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model obtained by strong-coupling expansion.
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1. Introduction

Dirac semimetal, which shows a doubly degenerate Dirac cone structure protected by time-
reversal and spatial inversion symmeff, [has now been attracting a great interest as a material
to realize various theoretically nontrivial ideas for future applications. Graphene is a well-known
example of two-dimensional (2D) Dirac semimetals, which was successfully synthesized in early
2000s [P] and is now being intensely observed both theoretically and experimentally. In three-
dimensions (3D), on the other hand, the history of Dirac semimetal is quite new; it was first syn-
thesized in NgBi [[§] and CaAs; [[4] in 2014. The physical importance of 3D Dirac semimetals
is even larger than that in 2D, since it can evolve into various novel topological phases, such as
Weyl semimetals, topological insulators, axionic insulators, etc., by controlling the symmetries
of the system. The physical properties of 3D Dirac semimetals are now widely studied, and ex-
periments have shown some nontrivial properties characteristic to Dirac semimetals, such as the
anomaly-induced negative magnetoresistance inZ[He

It is possible that electron-electron interaction, such as Coulomb interaction, can change the
above properties of Dirac semimetals. Since the Fermi velogityf electrons is slower than the
velocity of photons, namely the speed of lighthe electrons feel an effectively strong Coulomb
interaction enhanced by the factor@fve at the classical level, which might make the many-body
effect non-negligible. Many-body effect can modify the electronic properties in Dirac semimetals,
such as Fermi velocity; renormalization of Fermi velocity has long been discussed and recently
been observed in the context of graphene, showing a strong enhancement of Fermi velocity around
the Dirac pointsf@].

If the many-body effect is strong enough, it is also possible to induce spontaneous opening
of a bandgap in the Dirac spectrum, turning the system into a Mott insulator. Such a spontaneous
gap generation is analogous to the quark mass generation mechanism in early universe, where
the chiral symmetry of quarks gets spontaneously broken under the strong interaction in quan-
tum chromodynamics (QCD). There have been various theoretical studies on many-body effects
in Dirac semimetals in terms of quantum electrodynamics (QED), based on such an analogy; in
3D Dirac semimetals, there have been perturbative analysis based on weak-coupling expansion
[[7], renormalization group (RG) analysis using many-flavor (la¥jeapproximation], lattice
gauge theory analysis with strong-coupling expang@rdic. The lattice strong-coupling analysis
suggests that the presence or absence of spontaneous gap generation would depend on the dimen-
sionality of the system, even in the strong-coupling limit of the Coulomb interaction, while leaving
its physical origin as an open question.

In this work, we improve the lattice strong-coupling expansion technique employed iBRef. [

We take into account arbitrariness of the lattice spacing discretized in the temporal direction, to

evaluate the discretization error and to extrapolate our strong-coupling analysis to the continuous-
time limit. We also introduce the background charge field, corresponding to the positive ions sitting

at each lattice site, to account for the overall charge neutrality. As a result, we find that the Mott

insulator phase is reached in the strong-coupling limit, irrespective of spatial dimensionality, due

to the local charge neutrality required by the suppression of photon propagation. We show that the
suppression of bandgap in the strong-coupling limit shown in the previous analysis is an artifact of

the discretization of imaginary time.



Lattice gauge theory treatment of Dirac semimetals Yasufumi Araki

2. Model

We start from the Hamiltonian of Dirac fermions sitting on a square lattice, given by

HE=t 3 ny(r) W)W (r +a]) +H.c.| — ko Y b)), (2.1)
rJ, r

which is the Hamiltonian form of the “staggered fermion” in the context of lattice fermion for-

malism. Herer = (rq,...,rq) is the position of a lattice site with the spaciagj runs over the

spatial dimensions frorhto d, and| is the unit vector along thg-axis.t is the hopping amplitude,

with the staggered phase factgr defined byna(r) =0, njsa(r) = (—=1)/aria/a gl r)

is the annihilation (creation) operator of an electron with “flavbrét siter, and the eigenvalues

for the electron sector are given in the momentum spaéglas= 2t /5 ; cog(ak;). These bands

show the Dirac cone structure with the slope (Fermi veloaity)= 2at around29 points in the
momentum spacé y,...,, = (7/2a) (v, - - -, Vg ), where each o¥; takes the value eitherl or —1.

Here we have also introduced the field of background chbfgerepresenting the positive
ions sitting on the lattice sites, to ensure the overall charge neutrality of the system, since nonzero
total charge leads to divergence of the total Coulomb energy. If the number of flags@, such
as spini/2 degrees of freedom, and the Fermi level is at the Dirac points, we need a single species
of this background field to cancel the total charge. The background chemical potggtigiset
deeply under the Fermi level, so that those ions should be bound at each site.

Now we recast the partition functiah = Tre A" in path-integral formalism, following the
conventional procedure: by splitting the imaginary time [0, 3) into infinitely small time-slices
ar = B/N; and inserting the complete system formed by the fermion coherent states, we obtain the
lattice action

Ll bl b =ar Y [Z Wl D)0 r(r.7) + BT 1) (07 — pogb(r. ) | +ar Y HO(1)(2.2)

The temporal lattice spacirag is independent of the spatial oagand it should be taken infinitely
small so that the path integral should be well defined. Here we firstaakiaite, and take the
continuous-time limia; — 0 after the strong-coupling expansion treatment shown below.

As a consequence of this construction procedure, we use the forward diffetgfce) =
[E(T+a;) — &(1)]/ay, instead of the forward-backward difference Ifs€ (1) x (T +a;) — xT(1 +
ar)X(1)]/2a; appearing in the staggered formalism. The kernel of this forward difference can be
diagonalized a& (wy) = '@ — 1, by using the fermionic Matsubara frequency

2n< 1) 2nn+1/2
n+=|=— .

%:7 =
B ar N

Since this kernel shows only the trivial zero-poltw = 0) = 0 in the momentum (frequency)
space, we can avoid the doubling in the temporal direction and can use the original “flavor” degrees
of freedom without reducing them to match the number of flavors

Based on this lattice fermion model, we introduce the Coulomb interaction mediated by the
electromagnetic field, namely the U(1) gauge field. Since the velocity of the fermions is much

2

(n=0,1,...N; — 1) (2.3)

1This does not violate the Nielsen—Ninomiya’s theorem, since the kernel matrix here is not (anti-)Hermitian.
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slower than the speed of light, e.gr = 1.3 x 10°m/s in CdsAs,, we can ignore the retardation
effect of the electromagnetic field, given by the spatial components of the gauge pdtefitias
we only need the dynamics of the scalar poteri@land its minimal coupling to the fermionic
fields is given bydS- = —i [dT 3, Ao[S ¢ z,U]Tt,U— b'b] in the continuous-time limit.

In the U(1)-compact formalism, the gauge variable is definetddy, 1) = explia;Ao(r, 7)].
SinceAy is coupled to the local charge density in the continuous-time limit, we define the compact
gauge variables not on the lattice links, but on each lattice site. In order to avoid the discretization
error up toO(a2A3), the discretized minimal coupling part should be

Uo—UJ
SSe (Y, gib! biUg) = § =0 [Zwiwf—b*b]. (2:4)

Since we are interested in the strong-coupling liglit— «, we neglect the gauge dynamics part,
given bySs = (2g%) ! [ dtd®r (0Ag)? in the continuum limit.

3. Strong-coupling analysis

Now we are ready to analyze the electron correlation properties, using the lattice model con-
structed above. Since the gauge dynarSigss neglected in the strong-coupling lingit? = 0, the
photon fieldUg does not propagate spatially. Thus the gauge field correlates the charge densities
only at the same lattice site; integrating out the gauge varidfyese obtain an effective action
for fermions,

=

Sy’ wibh b = Ryt e b+ S [wfwwlw, - wlwbb—lwb'b]. @)

r
Here the second term in E@.{) can be rewritten agl/4)y, ,n?(r, T), where the local charge
densityn =S¢ L,Uth,Uf —b'b. Since we are left with the temporal difference terms vdth the
effective action can be rewritten by the Hamiltonian formalism,

1
He = H(F)JrEan(r). (3.2)
r

This effective Hamiltonian can be regarded as a repulsive Hubbard model, which favors charge
neutrality, i.e.y L/JIL/Jf —b'b =0, for each lattice site. The effective coupling constant appears as
Uerr = 1/4a;.

In the continuous-time limié; — 0, the local charge neutrality is strongly required due to the
infinitely strong Hubbard repulsiodes — o0, which fixes one electron for each site. This is the
straightforward consequence of the absence of photon propagation, which can be reproduced in the
continuum limit(a — 0) as well; the coupling between the fermions and the photons is given by
the exponential factoexpg— [dtd3r iAg(r, T)n(r,7)] in the path integral formalism. Integrating
out the photon degrees of freed@hy), we are left with delta functiong, ; 8 (n(r, 1)), which is
exactly the “local charge neutrality” condition. Since the hopping of electrons is prohibited under
the local charge neutrality, the system becomes a Mott insulator.

2|n other words, the spatial components are quite weakly coupled, which should be treated by weak-coupling
expansion.
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Figure 1: The behavior of the magnitude of the antiferromagnetic order (Neél veqpas a function of
the parametep = 2a;t = (ar/a)vg, in 3D (d = 3). The order parameter saturates in the continuous-time
limit a; — 0, and vanishes at the critical valpe = 0.152.

The Mott transition discussed here can be directly observed by focusing on the order parameter
under the mean-field analysis. Itis well known that the ground state of the strong Hubbard repulsion
is antiferromagnetism, characterized by the Neél vequqr, 1) = (—1)(v++1/a(yta)(r, 1),
whereo is the2 x 2 Pauli matrix. Taking the Neél vector as a mean field, we can easily integrate
out the fermionic degrees of freedom, to obtain the effective potential (free energy) of the system
as a function ofp,

1

1 1
Fert(@) = e InZ(@) = EW\Z— PWNE ZE(¢?Q)7 (3.3)
T T q

where the summation over the Matsubara frequengdsg taken at zero temperature. He(@; q) =

[|(o/6ar|2 + (2t)2 Y cog(ag; )} Yz is the single-patrticle energy of electron under the mean §eld
which opens a mass gap for finigg The expectation value of the Neél vectprcorresponds

to the minimum of the free energy in B8.9. This minimum depends on the single parameter
U = 2a:t = (ar/a)Ve, whose behavior in 30d = 3) is shown in Figll The magnitude of the Neél
vector|@| saturates at the continuous-time lirait = 0, monotonically decreases g@sincreases,
and vanishes at the critical valpg = 0.152at the mean-field level.

We can check that this result can be related to the previous strong-coupling analysis in 3D
Dirac semimetalgd; the lattice spacings in that analysis are fixedgé = vz, so that the lattice
should be hyper-cubic in the spacetime under the scale transformratiory/ve. This corresponds
to the parameteu fixed atl in the present argument, wheggl completely vanishes and the system
becomes gapless, in agreement with REi. [

4. Lattice anisotropy

So far we have employed the lattice with a cubic symmetry. In realistic 3D Dirac semimetals,
however, there exists a lattice anisotropy distinguishing one axis from the other, due to the lay-
ered structure in the synthesis process. Here we introduce an anisotropy in the nearest-neighbor
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Figure 2: The phase diagram characterizing the pres¢gcg 0) or the absencép = 0) of the antiferro-
magnetism (Neél order), parametrized foy= (a;/a)ve andv =t;/t, . The system is antiferromagnetic in
the continuous-time limi¢u = 0), independently of the dimensionality parameter

hopping amplitude; we define the hopping amplitudes in theandx/y-directions ag, andt_,
respectively, and denote their ratio by the dimensionless parametdy/t, . v characterizes the
“dimensionality” of the system: it = 1, the lattice is perfectly (spatially) 3D-cubic, reproducing

the properties discussed in the previous section. On the other hand,0f there is no hopping in
thezdirection, and the system becomes just an ensemble of 2D slabs stacked on top of one another.
Thusv € (0,1) characterizes the “intermediate” state between 2D and 3D.

Following the process of mean-field analysis in the previous section, we can estimate the
mean-field expectation value of the Neél vector (antiferromagnetic order parargtém)the
strong-coupling and zero-temperature limit, as a function of the parametarsd v. Taking
U = (a;/a)ve andv =t;/t, as control parameters, we obtain a phase diagram characterizing the
presence or absence of the antiferromagnetgsmas shown in Fig2 We can see that the system
always shows the antiferromagnetism in the continuous-time finiita; = 0, independently of
the dimensionality, which is indeed the consequence of the infinitely strong Coulomb interaction,
i.e. the photon-mediated electron correlation in the strong-coupling limit. The dimensionality-
dependent phase transition observed in Ecén be understood as an artifact of the finite lattice
spacing in the temporal direction, which moderates the infrared singulagy=a0.

5. Summary

In this work, we have observed the electron correlation effects in 3D Dirac semimetals, by
using the strong coupling expansion of lattice gauge theory. We have improved the discretization
of the imaginary time by employing the forward difference instead of the forward-backward dif-
ference, to investigate the lattice spaciag)f dependence and to meet the path-integral formalism
correctly. We have also introduced the field of the positive background charge, coming from the
positive ions sitting at each lattice site.
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In the strong-coupling limit, the integration over the gauge field generates a strong on-site
(Hubbard) repulsion of fermions, leading to an antiferromagnetic order and opening a bandgap
at the Dirac nodes. Such a strong Hubbard repulsion originates from the local charge neutrality
required by the coupling to the gauge field, which can be reproduced in the continuum limit. By
introducing an anisotropy in the hopping amplitudes (or the Fermi velocity), we have found that
the antiferromagnetic order appears independently of the anisotropy in the continuous-time limit,
i.e. there arises a bandgap either in 2D or 3D limits.

The analysis in the continuous-time limit here shows a clear difference with the previous
strong-coupling analysis using the staggered fermion forma@nwhere the antiferromagnetic
order vanishes in 3D and appears in the intermediate state between 2D and 3D. Such a behavior
can be understood as an artifact of the discretization of time, since it can be reproduced by tak-
ing the temporal lattice spacirag comparable t@/vg, i.e. away from the continuous-time limit.
Although it is unphysical to take; finite, it still serves as an effective method to introduce the
screening effect of Coulomb interaction, since it reduces the strength of the on-site repulsion and
moderates the infrared singularity at zero-momentum in the one-loop self-energy of the fermions.

The strong-coupling analysis performed here is a starting point for exploring the finite-coupling
regime, away from the strong-coupling limit. Finite-coupling regime can be reached by the strong-
coupling expansion, namely the power series expansion by the inverse coupling cgnstant
around the strong-coupling limii~t = 0. Finite g~! enables the photon propagation, which cor-
relates the charge densities at different lattice sites; thus it may modify the electron correlation
properties non-locally, leading to the renormalization of the Fermi velogis well as the reduc-
tion of the bandgap. It remains an important question to compare the renormalization group flow
of ve from the strong-coupling limit with that from the weak-coupling limit, suggested in previous
literatures.
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