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1. Introduction

Pure glue non-Abelian gauge theories retain many features of real-world QCD and reveal pre-
cious insight that is applicable, at least on a qualitative or semi-quantitative level, to the full theory.
In addition, it has been recently pointed out that they may even be of direct phenomenological
relevance for the description of the early stages of the matter produced in high-energy nuclear
collisions [1]. In this contribution we discuss recent progress in this line of research aimed at ex-
ploring the finite temperature behaviour of different pure gauge theories. In the first part we present
a recent work [2] on the equation of state (e.0.s.) in the confining region of the SU(2) Yang-Mills
gauge theory, which compares a novel set of lattice results with the prediction of a non-interacting
glueball gas. A very good agreement between the two is found, provided that a closed bosonic
string model is used to describe the high-lying glueball states contribution to the glueball gas, as
first proposed in a seminal lattice study by Meyer [3]. This string-inspired approach is successful
also in describing with no free parameters previous lattice results for SU(3) from ref. [4]: as ex-
plained in the final section, the comparison with the N = 2 theory provides a critical cross-check
for the model. In the second part results from a recent work [5] on the e.o.s. of the exceptional G,
Yang-Mills gauge theory in the deconfined phase are reviewed. The interest for pure-glue G, lies
both in the similarities with full QCD, for example dynamical string-breaking at large distances
(but due to gluons), and in the differences with SU(N) gauge theories, namely the fact that the
center of G, is trivial. Results from lattice simulations in the 7 < 3T, region are presented; in this
temperature range it is possible to point out some analogies with SU(N) gauge theories, supporting
the idea of a universal thermal behaviour between different confining gauge theories.

2. Thermodynamics on the lattice

The pure-glue Yang-Mills gauge theories considered in this work are regularized on a four-
dimensional hypercubic lattice A of spacing a and hypervolume a*(N? x N;), with periodic bound-
ary conditions on all directions. The lattice spacing a is a function of the Wilson parameter f3,
defined as B = 2N/g* for SU(N) theories and as B = 7/g* for the G, theory, with g2 being the
bare squared lattice coupling. The physical temperature of the system is given by the inverse of
the shortest (temporal) size, i.e. T = 1/(a(B)N;): in these works variations of the temperature are
performed by changing the lattice spacing a(f8) while keeping N, fixed.

A thermodynamic quantity of major interest in finite-temperature field theory is the pressure
p, which in the thermodynamic limit equals the opposite of the free-energy density f:
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We introduce also the trace of the energy-momentum tensor A, which is also called trace anomaly,
as it is related to the breaking of conformal invariance. It can be calculated as a derivative of the
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Following the “integral method” [6] it is possible to express the aforementioned thermodynamic
quantities in terms of plaquette expectation values. For example, the pressure at a given f3 is

B
p= g [, 9B (U= W) 4

where fy corresponds to a temperature close to zero, while (U, )7 is the average plaquette at a
generic temperature 7. The determination of the trace of the energy-momentum tensor is even
more straightforward, as it can be expressed in units of T as

Aoy 0B
T4 " dlna
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where the factor df3/dna is to be evaluated from the scale setting. All expectation values have
been estimated numerically via Monte Carlo numerical integration on a large set of configurations
generated by a mix of “heat-bath” and “overrelaxation” Monte Carlo algorithms.

3. SU(N) theories in the confining phase and comparison with a string model

In the first part of this article we review a novel calculation [2] of the equation of state for the
SU(2) pure-glue gauge theory in the confining phase. The results for the trace anomaly computed
numerically on lattices with different temporal extents (N, = 5,6, 8) are reported in figure 1.
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Figure 1: Comparison between our lattice results for the trace anomaly in SU(2) Yang-Mills theory and
the behaviour a gas of free, massive glueballs with different contributions from the spectrum. The data
are plotted using the parameter 7.//0 = 0.7091(36) from ref. [7], while the glueball gas predictions are
calculated using masses from ref. [8].

Our first assumption is that in the 7" < T, region glueballs are weakly interacting with each
other and, thus, the thermodynamics of the system can be effectively described by a gas of non-
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interacting glueballs. In particular, for a free, relativistic Bose gas the trace anomaly is given by

ik

nm/T G.1)

The contribution to the dimensionless trace A/T* of a glueball gas which includes only the lightest
glueball (the 0™ state) is reported in figure 1, along with the contribution that accounts for all
glueball states with mass smaller than 2mg++ .
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Figure 2: Comparison between the predictions of a massive-glueball gas, including the contribution from
states modelled by a closed Nambu-Goto string model, and continuum-extrapolated data obtained in ref. [4]
for SU(3) Yang-Mills theory and our data for the SU(2) theory, as a function of T'/Tj;.

It is clear that these glueball-gas predictions fail to describe correctly the lattice results for
temperatures in the proximity of the deconfining transition as a large mismatch appears. This
problem can be addressed if an exponentially increasing spectrum is introduced in order to account
for the heavier glueball states: one possibility to do so is by modelling glueballs as closed flux tubes
which can be described as closed bosonic strings. Indeed, a direct consequence of the bosonic string
model is the existence of a Hagedorn-like exponential spectrum described by the spectral density

5(m) 1 /27Ty,
m) = —
p m\ 3m

3

) exp (m/Ty). (3.2)
The only parameter is the Hagedorn temperature 7;;, which for N = 2 colors is fixed to be T;; = T,
as the deconfinement transition is of second order. Using eq. (3.2) to account for all the glueball
states with masses larger than the threshold 2m-+ we obtain the solid line of figure 1, which shows
an excellent agreement up to temperatures very close to the transition.

It is possible to repeat the same analysis for the SU(3) pure-glue theory, which presents two
crucial differences with respect to SU(2). Firstly, the deconfinement transition is of first order, and
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the Hagedorn temperature must be determined somehow. If the effective string action governing
the model is identified with the Nambu-Goto action, then the value of 7} is predicted to be:

3
Ty = T = 1 /% ~0.691/G. (3.3)

Secondly, the glueball spectrum for N = 3 colors also includes states with charge conjugation num-
ber C = —1, while the SU(2) theory admits only states with C = 41 due to the pseudo-real nature
of its representations. This means that for SU(3) a factor two must be introduced in the spectral
density (3.2): the contribution of the whole glueball spectrum for SU(3) is reported in figure 2
along with the SU(2) one. Also in this case, excellent agreement is found between the parameter-
free effective string model prediction and lattice data. Moreover, the crucial role of the C = —1
glueball states can be seen in contrast with the SU(2) glueball gas curve. This difference between
N =2 and N > 2 Yang-Mills theories was already noted in a previous study 2+1 dimensions [9], of
which ref. [2] represents a direct generalization. Similar attempts to describe the trace anomaly of
SU(3) theory with a relativistic model for the glueball spectrum were made in refs. [10, 11].

4. Results for G, gauge theory for 7 > T,
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Figure 3: Left panel: results for the trace anomaly for the G, Yang-Mills theory obtained on lattices with
different temporal extents. Right panel: results for A per gluon degree of freedom in the deconfined phase
for G, (obtained on N, = 6 lattices) and for SU(N = 3,4) (taken from ref. [12]), plotted on (7, /T)>.

In this section we review recent progress [5] on the thermodynamics of the exceptional, center-
less G, gauge theory in the deconfined phase. Results of lattice simulations for the trace anomaly
A for different values of N; are showed in the left panel of figure 3. The right panel of figure 3
shows instead the value of A/T* diveded by the number of gluon degrees of freedom (d.o.f.), i.e.
by 2 x d,: the factor 2 stands for the transverse polarizations of the gluon, while d,, is the dimension
of the adjoint representation, respectively d, = 14 for G and d, = N2 — 1 for SUN).

When expressed per gluon d.o.f., G, results for A/T* collapse on older SU(N) (with N = 3,4)
data from ref. [12]: indeed, the behaviour of these theories is very similar not only qualitatively
but also quantitatively. These findings strongly support the idea of universality for the thermal
properties of different non-Abelian gauge theories [13]. Furthermore, a rather peculiar behaviour,
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which was already observed for SU(N > 3) theories (see refs. [4, 12, 14]), appears in the temper-
ature range investigated in this work: the trace anomaly A presents nearly perfect proportionality
to 1/T?: this suggests that non-perturbative effects are relevant in this temperature region, as the
gluon plasma is not weakly coupled and cannot be described in purely perturbative terms.
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