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We extend the Standard Model with 3 right-handed neutrinos with an approximate lepton num-
ber symmetry, which leads to sizable neutrino mixing while generating the neutrino masses and
PMNS matrix measured in oscillation experiments. Constraints on the right-handed neutrino mix-
ing are derived through a global fit to electroweak precision observables. We analyze explicitly
the impact of one-loop corrections on these constraints.
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1. Introduction

The origin of the observed pattern of neutrino masses and mixings in neutrino oscillation ex-
periments (see e.g. Ref. [1] for a recent summary) comprises one of the few experimental evidences
for physics beyond the Standard Model (SM) of particle physics. The simplest and most popular
extension to account for these experimental observations consists in the addition of right-handed
neutrinos to the SM particle content. Given their singlet nature, a Majorana mass term for the
right-handed neutrinos is directly allowed in the Lagrangian, thus inducing a new mass scale -the
only one unrelated to electroweak (EW) symmetry breaking- to be determined by data.

The smallness of neutrino masses could derive from symmetry arguments [2, 3, 4, 5]. Indeed,
the Weinberg operator [6] leading to neutrino masses in Seesaw mechanisms is protected by the
L symmetry, conserved in the SM and violated in two units by the Weinberg operator. Thus, if
the pattern of the Yukawa couplings and Majorana masses in a Seesaw realization is such that
it conserves L, the Weinberg operator will never be generated and the SM neutrinos will remain
massless, even for Yν ∼ 1 and Majorana masses of the order of the EW scale. Small violations of
L in this pattern would thus induce the small neutrino masses observed in oscillation experiments.
In this class of models fall the popular inverse [2, 3] or linear [7] Seesaw mechanisms.

It was recently pointed out in [8] that loop corrections involving the extra heavy neutrinos
played an important role when deriving such constraints on heavy-active neutrino mixing, obtain-
ing qualitatively different results to those derived by staying at leading order. In particular, good
fits with relatively large heavy-active mixing were found in [8], since it is possible to alleviate the
tension in some observables through the partial cancellation of the tree and loop level contributions
encoded in the T parameter. However, when Ref. [9] also investigated the relevance of the T pa-
rameter the same cancellation was not reproduced and in [10] it was argued that loop contributions
should always be negligible.

In this work we clarify the role of loop contributions to the determination of the heavy-active
neutrino mixing. We have computed the one-loop diagrams contributing to the observables and the
analytical expressions together with the full numerical results can be found in our main article [11].

2. The parametrization

We will restrict our study to the extension of the SM by 3 right-handed neutrino fields. Thus,
the full 6× 6 mixing matrix U is the unitary matrix that diagonalizes the extended neutrino mass
matrix that can be written as [12]:

U =


∞

∑
n=0

(
−ΘΘ†

)n

(2n)!

∞

∑
n=0

(
−ΘΘ†

)n

(2n+1)!
Θ

−
∞

∑
n=0

(
−Θ†Θ

)n

(2n+1)!
Θ

†
∞

∑
n=0

(
−Θ†Θ

)n

2n!


(

UPMNS 0
0 I

)
, (2.1)

and where the general matrix Θ represents the mixing between active (νe, νµ and ντ ) and heavy
(N1, N2 and N3) neutrino states, and the mass eigenstates m and M.
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Sizable phenomenology requires both Mi ∼O(ΛEW) and YN ∼O(1) while keeping small light
neutrino masses. Thus, an approximate lepton number symmetry L is needed. The only mass
matrices that conserve L and leads to three heavy massive neutrinos are [13, 14]:

mD =
vEW√

2

 Ye Yµ Yτ

ε1Y ′e ε1Y ′µ ε1Y ′τ
ε2Y ′′e ε2Y ′′µ ε2Y ′′τ

 and MN =

 µ1 Λ µ3

Λ µ2 µ4

µ3 µ4 Λ′

 , (2.2)

with all εi and µ j small lepton number violating parameters. Indeed, setting all εi = 0 and µ j = 0,
L is recovered with the following lepton number assignments Le = Lµ = Lτ = L1 = −L2 = 1 and
L3 = 0. Then, in the L-conserving limit, this leads to 3 massless light neutrinos, a heavy Dirac pair
M1 = M2 = Λ and a heavy decoupled Majorana singlet M3 = Λ′, but an arbitrarily large mixing:

Θ =
vEW

2Λ

−iY ∗e Y ∗e 0
−iY ∗µ Y ∗µ 0
−iY ∗τ Y ∗τ 0

≡ 1√
2

 −iθe θe 0
−iθµ θµ 0
−iθτ θτ 0

 (2.3)

Fixing neutrino oscillation data [1], one of the three elements of Eq. (2.3) can be expressed
in terms of the other two, the light neutrino scale and the PMNS matrix. Thus, in our numerical
exploration of the parameter space in Section 4 we will consider the 9 free parameters of Table 1.

Parameter |Ye|×
∣∣Yµ

∣∣ |Ye|−
∣∣Yµ

∣∣ m1 [eV] Λ [GeV] Phases: αe, αµ , δ , α1 & α2

Range (0,10−4) (−0.1,0.1) (10−5,1) (103,104) (0,2π)

Table 1: The 9 free parameters of our scan: the modulus and phase of the electron and muon Yukawas |Ye|,
|Yµ |, αe and αµ , the Majorana mass scale Λ, the absolute light neutrino mass m1 and the 3 yet unknown
CP-violation phases (Dirac and Majorana) in the PMNS mixing matrix: δ , α1 and α2.

3. Observables

We have chosen the most representative set of observables that contains the dominant con-
straints and the main effects pointed out in [8]. The loop amplitudes of the processes have been
computed exploiting the Goldstone-boson equivalence theorem [15] under the assumption that the
mass of the extra neutrinos Mi is larger than the gauge boson masses; i.e. Mi > MW,Z . Thus, we
have made the simplifying assumption that the most relevant loop corrections are those were the
loops are mediated by either the Higgs boson, h, the Goldstone bosons φ± and φ 0 or the heavy
Majorana neutrinos. The set of 13 independent observables analyzed in this study is composed of:
8 ratios constraining electroweak universality: Rπ

µe, Rπ
τµ , RW

µe, RW
τµ , RK

µe, RK
τµ , Rl

µe, Rl
τµ ; the invisible

Z width; the W mass MW ; and the 3 rare flavour-changing decays: µ → eγ , τ → µγ and τ → eγ .
All observables are determined as a function of the three most precise EW measurements: α ,

MZ and Gµ (GF as measured from µ decay) [16] and recibe contributions from the loop corrections
to the W and Z boson propagators. These new contributions modify the tree level expression of
the observables in such a way that the common correction is typically given by 1−|θe|2−|θµ |2−
2αT . This common dependence on the tree level and oblique corrections T is the source of the
cancellation analyzed in Ref. [8].
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4. Results

4.1 Constraints form the global fit

With the 13 observables discussed in Section 3 we build a χ2 function depending on the 9
parameters listed in Table 1. We make use of Markov chain Monte Carlo (MCMC) techniques
for efficient parameter exploration. The range in which the 9 free parameters are varied is also
summarized in Table 1.

In Fig. 1 we show the results of our MCMC scan for the 2 degrees of freedom constraints of
different combinations of the heavy-active mixings θα defined in Eq. (2.3). The contours corre-
spond to the 1σ , 90% and 2σ frequentist confidence regions.

Figure 1: Contours for θe, θµ and θτ at 1σ (red), 90% CL (black) and 2σ (blue) for normal hierarchy.

The limits of the 1 and 2σ regions for the three mixing parameters are summarized in Table 2.

θe θµ θτ

1σ 2σ 1σ 2σ 1σ 2σ

0.034+0.009
−0.014 < 0.050 < 3.2 ·10−4 < 0.037 0.018+0.019

−0.013 < 0.049

Table 2: Constraints on θe, θµ , and θτ for normal hierarchy.

We have performed a second set of MCMC runs where all loop corrections have been removed.
The results of these simulations are identical to the ones stemming from the full computation.

4.2 The T parameter

The leading contributions (not suppressed by the light neutrino or charged lepton masses) to
the T parameter are given by [8]:

αT =
α

8πs2
WM2

W

(
∑

α,β ,i, j

(
U∗αiUα jUβ iU

∗
β j f (Mi,M j)+U∗αiUα jU∗β iUβ jg(Mi,M j

))
, (4.1)

and where Mi are the neutrino mass eigenvalues.
If L is approximately conserved, the first term in Eq. (4.1), which is always positive, dominates

the contribution to T . Then αT ≥ 0 and no cancellation is allowed. Thus, significant violations of
L are necessary so that the second term in Eq. (4.1), which is allowed to be negative, can dominate
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over the first. If both µ1 and µ3 are simultaneously included and dominate over the L-conserving
Λ and Λ′ then T is given by:

T ' v4
EW

64πs2
WM2

W

(
∑
α

|Yα |2
)2 6µµ1−

(
3µ2

1 +µ2
)

log
(

µ+µ1
µ−µ1

)
µ3µ1

, (4.2)

where µ =
√

µ2
1 +4µ2

3 . On the other hand, the loop contributions mediated by µ1 and µ3 to the
light neutrino masses are found to be [17, 18]:

∆mναβ
=

YαYβ

32π2µ

(
3M2

Zh(MZ)+M2
h h(Mh)

)
. (4.3)

These corrections can indeed be sizable and in Fig. 2 we show the values that the loop contribution
to the light neutrino masses take in order to recover a given value for −2αT for different values
of µ1 and µ3. If −2αT ∼ 10−3 so as to implement the cancellation between tree and loop level
contributions, corrections to the light neutrino masses ranging from ∼ 100 keV to ∼ 100 MeV
would be obtained, far exceeding present constraints.

Figure 2: T parameter versus 1-loop correction to mν for different values of the L-violating parameters µ1

and µ3.

5. Conclusions

We have analyzed in detail the importance of loop corrections when deriving constraints on
the mixing between the SM flavour eigenstates and the new heavy neutrinos introduced in Seesaw
mechanisms.

We conclude that loop level corrections are only relevant in a small fraction of the Seesaw
parameter space characterized by large Yukawa couplings and low Seesaw scale and that these
corrections tend to strengthen the tree level contributions unless large deviations from L are present.
If L is approximately conserved, data thus prefer regions of the parameter space where these loops
are irrelevant. On the other hand, if L is strongly violated, the cancellation discussed in Ref. [8] can
indeed provide a good fit to data with a very relevant role of the loop contributions. However, these
large violations of L at loop level also lead to too large contributions to the light neutrino masses
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and hence this possibility is ruled out. We therefore conclude that loop corrections can safely be
neglected in analyses of the heavy neutrino mixings in Seesaw mechanisms.

Finally we have also obtained relevant constraints on this mixing when L is an approximate
symmetry. We find a mild (∼ 90% CL) preference for non-zero mixing with the e flavours with
a best fit at θe = 0.034+0.009

−0.014 for normal mass hierarchy. This preference also induces non-zero
mixing with the τ flavour θτ = 0.018+0.019

−0.013 so as to recover the correct pattern of neutrino masses
and mixings. On the other hand, small θµ is preferred so as to keep µ → eγ at acceptable levels
in presence of non-zero θe. At the 2σ level the following upper bounds are found: θe < 0.051,
θµ < 0.037 and θτ < 0.049.
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