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The transverse momentum dependent (TMD) parton distribution functions will provide us new
insights into the substructure of nucleon beyond the one-dimensional (longitudinal) picture. Ev-
idence for TMDs are accessible in processes such as semi-inclusive DIS (SIDIS) or dilepton
produced in the Drell-Yan process. Here we are investigating the evolution of the unpolarized
TMDs up to the NNLO approximation. The calculations are based on Collins-Sopper-Sterman
formalism. The unknown parameters of non-perturbative part is being extracted via the fitting to
the BNLY group experimental data. Comparison the evolved TMDs with each other at the NLO
and NNLO approximations indicates that the contribution of NNLO approximation will be domi-
nated at the high energy scale. This is expecting since at higher energy scale the gluon radiation is
increasing and consequently the effect of parton transverse momentum would be outstanding. By
accessing the TMD PDFs and also the numerical values of parameters in non-perturbative part of
TMDs and in order to check the validity of calculations, it is possible to calculate the cross section
in the Drell Yan processes which indicates a good agrement with the available experimental data.
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1. Introduction

If we consider only the longitudinal degrees of freedom of the partons, our PDF is called
collinearİ. If, instead, we consider in addition the transverse component of the parton motion,
we speak about Transverse Momentum Dependent PDFs (TMD PDFs or simply TMDs). One
theoretical framework designed to account for transverse momentum effects is the resummation
formalism developed by Collins-Sopper-Sterman (CSS)[1, 2]. This formalism is suitable for some
processes that are sensitive to transverse momentum of parton like Drell-Yan (DY) process, semi in-
clusive deep inelastic scattering (SIDIS), and back-to-back hadron production in electron-positron
annihilation. The TMD PDFs, like the ordinary collinear or integrated parton distribution func-
tions (PDFs), are quantities which can be evolved between two different scales, so that all the
non-perturbative QCD information encoded in a TMD PDF at one scale can be directly used at a
different one by means of the appropriate evaluator. In fact, in practical point of view the evolution
of TMD PDF is very important. Here, the evolution of TMD PDF in next-to-next-to-leading order
is considering, based on the CSS formalism. On the other hand, the DY data is a good case to test
the CSS formalism. So, in this paper, the cross section data of DY experiment was considered.

2. TMD evolution

In the Collins-Soper-Sterman (CSS) formalism, The evolution of a quark-TMDPDF is given
by [3, 4]:

F̃f/P(x,bT ; µ,ζF) =

A︷ ︸︸ ︷
∑

j

∫ 1

x

dx̂
x̂

C̃ f/ j(x/x̂,b∗; µb
2,µb,g(µb)) f j/P(x̂,µb)

×

B︷ ︸︸ ︷
exp{ln

√
ζF

µb
K̃(b∗; µb)+

∫ µ

µb

dµ ′

µ ′ [γF(g(µ
′
);1)− ln

√
ζF

µ ′ γK(g(µ
′
))]}

×

C︷ ︸︸ ︷
exp{g j/P(x,bT )+gK(bT ) ln

√
ζF√
ζF,0

} . (2.1)

In this equation the C̃ f/ j(x/x̂,b∗; µb
2,µb,g(µb)), K̃(b∗; µb), γK(g(µ

′
)) and γF(g(µ

′
);1) functions

are all perturbatively calculable for all bT and on the first line of this equation f j/P(x̂,µb) is the
ordinary PDF from. The functions g j/P(x,bT ) and gK(bT ) are related to the non-perturbative
bT behavior of F̃f/P(x,bT ; µ,ζF) and K(b; µb) respectively. The property of these functions is
that they are scale-independent and universal where γF , γK are the anomalous dimensions of the
F̃f/P(x,bT ; µ,ζF) and K(b; µb) functions. In fact, in Eq. (2.1) the A-factor matches the TMD PDF
to a collinear treatment in the small bT ≪ 1

ΛQCD
limit. This factor involves a hard part which in

this case is the coefficient function C̃ f/ j and a collinear factor which is just the standard integrated
PDF. The B-factor is an exponential of quantities that can all be calculated perturbatively. The
last factor the C-factor implements the matching between the small and large bT -dependence. The
function g j/P(x,bT ) parameterizes the non-perturbative large-bT behavior that is intrinsic to the
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proton while gK(bT ) parameterizes the non-perturbative large-bT behavior of K̃(b∗; µb) . The func-
tion g j/P(x,bT ) is universal but it depends on the external hadron. The function gK(bT ) is universal
and also independent of the species of external hadrons. For doing calculations, as is expecting,
we choose

√
ζF = Q and

√
ζF,0 = Q0 . In this research the TMD PDF of up quark at the NNLO

approximation for the small, medium and large values of Q =
√

2.4 , 5, and 91.19 GeV with x =
0.09 are obtained. We have made the plot run over a range from kT = 0 to 6 GeV typical for studies
of TMD-functions. To do the calculations we need to the one-loop values for K̃(b∗; µb) ,γF and γK

functions which are [4]:

K̃(µ,bT ) =−αsCFL⊥
π

, (2.2)

γF(µ) =
αsCF

π
(
3
2
− ln(

ζF

µ2 )) , (2.3)

γK(µ) = 2
αsCF

π
, (2.4)

where

L⊥(µ,bt) = Log(
µ2bt

2

4e−2γE
) . (2.5)

By considering these terms at the NLO approximation the TMD PDF for up quark in three different
scales are calculated. Then by adding the NNLO terms to the equations (2.2), (2.3) and (2.4) we
have [5]:

K̃(µ,bT ) =−αsCFL⊥
π

+(
αs

π
)2(

1
32

Γ0β0L⊥(µ,bT )
2 − 1

8
(
Γ1

2
L⊥(µ,bT ))−

1
8

d20) , (2.6)

γF(µ;ζF/µ2) = αs
CF

π
(
3
2
− ln(

ζF

µ2 ))+(
αs(µ)

π
)2(−4CF((

67
9
− π2

3
)CA −

20
9

TFN f )(Log[
ζ
µ2 ])−

CF
2(−3+4π2 −48ς3)−CFCA(−

961
27

− 11π2

3
+52ς3)−CFTFN f (

260
27

+
4π2

3
)) ,

(2.7)

γK(µ) = 2
αsCF

π
+2(

αs

π
)2(CFCA(

67
36

− π2

12
)− 5

18
CFN f ) , (2.8)

where:

Γ0 = 4CF , (2.9)

β0 =
11
3

CA −
4
3

TFN f , (2.10)
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Γ1 = 4CF((
67
9
− π2

3
)CA −

20
9

TFN f ) , (2.11)

d20 =CFCA(
404
27

−14ς3)− (
112
27

)CFTFN f . (2.12)

Finally, by numerical calculations and employing Eqs.(2.6), (2.7) and (2.8) in Eq. (2.1), the TMD
PDF of up quark at the NNLO approximation for the small, medium and large values of Q =

√
2.4

, 5, and 91.19 GeV and with x = 0.09 in Q0 = 1.6 GeV can be obtained. We have made the plots
run over a range from kT = 0to 6 GeV and depicted them in Fig. 1.
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Figure 1: The up quark TMD PDF for Q =
√

2.4 , 5.0 and 91.19 GeV and x = 0.09. The plots indicate the
results at the NLO (dashed curves) and NNLO (solid curves) approximations with bmax= 0.5 GeV−1.

3. Drell-Yan cross section

After obtaining the TMD PDF of up quark at the NNLO approximation we consider the Drell-
Yan production of lepton pairs. In this type of processes the differential cross section can be
expressed as [6]:

dσ
dQ2dQT

2dy
=

1

(2π)2 δ (Q2 −MV
2)

∫
d2beiQ⃗T .⃗bT W̃jk̄(b,Q,x1,x2)+Y (Q,QT ,x1,x2) , (3.1)

where Q, QT , y, x1, x2 are the invariant mass, transverse momentum, rapidity of vector boson V,
x1 = eyQ/s , x2 = e−yQ/s respectively and s is the overall center-of-mass energy. The W term in
Eq.(3.1) is defined as [6]:

W̃jk(b,Q,x1,x2) = e−S(Q,b,C1,C2)∑
j,k

σ0

s
F̃j/1(x1,bT ,ζ1,µ)F̃k/2(x2,bT ,ζ2,µ)+( j ↔ k) , (3.2)
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where 1 ,2 refres to the parton number 1 and parton number 2. The Sudakov factor S is defined as
[6]:

S(Q,b,C1,C2) =
∫ C2

2Q2

C1
2/b2

dµ2

µ
[A(αs(µ),C1) ln(

C2
2Q2

µ2 )+B(αs(µ),C1,C2)] . (3.3)

We have analyzed the Drell-Yan process with Brock-Landry-Nadolsky-Yuan (BLNY) parametriza-
tion in the non-perturbative part of the cross section fitting with the form:

exp{[−g1 −g2 ln(
Q

2Q0
)−g1g3 ln(100x1x2)]b2} , (3.4)

where g1,g2,g3 are the unknown parameters that can be determined by fitting to the available
experimental data. Using the E288 experimental data (for Q = 5 to 9 GeV) the numerical values
of these parameters can be obtained via the fitting. This is done by the b star method [7] and we
choose bmax = 0.5 GeV −1 = 0.1 f m in all fits. We can then calculate the theoretical cross section.
In order to compare this theoretical result with experimental data we need to multiply the data by
suitable normalization factor. After performing fitting procedure the values of non perturbative
parameters in 5 < Q < 6 mass bin are obtained as it follows:

g1 = 0.49, g2 = 0.56, g3 =−0.56

Comparison of theoretical calculation of cross section to E288 data for the p+Cu → µ+µ−+X
process at

√
s = 27.4 GeV and y=0.03 have been shown in Fig.2.
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Figure 2: Comparison of theoretical calculation of cross section in 5< Q <6 mass bin to E288 data [8] for
the p+Cu → µ+µ−+X process at

√
s = 27.4 GeV

Then one can conclude that the CSS is a valid factorization theorem in which theoretical
calculation of cross section based on this formalism have a good match to experimental data.
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4. Conclusion

The TMD formalism is a powerful tool to analyze perturbative and non-perturbative effects in
hadronic spectra. In this work, we have considered the evolution of transverse momentum depen-
dent parton distribution function for up quark in CSS formalism. In particular, we have used the
TMD evolution kernel at the NNLO approximation which, to our knowledge, has not been done
before. One important outcome of this work is that the evolution with energy scale Q has more
effect at high scales. In fact this effect is not considerable at low energy scale. Because in high en-
ergy scales the emission of gluons is more dominant and by including the effect of multiple gluon
emission the transverse momentum of parton will be more effective.

Another outcome of this work is that the CSS formalism can describe properly the E288 ex-
perimental data in the Drell-Yan process. The good agrement between theoretical result and the
available experimental data for the production cross section of vector boson in collision of two
hadrons, indicates the validity of our calculations for the TMD PDFs at the NNLO approximation.
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