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1. Introduction

With the large number of top quark pairs produced at the LHC, the study of its properties
has become precision physics, and the measurement of very precise differential cross sections,
attainable. Recently, the ATLAS and CMS collaborations reported measurements of differential
observables in tt̄ production in several kinematical variables, such as the transverse momentum,
rapidity and invariant mass of the tt̄ system, as well as the top quark transverse momentum and
rapidity [1]. More recently, both LHC collaborations have measured the charge asymmetry in
top-pair production, [2].

These measurements will allow for a very detailed and accurate probe of the top quark pro-
duction mechanism. To reliably interpret data, these very precise measurements must be matched
onto equally accurate theoretical predictions, which can be obtained by including contributions
up to next-to-next-to leading order (NNLO) in perturbative QCD. At present, NNLO corrections
have been included in calculations of the inclusive total tt̄ cross section in [3], for the inclusive
and differential Tevatron top quark forward-backward asymmetry in [4], and for differential LHC
distributions in [5].

At NNLO, perturbative calculations of collider observables are typically carried out using
parton-level event generators. These programs generate events for all parton-level subprocesses
relevant to a given final state configuration up to NNLO accuracy and provide full kinematical
information on an event-by-event basis. An NNLO event generator for observables with n final
state particles or jets involves three main building blocks: the two-loop corrections to the n-parton
final state, referred to as double-virtual contributions (dσVV

NNLO), the one-loop corrections to the
(n+ 1)-parton final state, called real-virtual contributions (dσRV

NNLO), and the tree-level (n+ 2)-
parton double real contribution (dσRR

NNLO). These three building blocks involve infrared divergences
that arise from the exchange or emission of soft and collinear partons and cancel only in their sum.
In addition, two mass factorisation counter-terms, dσ

MF,1
NNLO and dσ

MF,2
NNLO, are needed in the three and

two-parton final states contributions respectively in order to cancel infrared divergences originated
from initial state collinear radiation.

The combination of subprocesses of different particle multiplicity which are individually in-
frared divergent is a major challenge in the construction of NNLO parton-level event generators.
In our calculation this problem is dealt with using the antenna subtraction method, which was es-
tablished for massless jet observables in [6], and extended to treat massive fermions in [7, 8, 9, 10].
Within the antenna subtraction framework the different contributions to a given partonic cross sec-
tion are arranged as

dσ̂NNLO =
∫

Φ4

[
dσ̂

RR
NNLO−dσ̂

S
NNLO

]
+
∫

Φ3

[
dσ̂

RV
NNLO−dσ̂

T
NNLO

]
+
∫

Φ2

[
dσ̂

VV
NNLO−dσ̂

U
NNLO

]
, (1.1)

where dσ̂S
NNLO, dσ̂T

NNLO and dσ̂U
NNLO are double real, one-loop virtual and double virtual subtraction

terms respectively. The double real subtraction term dσ̂S
NNLO approximates dσ̂RR

NNLO in all its single
and double unresolved limits regularising the phase space integrand, and enabling the integral to be
performed in four dimensions. dσ̂T

NNLO has the two-fold purpose of approximating dσ̂RV
NNLO in all

its single unresolved limits, while simultaneously canceling its explicit ε-poles originated from the
loop integration in the real-virtual matrix elements. Finally, dσ̂U

NNLO cancels the explicit ε-poles of
the double virtual contribution dσ̂VV

NNLO.
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The NNLO corrections to top pair production in the quark-antiquark channel can be decom-
posed into colour factors as

dσ̂qq̄,NNLO = (N2
c −1)

[
N2

c A+Nc B+C+
D
Nc

+
E
N2

c
+Nl

(
Nc Fl +

Gl

Nc

)
+Nh

(
Nc Fh +

Gh

Nc

)
+N2

l Hl + Nl Nh Hlh +N2
h Hh

]
, (1.2)

with Nc being the number of colours, Nl the number of light quark flavours, and Nh the number of
heavy quark flavours. All coefficients multiplying the different colour factors in eq.(1.2) are gauge
invariant and can be computed independently.

We computed the terms proportional to Nl in [10], in the context of a proof-of-principle cal-
culation which showed that the antenna subtraction method can be applied to the computation of
hadronic observables involving massive fermions. More recently, in [11], we concluded the evalua-
tion of the leading-colour coefficient A which was initiated at the double real and real-virtual levels
in [9], and we included the fermionic coefficients Fh, Gh, Hl , Hlh and Hh.

In these proceedings we shall report the results of our NNLO calculation for top pair hadronic
production in the quark-antiquark channel, focusing on the leading-colour part derived in [9]. In
section 2 we present the details of the integration of relevant initial-final NNLO massive antennae.
In section 3 we show differential distributions for the LHC and Tevatron, and in section 4 we
present our conclusions.

2. Integrated initial-final NNLO massive antennae

Antenna functions are the essential building blocks of antenna subtraction terms. They are
obtained from ratios physical matrix elements, and they exist in three different types: three-parton
tree-level antennae (X0

3 ), four-parton tree-level antennae (X0
4 ) and three-parton one-loop antennae

(X1
3 ). Only the latter two are genuine NNLO objects, as three-parton tree-level antennae are already

needed at NLO.
By construction, antenna functions smoothly interpolate all unresolved limits of a given cluster

of colour-connected partons. In the calculation of hadron collider observables, where coloured
particles can be emitted off initial state legs, all three types of antennae are in principle needed in
three different configurations: final-final, initial-final, and initial-initial. In addition, for processes
involving massive final-state quarks massive antennae are needed, as soft radiation can be emitted
of these massive particles.

In real-virtual and double virtual antenna subtraction terms, antenna functions are needed in
integrated form. The integrated antennae are obtained by integrating the antenna functions over
the corresponding antenna phase space inclusively. This integration is carried out analytically, and
turns the implicit soft and collinear singularities of the antenna functions into explicit poles in the
dimensional regularisation parameter ε , which are then cancelled against the explicit poles of the
double virtual matrix elements and mass factorisation counter-terms.

For the process under consideration, namely qq̄→ tt̄ +X , restricted to the colour factors that
we have so far included in our calculation, the following NNLO massive antennae are needed:
A0

4(1Q,3g,4g, 2̂q), B0
4(1Q,3q,4q̄, 2̂q′), B0

4(1Q,3q,4q̄,2Q̄) and A1,lc
3 (1Q,3g, 2̂q). They are all so-called
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(a) I[0], I[−8] (b) I[4] (c) I[4,8]

(d) I[4,5,8] (e) I[4,7,8]

Figure 1: Master integrals for A 0
q,Qgg. Bold (thin) lines are massive (massless). The double line in

the external states represents the off-shell momentum q with q2 = −Q2. The cut propagators are
the ones intersected by the dashed lines.

quark-antiquark antennae, i.e. they are derived from (crossed) matrix elements for the family of
processes γ∗→ qq̄+partons. The final-final antenna B0

4(1Q,3q,4q̄,2Q̄) was derived and integrated
in [12], while the initial-final antenna B0

4(1Q,3q,4q̄, 2̂q′) was computed and integrated in [8]. We
shall here focus on the newer A0

4(1Q,3g,4g, 2̂q), and A1,lc
3 (1Q,3g, 2̂q), which we derived in [9] and

recently integrated in [11].
In general, integrated NNLO massive antennae are defined as

X 1
i, jk =

1
C(ε)

(Q2 +m2
Q)

2π

∫
dΦ2(p j, pk; pi,q)X l

i, jk (2.1)

X 0
i, jkl =

1

[C(ε)]2
(Q2 +m2

Q)

2π

∫
dΦ3(p j, pk, pl; pi,q)X0

i, jkl, (2.2)

with C(ε) = (4π)ε e−εγ/8π2. dΦ2 and dΦ3 are DIS-like phase spaces with kinematics of the form
pi + q→ p j + pk(+pl), where one of the final-state legs is massive (p2

k = m2
Q) and one of the

initial-state legs is off-shell (q2 =−Q2). The inclusive integrals in eq.(2.1) are therefore functions
of three scales: Q2, pi ·q and m2

Q. We parametrise the dependence on the latter two scales with the
dimensionless variables

x0 =
Q2

Q2 +m2
Q

x =
Q2 +m2

Q

2pi ·q
. (2.3)

In all cases, the inclusive phase space integration is performed following the standard tech-
nique of reduction to master integrals using integration-by-parts identities (IBP) [13]. The compu-
tation of the master integrals is then carried out either directly to all-orders or iteratively, order by
order in ε , using differential equations techniques [14]. All master integrals found in the reduction
of A 0

q,Qgg and A 1,lc
q,Qg are depicted in figs. 1 and 2 respectively.

Those integrals computed with differential equations contain undetermined constants that must
be fixed using externally supplied boundary conditions. When possible and consistent we fix these
constants by demanding that the integral be regular in the soft limit (x→ 1). Otherwise, an explicit
computation of the integral’s soft limit provides the necessary boundary condition.
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(a) I[3] (b) I[3,5] (c) I[3,6] (d) I[4,6]

(e) I[3,4,6] (f) I[3,4,5,6] (g) I[3,4,6,7]

Figure 2: Master integrals for A 1,lc
q,Qg. Bold (thin) lines are massive (massless). The double line in

the external states represents the off-shell momentum q with q2 = −Q2. The cut propagators are
the ones intersected by the dashed lines.

All master integrals found contain multiplicative factors of the form (1−x)−nε which regulate
soft endpoint singularities and should be kept unexpanded. All other terms can be safely expanded
in ε . In some of the master integrals found in the one-loop antenna A 1,lc

q,Qg, more than one ε-power of
(1− x) is encountered. Therefore, the master integrals which we denote collectively by Iα(x,x0,ε)

can be most generally expressed as:

Iα(x,x0,ε) = ∑
n,m

(1− x)m−nεR(n)
α (x,x0,ε). (2.4)

The integers m and n are specific to each master integral; the functions R(n)
α (x,x0,ε) are regular as

x→ 1 and can be calculated as Laurent series in ε .
The integrated antennae collectively denoted by X (x,x0,ε) are linear combinations of master

integrals with coefficients containing poles in ε as well as in (1− x). After the masters have been
inserted into the integrated antennae, these take the form

X (x,x0,ε) = (1− x)−1−nεRX (x,x0,ε), (2.5)

where RX (x,x0,ε) is a regular function as x→ 1 and the Laurent expansion of the singular factor
(1− x)−1−nε is done in the form of distributions as usual.

3. Results

We implemented the coefficients A, Fl , Fh, Gl , Gh, Hl , Hh and Hlh in eq.(1.2) in a Monte Carlo
parton-level event generator based on the setup of eq.(1.1). Our program, written in Fortran,
uses an adaptation of the phase space generator employed in the NNLO di-jet calculation of [15],
and provides full kinematical information on an event-by-event basis, thus allowing the evaluation
of differential distributions for top pair production including exact NNLO results for the quark-
antiquark channel. Naturally, the calculation of total cross sections is also possible. When com-
paring our results for the total cross section in the quark-antiquark channel with those presented in
[16] we found that the subleading colour terms absent in our computation play an important role.
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We use analytic expressions for all matrix elements, subtraction terms and integrated subtrac-
tion terms involved in the calculation. As a result, at the real-virtual and virtual-virtual levels, the
explicit infrared poles are cancelled analytically, and the finite remainders can be evaluated effi-
ciently. For the real-virtual one-loop matrix elements we use OpenLoops [17] in combination
with CutTools [18], whereas for the double virtual contributions we use the analytic two-loop
matrix-elements of [19].

As explained in detail in [9], we renormalise the one and two-loop amplitudes of the heavy
quark contributions proportional to NhNc and Nh/Nc in eq.(1.2) using a hybrid scheme: the gluon
wave functions as well as the heavy quark mass and wave functions are renormalised on-shell,
while the strong coupling αs is renormalised in the decoupling scheme (MS with Nl active flavours).
To convert the two-loop amplitudes in [19], in which αs is renormalised in the MS scheme with
NF = Nh +Nl active flavours, to the decoupling scheme we perform a finite renormalisation of αs.

In this section, we present numerical results for LHC (8 TeV) and Tevatron. All the results
presented include all partonic channels at LO and NLO. At NNLO, the contributions to the quark-
antiquark channel from the colour factors N2

c , NlNc, Nl/Nc, NhNc, Nh/Nc, N2
l , N2

h , NlNh and NhNc

and Nh/Nc are included. We use the pole mass of the top quark mt = 173.3 GeV, and the PDF sets
MSTW2008 68cl. The factorisation and renormalisation scales are set equal to the top quark mass
µR = µF = mt throughout. Where provided, scale variations correspond to the range mt/2≤ mt ≤
2mt .

3.1 Differential distributions for LHC

In fig.3 we present differential distributions for top pair production in pp collisions with
√

s =
8 TeV at LO, NLO and NNLO, together with the corresponding k-factors. As expected, the impact
of the NNLO corrections in the qq̄ channel on LHC cross sections is in general mild, given the
dominance of the gluon-gluon initiated process in this scenario.

From the ratios NNLO/NLO in the lower panels of fig. (a), it can be seen that the NNLO
corrections decrease the pt

T distributions over the entire spectra considered. The decreases range
between 3% and 7%, being more pronounced in the tails of the distributions.

In the distribution in the rapidity of the tt̄ system (ytt̄) given in figs. (b), it can be seen that
in comparison with the full NLO result, NNLO corrections in the quark-antiquark channel shift
the cross sections downwards in the central region by 5%. In the very forward and backwards
ends of the spectrum the impact of these corrections is more substantial, causing an upwards shift
over 50%. Both plots in fig.3 show a slight reduction in the scale uncertainty when the NNLO
corrections to the qq̄ channel are included.

3.2 Differential distributions for Tevatron

In fig.4 we present differential distributions for top pair production in pp̄ collisions with
√

s =
1.96 TeV at LO, NLO and NNLO, along with the corresponding ratios. Given the dominance of
the quark-antiquark channel in this scenario, the impact of the NNLO corrections included in our
calculation is more important here than in the LHC distributions presented above. In all cases we
find good agreement with experimental data, and a significant reduction in the scale uncertainty at
NNLO.
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Figure 3: Differential distributions for LHC (
√

s = 8 TeV) in: (a) top quark transverse momentum
pt

T , (b) rapidity of the tt̄ system ytt̄ . The NNLO contributions included are in the quark-antiquark
channel only. Renormalisation and factorisation scales are set equal µR = µF = µ and varied as
mt/2≤ µ ≤ 2mt .

As can be seen from the distribution in pt
T given in fig.(a), in the lower part of the spectrum,

NNLO corrections introduce a 10% shift with respect to the NLO prediction. This shift decreases
as pt

T increases, becoming negligible in the tail of the distribution. In fig.(b) we show the inclusive
cross section for top pair hadro-production as a function of the invariant mass of the top-antitop
system. NNLO corrections, in this case, cause a positive shift over the entire spectrum ranging
from 15% near the production threshold to approximately 5% in the tail of the distribution.

In order to assess the relative size of the contributions from the different colour factors in-
cluded at NNLO in our calculation, in fig.5 we show the breakdown of the NNLO corrections to
the yt distribution into colour factors. We find that the leading-colour piece, proportional to N2

c ,
contributes most significantly, followed by NlNc, which was calculated in [9]. The contributions
from all other colour factors are very small.

4. Conclusions

We presented our NNLO calculation of the differential cross section for top pair hadronic
production in the quark-antiquark channel. The NNLO corrections include the leading-colour and
heavy quark contributions completed recently in [11], as well as the previously computed light
quark corrections [10] and other straightforward fermionic contributions.

In order to isolate and cancel the infrared divergences that arise in the various individual con-
tributions to the NNLO cross section we employed the massive extension of the antenna subtraction
method. This required the integration of new massive tree-level four-parton and three-parton one-
loop antennae presented here and in [11].

The calculation was implemented as a fully differential Monte Carlo event generator, which
allowed us to produce several differential distributions for top pair production with NNLO correc-
tions in the quark-antiquark channel for Tevatron and LHC energies. In particular, we obtained
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Figure 4: Differential distributions for Tevatron in: (a) top quark transverse momentum pt
T , (b)

invariant mass of the tt̄ system mtt̄ . The NNLO contributions included are in the quark-antiquark
channel only. Renormalisation and factorisation scales are set equal µR = µF = µ and varied as
mt/2≤ µ ≤ 2mt . Experimental data points from CDF and D0 are taken from the results in the ` +
jets channel presented in [20] and [21] respectively.
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Figure 5: Contributions to the NNLO QCD corrections to pp̄(qq̄)→ tt̄ + X from the different
colour factors included in our computation. In (b) the leading-colour part is omitted in order to
further asses the relative sizes of the various fermionic contributions.

distributions in the top quark transverse momentum pt
T and rapidity yt , as well as in the invariant

mass and rapidity of the top-antitop system mtt̄ and ytt̄ . As expected, we found that at the LHC,
the NNLO corrections to the qq̄ initiated process are not phenomenologically significant, except in
the very forward and backward regions of the rapidity spectrum. For Tevatron, on the other hand,
we found that these corrections are important and drastically reduce the scale dependence in all
distributions considered.
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