invariants has drawn certain attention in recent literature (see, e.g., [[3,
@, I]). The invariants are formed by combinations of physical observables which remain the
same under the RGE running of energy scale. To search for neutrino RGE invariants using our
parametrization, we first define the neutrino mass ratio r;; = m;/mj, where h; = V2m; /v in the SM
and h; = v/2m;/(vcos B) in the MSSM, with v ~ 246 GeV and tan 3 is given by the ratio of the two
Higgs VEVs in MSSM. By calculating Z(sinh*Inr;;) and 2[In(sinh?Inr;;)], we obtain

Y;;2[In(sinh? Inr;;)] = 2CL [Afoz, Afa1, Afia] W][Has, H1, Hya) " 4.1
Combining this result with the expression of 2J2, we find that
P[In(J? - sinh®Inry; - sinh? Inrp3 - sinh® Inr3; )] = 0, (4.2)

i.e., J2(IT;;sinh*In7;;) is a RGE invariant.
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Furthermore, one notes that any quantity that is identical to J* also gives rise to an invariant

when multiplied by II; sinh?1n rij in Eq. (B2). With the expression of Ay in Eq. (BI4), it is
2

straightforward to write down nine different forms of J? = n%k — Ayk,

which correspond to nine
different combinations of (y,k),

PR SRS
= [Vail* [V IVaj | Vpil* — A (4.3)

This leads to nine RGE invariants which consist of |V;;|? and the mass ratios In r?j:
[[Veil? Vg, 12| Ve ]2|Vﬁl~\2 — Ajz,k] (sinhInr3,)(sinhInr3,)(sinhInriy) = constant 4.4)

One may also find approximate invariants under certain limiting cases. If f2 > fﬁ, f2, the
evolution equations for Z[In(J?)] and 2|V;;|? lead directly to

I /\Var 2| Vaa |*|Vas |* ~ constant. (4.5)

Furthermore, if the neutrino masses satisfy the hierarchical condition: H;; > H i, Hy;, then (d1nJ 2/dt)+
(dIn(sinh?Inr;;) /dt) ~ 0 and the approximate invariant follows:

J?(sinh?Inr;;) = constant. (4.6)

5. Numerical examples

For the numerical calculation of this work, we adopt the required quark RGE in the (x,y)
parametrization from Ref.[[[¥]. Note that to assess the general nature of the RGE, it is appropriate
to start from a point with fast evolution, so that most changes may be accomplished in its neighbor-
hood, with minor corrections afterwards. It is pointed out that the low energy physics values are
close to a fixed point of the RGE, and it is crucial to study how they are approached from the high
energy values.

For the purpose of illustration, we adopt the following initial input parameters at high en-
ergy. (i) The quark masses at t = 30 are taken to be near degenerate with m, ~ 173 GeV. (ii) The
mixing parameters for quarks are assumed to be [x;,x2;y1,y2] = [(1/6) 4+ €,(1/6) —&;(—1/6) +
€,(—1/6) + €], with € = 0.01. (iii) The neutrino masses at r = 30 are also taken to be near
degenerate, m} ~ m, ~ m} ~ 0.05 eV. (iv) As for the neutrino mixing parameters, it is found
that (x;,y;) for neutrinos only evolve slightly from their respective initial values. We thus adopt
[x1,202;31,y2] = [(1/3) —€,(1/6) —&;(—1/3) +€,(—1/6) + €] as the input at # = 30 so as to yield
reasonable mixing parameters at low energy.

We show in Figure 1 a numerical example that illustrates the evolution of |Vy;|?(¢) for both
V1ii[2(£)(30). Tt is seen that

the quark mixing can evolve quite significantly from high to low t. However, since the neutrino
‘2

quarks and neutrinos in the unit of the respective initial value at t = 30,

mixing parameters (x; and y;) only evolve slightly, their elements |V;;|* do not evolve much. This

general behavior is in agreement with the expectation of recent study (see, e.g., Ref[[d]). Despite
the tiny evolution of neutrino mixing, the SM and MSSM models suggest opposite trends of evo-
‘2

lution for |V;;|? due to opposite signs of C, in the models. It is seen that |V;;|*> decreases under one

model while increases under the other.
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Figure 1: The evolution of [Vy;|?(¢)/|V1;)*(t = 30) for neutrinos (left column) and |V1,~\§(t)/|V1,~\§(t =30)
for quarks (right column) under SM (solid) and MSSM (dashed).

6. conclusion

We have been able to derive and analyze the RGE for Dirac neutrinos using a newly intro-
duced set of parameters. Specifically, we show the analytical expressions for .@hiz (or @m,-z), Dxi,
Dyi, DI?, D|Vi;|* (or DW;j), and Pw;; in a matrix form. The matrix equations are shown to be
highly symmetric among various parameters, and certain properties become transparent under this
parametrization framework. The results facilitate both the theoretical and numerical study of the
RGE effects for the neutrinos.

Measurable physical quantities are independent of the framework of parametrization, and one
should be able to formulate these observales in an invariant form. Based on the RGE of the pa-
rameters, we derive several RGE invariants which are combinations of the mass ratios, r;;, and
the mixing elements of neutrinos, |V; jlz. In particular, such invariants are shown in Eq. (E2) and
Eq. (BE4). Approximate invariants are also presented. We also provide a numerical example that
illustrate the RGE effects of the mixing elements for quarks and neutrinos. It should be pointed out
that certain RGE equations may be sensitive to the input parameters and that fine-tuning may be
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required to obtain reasonable values for all the parameters at low energy.

This rephasing invariant parametrization may be further applied to the formulation of RGE
for the Majorana neutrinos, which requires two more phases (or parameters). We shall present the
details of related investigation in a future work.
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