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1. Introduction

It is well known that cross sections close to the threshold are plagued by potentially large loga-
rithms of soft and collinear origin that often need to be resummed to all orders in order to maintain
the predictability of perturbation theory. For a variety of processes the logarithmic structure of
these cross sections follows the pattern

dσ

dξ
=

∞

∑
n=0

α
n
s

2n−1

∑
m=0

[
anm

(
logm(ξ )

ξ

)
+

+ bnm logm(ξ ) + O(ξ )

]
, (1.1)

where ξ is a dimensionless variable that vanishes in the threshold limit.
The literature about the resummation of the leading terms, which are plus-distributions in

momentum space, is extensive [1–3] and relies largely on the eikonal approximation. Preliminary
studies on the structure of the subleading terms have been performed in [4–11]. They typically
require a generalization of standard techniques to a subleading degree of approximation (known
in the literature as “next-to-soft” or “next-to-eikonal”). However, a general formalism that resums
such contributions is still lacking. In parallel, the subject has been investigated at amplitude level
in more formal contexts [12–21] and with the use of soft-collinear effective theory [22]. Here we
report recent results that shed light on this matter [23, 24], focusing on the specific case of the
Drell-Yan process.

This process, at parton level, describes the production of an off-shell gauge boson of invari-
ant mass Q2 from a quark-antiquark pair of invariant mass s. Introducing the dimensionless ratio
z = Q2/s, the threshold limit is achieved in the limit z → 1. Among all the reasons that make
this process interesting, probably the most relevant one for LHC physics is the similarity with
Higgs boson production through gluon-fusion, thanks to a common topology of the diagrams in-
volved [25–27]. However, there is also a more technical reason for studying it: in this process
kinematical constraints force threshold radiation to be soft and thus the threshold limit corresponds
to the vanishing of the energy of the real gluon. However, as we shall see, this does not imply that
threshold logarithms are insensitive to the virtual gluon when this is collinear.

The case considered here is the C2
F part of the real-virtual interference at NNLO [28], whose

diagrams are represented in Figure 1. While the restriction to the abelian part is merely dictated
by simplicity, in order to minimize technical complications, the choice of this set of diagrams is
related to the difference between soft (or eikonal) and threshold expansion. These two do not
coincide when there are both real and virtual gluons since the threshold expansion also includes
collinear effects. Therefore we cannot use factorization techniques based on effective next-to-soft
vertices that turned out to be successful for diagrams with two real gluons [6].

To investigate these issues, we consider the contribution of these diagrams to the NNLO K-
factor, which is defined as

K(2)(z) =
1

σB

dσ (2)

dQ2 , (1.2)

where σB is the Born cross section and the superscript stands for NNLO in αs. In [23] the ex-
act result expanded at subleading order in the threshold was presented. Discarding for simplicity
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Figure 1: Abelian-like diagrams for the real-virtual interference of NNLO Drell-Yan production. Diagrams
obtained by complex conjugation and p↔ p̄ are omitted.

transcendental constants, it reads

K(2)(z) =
(

αs

4π
CF

)2
[

32D0(z)−32
ε3 +

−64D1(z)+48D0(z)+64L(z)−96
ε2

+
64D2(z)−96D1(z)+128D0(z)−64L2(z)+208L(z)−196

ε

− 128D3(z)
3

+96D2(z)−256D1(z)+256D0(z)

+
128
3

L3(z)−232L2(z)+412L(z)−408 + O(1− z)

]
, (1.3)

where

Dm(ξ ) =

(
logm(ξ )

ξ

)
+

and L(z) = log(1− z) . (1.4)

In order to understand the underlying singular (universal) nature of these logarithms, in the fol-
lowing sections we review how to reproduce their coefficients with two approaches: the method of
regions and a factorization approach.
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2. Analysis with the method of regions

The method of regions [29] is a powerful tool to compute loop integrals in a specific asymptotic
limit and amounts to expanding the integrand in various regions according to its singular behavior.
In the case we want to consider, the small parameter λ of this asymptotic limit defines the soft (or
eikonal) expansion and is proportional to the square root of the energy of the real gluon. Since we
want to perform such an expansion at subleading order [23], we distinguish between the leading
eikonal (E) and subleading next-to-eikonal (NE) contributions. The relevant regions are defined by
the momentum ` of the virtual gluon, according to the different scaling of its components, which
in light-cone coordinates reads

hard : `h ∼ (1,1,1) collinear : `c ∼ (1,λ ,λ 2)

soft : `s ∼ (λ 2,λ 2,λ 2) anticollinear : `c̄ ∼ (λ 2,λ ,1) . (2.1)

However, most of the regions are actually zero for some subsets of diagrams. First of all, in the
soft region all integrals are scaleless and thus must be set to zero1. Then, at E level, (anti)collinear
regions are non-zero on a diagram by diagram basis. However, in Feynman gauge2, they cancel in
every pair of graphs in which the attachments of the two gluons are swapped. Finally, self-energy
diagrams (e)-(h) are made out of pure collinear regions. In conclusion, non-vanishing contributions
come from the hard region K(2)

h of diagrams (a)-(d) (both at E and NE level) and from the collinear
region K(2)

c+c̄ of all diagrams (only at NE level). One finds

K(2)
E,h(z) =

(
αs

4π
CF

)2
[

32D0(z)
ε3 +

−64+48D0(z)−64D1(z)
ε2

+
−96+128D0(z)−96D1(z)+64D2(z)+128L(z)

ε

+ 256D0(z)−256D1(z)+96D2(z)−
128D3(z)

3

+ 192L(z)−128L2(z)−256

]
, (2.2)

K(2)
NE,h(z) =

(
αs

4π
CF

)2
[
− 32

ε3 +
16+64L(z)

ε2 +
−80+32L(z)−64L2(z)

ε

+ 160L(z)−32L2(z)+
128
3

L3(z)−128

]
, (2.3)

K(2),(a)−(d)
NE,c+c̄ (z) =

(
αs

4π
CF

)2
[
− 8

ε2 +
24L(z)

ε
−36L2(z)+16

]
, (2.4)

K(2),(e)−(h)
NE,c+c̄ (z) =

(
αs

4π
CF

)2
[
− 8

ε2 +
−20+24L(z)

ε
+60L(z)−36L2(z)−40

]
. (2.5)

1Setting to zero scaleless integrals in dimensional regularization is one of the prescriptions of the method of regions
[30]. Note that the soft region is different from the traditional definition of the soft function: this one is also represented
by scaleless integrals but, being defined as the VEV of composite operators, needs a further UV renormalization and
thus it is not zero.

2This choice is consistent with the analysis carried out with a factorization approach.
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The sum of these four contributions reproduces the full result of Eq. (1.3). Plus-distributions are
exclusively captured by the hard function and, as expected, they are entirely reproduced already
at leading order (E) in the soft expansion. However, the presence of L(z)’s in Eq. (2.2), which
are subleading in (1− z), shows explicitly the difference between threshold and eikonal (or soft)
expansion, and in this case it is due to corrections to the phase space measure.

We can investigate further the role of these regions in the context of a naïve factorization
approach. Let us consider the real emission of a next-to-soft gluon of momentum k from a hard
line of momentum pi. Let us assume further that this on-shell gluon factorizes from the hard line
and therefore the entire dependence on k can be represented by a universal factor V [4, 5, 18] that
can be expanded at E and NE level and reads respectively

VE =−
pµ

i
pi · k

, (2.6)

VNE =
kµ

2pi · k
− i kνΣµν

pi · k
. (2.7)

From these it is clear that eikonal interactions, as it is well known, cannot resolve the spin of the
emitting particle (and therefore they are represented by a scalar vertex). NE emissions instead are
spin-dependent and contain the Lorentz generator Σµν = i

4 [γ
µ ,γν ].

Working in a naïve factorization framework, we can use (2.6)-(2.7) to compute the contribution
to the NNLO K-factor shown in Fig. (1). In particular, diagrams can be written as a one-loop
amplitude (either a vertex form factor or a self energy correction) times the real emission at E or
NE level. However, following this procedure, most of the diagrams vanish, either because after
taking the spinor trace we encounter p2

i = 0 or because the self energy diagram itself is zero. The
only non vanishing ones would be diagrams (a) and (c), whose sum matches with the result from an
exact computation. Hence, all plus-distributions and the leading logarithms are reproduced by this
naïve factorizaion approach. On the other hand we know from the method of region analysis that
the entire hard region is given by diagram (a)-(d). Therefore, recalling that diagram (d) is zero [24],
we conclude that the contributions which are left out in this naïve factorization approach are the
entire collinear region and the hard region of diagram (b).

In conclusion, with the method of regions we have been able to reproduce the entire loga-
rithmic structure, attributing each logarithm to a specific singular region. Moreover, it has been
possible to identify the kinematical nature of the terms that break a naïve factorization approach.
However, if we want to address an all-order interpretation for the entire logarithmic structure, we
need to revisit our factorization approach.

3. A new factorization approach

The starting point is the soft-collinear factorization formula for scattering amplitudes in co-
variant gauge [31]. For the quark form factor A of external momenta p1 and p2 it reads

A

(
p1 · p2

µ2 ,αs(µ
2),ε

)
= H

(
{pi},{ni},αs(µ

2),ε
)
×S

(
{βi},{ni},αs(µ

2),ε
)

×
2

∏
i=1

Ji

(
pi,ni,αs(µ

2),ε
)

, (3.1)
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where H , J and S are respectively the hard, jet and reduced soft functions. Their definitions
in terms of composite operators can be found e.g. in [31, 32], where also an explicit one loop
expression for them is given. For each external leg i, ni is an auxiliary factorization vector, used
to define the direction of the Wilson lines that appear in the operator definition. In order to make
a closer connection with the method of regions and to simplify the calculation, in the following it
will be assumed that n2

i = 0.
Building upon the work done in [33], in [24] this formula has been generalized to the case of

an amplitude A µ radiating an extra (next-to-)soft gluon of momentum kµ

A µ(p j,k) =
2

∑
i=1

[
qi

(
(2pi− k)µ

2pi · k− k2 +Gνµ

i
∂

∂ pν
i

)
A (pi; p j)

+ H (p j,n j)S (β j,n j)Gνµ

i

(
Jν(pi,k,ni)−qi

∂

∂ pν
i

J(pi,ni)

)
∏
j 6=i

J(p j,n j)

]
, (3.2)

where the tensor Gµν is defined in terms of the Minkowski metric ηµν as

Gµν = η
µν − (2p− k)ν

2p · k− k2 kµ . (3.3)

This formula shows, up to next-to-soft level, how a radiative amplitude A µ is related to the non-
radiative one A . The first term in the first line of (3.2) represents the scalar contribution to a
factorizable external emission, already discussed in equations (2.6)-(2.7). At eikonal level, this is
the only term which survives and simply describes traditional factorization via an external eikonal
emission. Then there are two derivative contributions (acting respectively on the full form factor
and on the jet function) which were present in the original Low-Burnett-Kroll analysis [34, 35].
The last non-derivative term was first discussed by Del Duca [33] and requires the definition of the
radiative jet function. Physically, it represents a soft emission from the jet function and it is defined
as

Jµ

(
p,n,k,αs(µ

2),ε
)

u(p) =
∫

ddy e−i(p−k)·y 〈0 ∣∣Φn(y,∞)ψ(y) jµ(0)
∣∣ p
〉
, (3.4)

While this formal definition has been known for a long time, its explicit expression was computed
only in [24]. For n2

i = 0 it reads respectively at tree level and one loop

Jν(0) (p,n,k) =− pν

p · k
+

kν

2p · k
− ikαΣαµ

2p · k
, (3.5)

Jν(1) (p,n,k ;ε) = (2p · k)−ε

[(
2
ε
+4+8ε

)(
n · k
p · k

pν

p ·n
− nν

p ·n

)
− (1+2ε)

ikαΣαν

p · k

+

(
1
ε
− 1

2
−3ε

)
kν

p · k
+(1+3ε)

(
γν 6n
p ·n
− pν 6k 6n

p · k p ·n

)]
+O(ε2,k) . (3.6)

We observe that the tree level contribution is equal to the sum of equation (2.6) and (2.7), and
therefore describes a full spin-dependent factorizable emission. The one loop expression instead is
proportional to (2p · k)−ε , which is the typical collinear scaling. Moreover we note that at one loop

6
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the spin dependent part is subleading in ε and therefore its contribution will affect only subleading
logarithms of the K-factor.

A number of simplifications can be done. Following a renormalization group argument, it is
possible to perform a bare calculation ignoring UV counterterms. This simplifies considerably the
factorization formula: without UV counterterms, for n2

i = 0, the jet function becomes simply equal
to the identity since its radiative corrections vanish. Then, in order to make a more direct connection
with the method of region analysis, we can set ni to be equal to the anti-collinear direction of the
leg i (i.e. n1 = p2 and n2 = p1). This is physically motivated by the fact that the vector ni has been
introduced via the Wilson line as a replacement for the parton of momentum pi. Finally, we can
expand the factorization formula at one loop and make use of (3.5). Thus we get

A µ,(1)(p j,k) =
2

∑
i=1

[(
pµ

i
pi · k2

− 6k2γµ

2pi · k2

)
A (1)(pi; p j)+

(
Gνµ

i
∂

∂ pν
i

)
A (1)(pi; p j)

+ Jµ (1)(pi,k)A (0)(pi; p j)

]
. (3.7)

This is the final formula we want to use to reconstruct the NNLO K-factor. It is made out of three
main contributions:

• a factorized emission external to the one loop form factor,

• a derivative of the one loop form factor,

• the one loop radiative jet.

In the following we present the contribution to the K-factor separately for these three contribu-
tions, comparing them with the method of regions analysis, and showing that the entire logarithmic
structure of Eq. (1.3) is reproduced.

3.1 External contribution

The set of logarithms coming from the form factor dressed by an external emission reads

K(2)
ext (z) =

(
αs

4π
CF

)2
{

32
ε3

[
D0(z)−1

]
+

8
ε2

[
−8D1(z)+6D0(z)+8L(z)−14

]
+

16
ε

[
4D2(z)−6D1(z)+8D0(z)−4L2(z)+14L(z)−14

]
− 128

3
D3(z)+96D2(z)−256D1(z)+256D0(z)

+
128
3

L3(z)−224L2(z)+448L(z)−512

}
. (3.8)

As expected all D’s of the total result come from this contribution (i.e. eikonal emissions factorize).
This term collects the entire factorizable part of the K-factor, which from the method of region
analysis we found to be equal to the hard regions of diagrams (a) and (c).

7
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3.2 Derivative contribution

The contribution from the derivative of the full form factor gives

K(2)
∂A (z) =

(
αs

4π
CF

)2
{

32
ε2 +

16
ε

[
−4L(z)+3

]
+64L2(z)−96L(z)+128

}
, (3.9)

This term is the one related to original analysis of Low, Burnett and Kroll and it matches with the
non-factorizable part of the hard region, i.e. the hard region of diagram (b). As expected it contains
no D’s, and thus does not spoil eikonal factorization.

3.3 The radiative jet contribution

The third and last contribution comes the radiative jet function. Just as the derivative contri-
bution, it breaks naïve factorization and reads

K(2)
jet (z) =

(
αs

4π
CF

)2
{
− 16

ε2 +
4
ε

[
12L(z)−5

]
−72L2(z)+60L(z)−24

}
. (3.10)

This term matches precisely the total collinear region, given by the sum of equations (2.4) and (2.5),
and it is the source of breakdown of next-to-soft theorems at loop level, as first found by [33].

4. Conclusions

We considered the NNLO Drell-Yan K-factor as case study for the investigation of threshold
logarithms at next-to-leading power. We first showed how this can be reproduced by a method of
region calculation, isolating and studying the nature of the terms that break a naïve factorization.
Then we moved to an approach based on the operator formalism of soft-collinear factorization,
showing that again the entire logarithmic structure can be reproduced. Crucial to this analysis was
the collinear region and the computation of the radiative jet. Reproducing all threshold logarithms
at next-to-leading power via universal functions is a very promising result that should pave the way
for a full resummation formalism.
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