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In this work we considered the generalized Brans-Dicke (BD) model in which the scalar field

couples non-minimally with matter sector. Extended holographic Ricci dark energy (EHRDE)

has been considered in the above framework of BD cosmology. A stronger matter-chameleon

coupling has been observed with expansion of the universe. Considering a correspondence be-

tween the reconstructed holographic dark energy and scalar field models of dark energy we have

reconstructed the corresponding equation of state parameters and observed that it is possible to

attain the “phantom" phase of the universe under this reconstruction.
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1. Introduction

Accelerated expansion of the current universe has been observationally established by [1, 2].

This accelerated expansion of the universe is usually attributed to the presence of an exotic kind of

energy, called “dark energy" (DE). The physical origin of the DE is one of the largest mysteries not

only in cosmology but also in fundamental physics [3, 4, 5, 6, 7]. DE is characterized by negative

pressure and the equation of state (EoS) parameter wDE = pDE/ρDE has to be less than −1/3 for

accelerated expansion. If wDE <−1 then the model is categorized as “phantom", if wDE >−1 then

the model is characterized as “quintessence". If there is a transition from quintessence to phantom,

then is model is categorized as “quintom". The simplest candidate for DE is the cosmological

constant Λ for which the EoS parameter wΛ =−1. Although wΛ =−1 is supported by observations,

Λ can not explain the time time evolution of the EoS parameter. Because of this limitation various

dynamic models of DE have been proposed and such models have EoS parameter evolving with

cosmic time t. Such models of DE can be categorized as (i) Chaplygin gas models, (ii) scalar field

models and (iii) holographic DE models.

Another approach to explain this acceleration is the “modified gravity approach", where the

left hand side of Einstein’s equations is modified. This approach has been reviewed in [8, 9]. The

evidence of these theories is related to extension of the Einstein-Hilbert action. This occurred by

introducing some curvature invariants of higher order and/or minimally or non-minimally coupled

scalar fields to the dynamics. The simplest modification of this action is f (R) theory which mainly

explore the acceleration of the expanding universe and provide modification of the Einstein theory

on large scales.

In recent times, scalar tensor theories have been considered extensively and one important ex-

ample of the scalar tensor theories is the Brans-Dicke (BD) theory of gravity which was introduced

by Brans and Dicke [10] to incorporate the Mach’s principle in the Einstein’s theory of gravity.

Popularity behind BD modified gravity [11, 12] lies in the fact that it naturally arises as the low

energy limit of many other quantum gravity theories, like the Kaluza-Klein one or the superstring

theory.

In the present work we are considering a special form of HDE [13] dubbed as “extended

holographic Ricci dark energy" (EHRDE) [14], whose density has the form

ρΛ = 3M2
p(αH2 +β Ḣ) (1.1)

where, M2
p is the reduced Planck mass, α and β are constants to be determined. Like ref. [15], we

shall assume that ρΛ and pressureless dark matter are conserved separately and we shall assume a

non-minimal coupling between the scalar field and the matter field.

2. EHRDE in chameleon BD cosmology

We consider chameleon BD theory in which the scalar field is coupled non-minimally to the

matter field via the action [16]

S =
1

2

∫

d4x
√
−g

(

φR−
ω

φ
gµν∇µφ∇νφ −2V +2 f (φ)Lm

)

(2.1)
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where R and φ denote the Ricci scalar and BD scalar field respectively. The f (φ) and V (φ) are

analytic functions of the scalar field. The matter Lagrangian density, denoted by Lm, is coupled

with φ via the function f (φ). In a spatially flat FRW universe the corresponding modified field

equations are [16]

3H2 =
f

φ
ρ +

ω

2

φ̇2

φ2
−3H

φ̇

φ
+

V

φ
(2.2)

3(Ḣ+H2)=−
3ρ

φ(2ω +3)

[

γφ f ′+

(

ω

(

γ +
1

3

)

+1

)

f

]

−ω
φ̇2

φ2
+3H

φ̇

φ
+

1

2ω +3

[

3V ′+(2ω −3)
V

φ

]

(2.3)

(2ω +3)(φ̈ +3H φ̇)−2(2V −φV ′) = ρ
(

(1−3γ) f +2γφ f ′
)

(2.4)

In equations (2.2) to (2.4), ρ = ρm +ρΛ and γ = pΛ

ρm+ρΛ
(since dark matter is pressureless, pm = 0).

We now assume the scale factor as a(t) = a0tn; and φ(t) = φ0tm. We shall use these ansatz

to reconstruct the potential V and the analytic function f of the chameleon BD cosmology. On

putting these ansatz in equation (2.2) we get an equations that involves V , f and remaining terms

as functions of t

V =−
1

a3
0

ρm0t−3n f +
φ0tm−2

2

[

−m2ω +6n(m+n− (n−β ) f )
]

(2.5)

We again differentiate it with respect to t and get a new equation involving V̇ and ḟ . Using this

in (2.3) along with the said ansatz we get the following differential equation on f with t as the

independent variable.

d f (t)

dt
−

3(m+2n)

2t
f (t)=

3a3
0φ0tm+3n−1

(

mn(t(3+2ω)−4−2n)+m3(1+ω)−m2(1+2n)−4n2
)

2
(

ρm0t2 −a3
0(m−2)φ0(nα −β )

)

(2.6)

Solving (2.6) we get reconstructed analytic function f (φ) as

f (φ) = f (φ0tm) = tm+3n
[

C1t
m
2 − 2

ρm0(8+6m+m2)t2
{

mn(4+m)(3+2ω)t Hypergeometric2F1
[

2+m
4−2m−6n

,1, 6(n−1)+m

2(3n+m−2) ,
a3

0(m−2)φ0(nα−β)
ρm0

]

+(2+m)(−4n2 −2mn(2+n)−m2(1+2n)+m3(1+ω))

×Hypergeometric2F1
[

4+m
4−2m−6n

,1, 6n−8+m
2(3n+m−2) ,

a3
0(m−2)φ0(nα−β)

ρm0

]}]

(2.7)

Using (2.7) in (2.5) we get the reconstructed potential function as

V (φ) =V (φ0tm) = t−4+m

2a3
0(2+m)(4+m)ρm0

×
(

−(2+m)(4+m)ρm0t2(2C1ρm0t
4+m

2 +a3
0φ0(−6mn+6n(−n+C1t

3
2
(m+2n)(nα −β ))+m2ω))

)

+4(ρm0t2 +3a3
0nφ0tm+3n(nα −β ))×

[

mn(4+m)(3+2ω)t Hypergeometric2F1
[

1, 2+m
4−2m−6n

,1+ 2+m
4−2m−6n

,
a3

0(m−2)φ0(nα−β)t−2+m+3n

ρm0

]

+

(2+m)(−4n2 −2mn(2+n)−m2(2n+1)+m2(1+ω))

×Hypergeometric2F1
[

1, 4+m
4−2m−6n

,1+ 4+m
4−2m−6n

,
a3

0(m−2)φ0(nα−β)t−2+m+3n

ρm0

]]

(2.8)
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Figure 1: Reconstructed f (φ) against t for a range of values of m.

In Fig. 1 we have plotted EHRDE reconstructed coupling function f (φ) against t for a range

of positive values of m. The increasing pattern of f (φ) with cosmic time t indicates that with the

expansion of the universe, the matter-chameleon coupling gets stronger.

3. Reconstruction of DBI-essence dark energy model

During the last few years, new ideas in string theory based on the concept of branes have

revealed themselves especially fruitful. In particular, scenarios where the inflation is interpreted as

the distance between two branes moving in the extra dimensions along a warped throat have given

rise to many interesting studies [17]. Martin and Yamaguchi [17] investigated whether the same

kind of ideas can lead to sensible dark energy scenarios and introduced a scalar-field model of dark

energy having a scalar field with a non-standard Dirac-Born-Infeld (DBI) kinetic term.
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Figure 2: Reconstructed wDBI against t for a range of values of n.
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This model is dubbed as “DBI-essence dark energy" and the energy density and the pressure of the

DBI-essence model are given, respectively, by [17]:

ρDBI = (η −1)T (ϕ)+V (ϕ), (3.1)

pDBI =

(

η −1

η

)

T (ϕ)−V(ϕ), (3.2)

where:

η =
1

√

1− ϕ̇2

T

. (3.3)

The EoS parameter for the DBI-essence scalar field model can be written as:

wDBI =
(η −1)T (ϕ)−V(ϕ)η

η ((η −1)T (ϕ)+V(ϕ))
. (3.4)

In the present work, we shall assume that T = a1ϕ̇2. Using V (ϕ) = V (φ) in Eq. (3.4) we get

reconstructed wDBI that is plotted in Fig. 2. It is evident from the plot that the reconstructed EoS

parameter for DBI is −1 during the early phase of the universe and gradually going below −1 at

later stage. Hence, it can be said that the EoS is behaving like phantom.

4. Reconstruction of quintessence dark energy model

Quintessence is a dynamical, evolving, spatially inhomogeneous component with negative

pressure. A common model of quintessence is the energy density associated with a scalar field

Q slowly rolling down a potential V (Q). A detailed discussion on quintessence dark energy is

available in the review [18]. The energy density and pressure of the quintessence scalar field ϕ are

as follow [19, 20, 21]

ρQ =
1

2
ϕ̇2 +V (ϕ), (4.1)

pQ =
1

2
ϕ̇2 −V (ϕ). (4.2)

The EoS parameter comes out as:

wQ =
ϕ̇2 −2V (ϕ)

ϕ̇2 +2V (ϕ)
. (4.3)

Using V (ϕ) = V (φ) in Eq. (4.3) we get reconstructed wquintessence that is plotted in Fig. 3. Be-

naviour of the reconstructed EoS parameter appears to be the same as in the case of DBI-essence.
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Figure 3: Reconstructed wquintessence against t for a range of values of n.

5. Concluding remarks

In the present work we have studied some features of the generalized BD model in which

the scalar field is allowed to couple non-minimally with matter sector. Extended holographic Ricci

dark energy has been considered in the above framework of BD cosmology. The energy density has

been considered in the form ρΛ = 3φ(αH2 +β Ḣ) to accommodate the BD scalar field in the dark

energy density. We have considered a(t) = a0tn; and φ(t) = φ0tm and reconstructed the coupling

function and potential for the extended holographic Ricci dark energy in BD model. We have

observed that the potential is increasing with increase in matter-chameleon coupling. Furthermore,

we have seen that for any positive value of m, f (φ) is an increasing function of t. This means that

for this reconstruction, the coupling function is increasing i.e. the matter-chameleon coupling is

getting stronger with passage of cosmic time.

In the next phase we considered correspondence between the reconstructed potential V (φ) and

the potential V (ϕ) for two scalar field DE models namely DBI essence and quintessence. The EoS

parameters are reconstructed based on this correspondence. It is observed that in both cases the

EoS is behaving like phantom.

Hence, we may conclude that if extended holographic dark energy is considered in the frame

of generalized BD model in which the scalar field is allowed to couple non-minimally with matter

sector, we can reconstruct the potential of the BD theory. On consideration of correspondence

between this potential and potential of scalar field dark energy models, it is possible to attain the

phantom phase of the universe in late time. This approach is motivated by [22].
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