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1. Introduction

The dominant strangeness-changing 7 decays are into K7 meson systems and the correspond-
ing observables have been measured with increasing precision at LEP [1, 2], BaBar [3] and Belle [4].
We would like to note that the BaBar collaboration published their analysis for the K~ 79 mode [3],
while Belle studied the Ky~ decay channel [4]. Belle’s spectrum became publicly available but the
published BaBar analysis only concerned the branching fraction while the corresponding spectrum
has not been released yet. As a result, all dedicated studies of the 7~ — (K 7)™~ v; decays focused on
the Ksm— system [5, 6, 7, 8, 9, 10]. Consequently, even using data from semileptonic Kaon decays
(K — mlv, so-called Ky3 decays) [9, 10], important information on isospin breaking effects in the
low-energy expansion of the hadronic form factors could not be extracted. The quoted references
succeeded in improving the determination of the K*(892) and K*(1410) resonance properties:
their pole positions and relative weight, although the errors on the radial excitation were noticeably
larger than in the K*(892) case.

The threshold for the decay 7~ — K~ 1 vz is above the region of K*(892)-dominance which
enhances its sensitivity to the properties of the heavier copy K*(1410). This observation was
one of the motivations for the analysis of ref. [11], where it was first shown that the considered
decays were competitive to the 7~ — (K7)~ v, decays for the extraction of the K*(1410) meson
parameters. This was made possible thanks to BaBar [12] and Belle [13] data of the K™ 1) spectrum
which improved drastically the pioneering CLEO [14] and ALEPH [15] measurements.

The main purpose of this work is to illustrate the potential of a combined analysis of the de-
cays T~ — (Km)~ vy and T~ — K MV, in the determination of the K*(1410) resonance properties.
This study is presently limited by three facts: unfolding of detector effects has not been performed
for the latter data, the associated errors of these are still relatively large and no measurement of
the K~ 7 spectrum has been published by the B-factories. We intend to demonstrate that an up-
dated analysis of the Ksw~ and/or K~ 1 Belle spectrum including the whole Belle-I data sample
could improve notably the knowledge of the K*(1410) pole position. Therefore, we hope that our
paper strengths the case for a (re)analysis of the (K7)~ and K~ 1 spectra at the first generation B-
factories including a larger data sample and also for devoted analyses in the forthcoming Belle-II
experiment. Turning to the low-energy parameters, we emphasise the importance of (independent)
measurements of the two 7~ — (K7)~ v, charge channels with the target of disentangling isospin
violations in forthcoming studies.

While the Kr-hadronization in the 7~ — (K7m)~ v; decays is quite well understood, earlier
analyses of T~ — K nv; decays [16, 17, 18] were at odds with Belle data (also [19] showed dis-
crepancies) which motivated the claim in Belle’s paper [13] that ‘further detailed studies of the
physical dynamics in 7 decays with 11 mesons are required’, as also observed in ref. [20] in a
more general context. In ref. [11], we showed that a simple Breit-Wigner parametrisation of the
dominating vector form factor lead to a rather poor description of the data, while more elabo-
rated approaches based on Chiral Perturbation Theory (¥ PT’) [21, 22, 23] including resonances as
dynamical fields [24, 25] and resumming final-state interactions (FSI) encoded in the chiral loop
functions provided very good agreement with data.
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2. Form factor representations

The required form factors cannot be computed analytically from first principles. Still, the
symmetries of the underlying QCD Lagrangian are useful to determine their behaviour in specific
limits, the chiral or low-energy limit and the high-energy behaviour, so that the model dependence
is reduced to the interpolation between these known regimes. For our central fits, to be presented
in the next section, we follow the dispersive representation of the vector form factors outlined in
ref. [8], and briefly summarised below for the convenience of the reader. For the case of the Ky~
system, including two resonances, the K* = K*(892) and the K* = K*(1410), the reduced vector
form factor is taken to be of the form [8]

~ m%. — Kir Hip (0) + Vs S
fn(s) _ Tk k- Hgx(0) + 7 . Y 7 2.1)
D(mK*vyK*) D(mK*’;YK*’)
where
D(my, %) = m? —s — k,Hgx(s), (2.2)
and 1927
L = xa (2.3)

Ok (my)? my
The fit function for the vector form factor is expressed in terms of the unphysical “mass” and
“width” parameters m, and 7,. They are denoted by small letters, to distinguish them from the
physical mass and width parameters M,, and I',, which will later be determined from the pole
positions in the complex plane and are denoted by capital letters. The scalar one-loop integral
function PNIKn(s) is defined below eq. (3) of ref. [5], however removing the factor 1/ f,% which
cancels if k;, is expressed in terms of the unphysical width 7,. Finally, in eq. (2.3), the phase space
function o(s) is given by Okr(s) = 2gkr(s)/+/s. Since the K* resonances that are produced
through the 7 decay are charged, and can decay or rescatter into both Kz~ as well as K~ x°
channels, in the resonance propagators described by egs. (2.1) to (2.3) we have chosen to employ
the corresponding isospin average, that is
~ 2 ~ 1~
Hgr(s) = gHK”n‘ (s)+ 3 Hy 0(s), 2.4)

and analogously for ok (s), such that the resonance width contains both contributions. Little is
known about a proper description of the width of the second vector resonance K*/. The complicated
K*1 ~ Knw cuts may yield relevant effects which however necessitates a coupled-channel analysis
like in refs. [6, 10]. This is beyond the scope of the present paper, in which for simplicity also for the
second resonance only the two-meson cut is included. Similar remarks apply to a proper inclusion
of the K1 and K1’ channels into eq. (2.4) which would also require a coupled-channel analysis as
was done for the corresponding scalar form factors in refs. [26, 27].

Next, we further follow ref. [8] in writing a three-times subtracted dispersive representation
for the vector form factor,

2 3 TG Km(J
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where sxr = (Mg +M,r)2 is the K threshold and the two subtraction constants @; and oy are
related to the slope parameters appearing in the low-energy expansion of the form factor:

’ S 1.n 52 1. m S3

+-A A ——
+ 72 + 4 + /6
M2 T2 M 6T M

Em(s) = 144 ..., (2.6)

Explicitly, the relations for the linear and quadratic slope parameters 7L,+ and ﬂr take the form:

! "

A=, A =omtai. 2.7)

The incentive for employing a dispersive representation for the form factor is that in this way the
influence of the less-well known higher energy region is suppressed. The associated error can be
estimated by varying the cut-off s¢ in the dispersive integral. In order to obtain the required input
phase SIK”(S), like in [8] we use the resonance propagator representation eq. (2.1) of the vector
form factor. The phase can then be calculated from the relation

_ ImfK7(s)

tan 557 (s) = —= ,
1 (s) Reff”(s)

(2.8)

which completes our representation of the vector form factor ff” (s).

The scalar form factors that are required for a complete description of the decay spectra will
be taken from the coupled-channel dispersive representation of refs. [26, 27]. In particular, for
the scalar K7 form factor, we employ the update presented in ref. [28]. For the scalar K1 form
factor, the result of the three-channel analysis described in section 4.3 of [27] is used, choosing
specifically the solution corresponding to fit (6.10) of ref. [26]. As a matter of principle, this is not
fully consistent, since the employed K7 form factor was extracted from a two-channel analysis,
only including the dominant K7 and K7’ channels. But as our numerical analysis shows, anyway
the influence of the scalar K7 form factor is insignificant so that this inconsistency can be tolerated.

3. Jointfitsto 7~ — Ksw~ vy and 7~ — K nv; Belle data

For the 7= — Ky~ v; decays, an unfolded distribution measured by Belle is available [4].
The corresponding number of events is 53113.21 (54157.59 before unfolding) and the bin width
11.5MeV. As discussed in the earlier analyses, the data points corresponding to bins 5, 6 and 7 are
difficult to bring into accord with the theoretical descriptions and have thus been excluded from the
minimisation. The first point has not been included either, since the centre of the bin lies below the
Ksm~ production threshold. Following a suggestion from the experimentalists, as in the previous
analyses we have furthermore excluded data corresponding to bin numbers larger than 90.

On the other hand, the published T~ — K~ n v, Belle data [13] are only available still folded
with detector effects. Lacking for a better alternative, we have assumed that the K~ 7 unfolding
function is reasonably estimated by the Kgm~ one and we have extracted in this way pseudo-
unfolded data that we employed in our analysis. The corresponding number of events turns out
1271.51 for a bin width of 25 MeV. In this case, we excluded the first three data points, which lie
below the K~ 1 production threshold, and discarded data above the 7 mass.
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Therefore, the number of fitted data points is 86 (28) for the Kg¢w~ (K™ 1) spectrum, together
with the respective branching fractions: hence 116 data points in total. While it is possible to
obtain stable fits without using the Ksm~ branching fraction as a data point, this is not the case for
the K~ 1 channel. This is due to the fact that there are strong correlations between the branching
ratio and the slope parameters of the vector form factor. While in the Kgm~ case sufficiently many
data points with small enough errors are available to determine all fit quantities from the spectrum,
for the K™ 1 decay mode this was not possible. As a consistency check, we will be comparing
the fitted values of the respective branching ratios to the corresponding results obtained by directly
integrating the spectrum in all our fits.

The fitted parameters within the dispersive representation of the form factors of eq. (2.5) then
include:

e the respective branching fractions B, and Bgy. For consistency, we employ the results
obtained by Belle in correspondence with the employed decay distribution data: (0.404 +
0.013)% [4] as well as (1.5840.10) x 10~* [13], respectively. This may be compared to the
averages by the Particle Data Group, (0.420 +0.020)% and (1.52 +0.08) x 10~* [29] and
Heavy Flavour Averaging Group values [30], (0.410 +0.009)% and (1.53 £0.08) x 104,

e The slope parameters: )*1/((7/2 and )*1/((;1) . As was noted in ref. [11], while the former ones
correspond to the Kgw~ channel, the latter ones are related to the K~ n system. Therefore,
small differences in these parameters due to isospin violations are expected, and in the most
general fit we allow for independent parameters in the two channels. As consistency checks
of our procedure, we have also considered some fits assuming 2’1/01 = Ak, The findings
of ref. [8], Ag, = (24.664+0.77) x 1072 and A}, = (11.99 £0.20) x 10~*, should serve
as a reference point for our present study, where however Bk, was fixed to the average

(0.418+0.011)% at that time.

e The pole parameters of the K*(892) and K*(1410) resonances. The masses and widths of
these resonances are extracted from the complex pole position sg according to \/sg = Mg —
%FR [31]. For the lowest-lying resonance our results for the pole mass and width should be
compatible with (892.0+0.2) MeV and (46.2+0.4) MeV [9], respectively, where the quoted
uncertainties are only statistical. We expect that the extraction of the K*(1410) pole position
should benefit from our present combined fit for which (1273+75)MeV and (185+74) MeV
were obtained in ref. [8] when the uncertainties are symmetrised.

o The relative weight ¥ of the two resonances. In our isospin-symmetric way (2.1) of parametris-
ing the resonance propagators in the form factor description, y should be the same for the
Ksm™ and K~ 1 channels, which we shall assume for our central fit. Still, we have also tried
to fit them independently, as differences might indicate inelastic or coupled-channel effects.
As is seen below, our various fit results do not show a sizeable preference for this possi-
bility which supports our choice Yxn = Ykz. Our findings may be compared to the value
Y= —0.039 +0.020 of [8] indicating the influence of including the T~ — K~ 1V, mode into
our analysis.

In Table 1, we display our results using slightly different settings, though in all of them eq. (2.8)
is employed to obtain the input phaseshift for the dispersion relation (2.5) and s is fixed to 4 GeV?
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Fitted value Reference Fit Fit A Fit B FitC
Bir (%) 0.404+0.012 0.400+0.012 0.404+0.012 0.397+0.012
(Bih ) (%) (0.402) (0.394) (0.400) (0.394)
M- 892.0340.19 892.0440.19 892.0340.19 892.07 +0.19
Tk~ 46.1840.42 46.1140.42 46.1540.42 46.1340.42
M 1305113 1308715 1305113 1310714
g 168133 21278 174438 18473
Yir X 102 = Ykn -3.6%14 -3.3719 = Ykn
Ay X 103 23.9+40.7 23.6+0.7 23.8+0.7 23.6+0.7
Af < 10* 11.8+0.2 11.7+0.2 11.740.2 11.6+0.2
Biy x 10* 1.58+0.10 1.62+0.10 1.57+0.10 1.66+0.09
(Big,) x 107 (1.45) (1.51) (1.44) (1.58)
Yin X 102 -3.4%19 —5.4*11% -3.9731 ~-3.7119
A X 10° 209+1.5 = Xr 21.2+1.7 = Xr
Ay x 10* 11.140.4 11.740.2 11.1+0.4 11.840.2
x?/ndf. | 108.1/105 ~ 1.03 | 109.9/105 ~ 1.05 | 107.8/104 ~ 1.04 | 111.9/106 ~ 1.06

Table 1: Fit results for different choices regarding linear slopes and resonance mixing parameters at Scys =
4GeV?. See the main text for further details. Dimensionful parameters are given in MeV. As a consistency
check, for each of the fits we provide (in brackets) the value of the respective integrated branching fractions.

(the uncertainty associated to its variation is discussed later on): our reference fit (second column)
corresponds to fixing Yxkz = Ykn, fit A (third column) assumes Ag, = 7L,’<n, fit B (fourth column) is
the result of letting all parameters float independently and finally, fit C (fifth column) enforces both
restrictions Yk = Ykn and Ag, = )L,’(n. It is seen that our approach is rather stable against these
variations, as the x2/n.d.f. remains basically the same for the different scenarios. Also the values
of the fitted parameters are always compatible across all fits. The largest modification is observed
in fit A, where we fix A5, = M{n, but allow for independent resonance mixing parameters y. This is
partly expected since in the reference fit the former equality on the slope parameters is only fulfilled
at the 20 level. Letting all parameters float in fit B yields results which are nicely compatible with
the reference fit, though for some parameters resulting in slightly larger uncertainties. Finally,
enforcing both, the linear slopes as well as the mixing parameters to be equal also results in a
compatible fit where now the largest shift by about 2¢ is found in l,lén.

For presenting our final results, we have added to the statistical fit error a systematic uncer-
tainty due to the variation of s¢y. To this end, we have taken the largest variation of central values
while varying sq, (which is always found at s¢y, = 3.24 GeV?) and have added this variation in
quadrature to the statistical uncertainty. We then obtain

Bz = (0.404+0.012) %,

Mg+ = 892.03£0.19, Ik =46.18+£0.44,

Mg = 1305715, Tgw = 16878, ¥kn = Yiq = (=3.47173) 1072,

Az = (23.940.9)-107°, A¢, = (11.84+0.2)-107*, Bk, = (1.58+0.10)-107%,
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Figure 1: Belle 7= — Kgm~ v, (red solid circles) [4] and T~ — K~ nv; (green solid squares) [13] mea-
surements as compared to our best fit results (solid black and blue lines, respectively) obtained in combined
fits to both data sets, as presented in eq. (3.1). Empty circles (squares) correspond to data points which have
not been included in the analysis. The small scalar contributions have been represented by black and blue
dashed lines showing that while the former plays a role for the K7 spectrum close to threshold, the latter is
irrelevant for the K1 distribution.

Akn = (20.9£2.7)-107,  Ag, = (11.1+0.5)-107%, (3.1)

were like before all dimensionful quantities are given in MeV. Our final fit results are compared to
the measured Belle T~ — Ksn~ v; and T~ — K nv; distributions [4, 13] in Figure 1. Satisfactory
agreement with the experimental data, in accord with the observed x?/n.d.f. of order one, is seen
for all data points. The K7 spectrum is dominated by the contribution of the K*(892) resonance,
whose peak is neatly visible. The scalar form factor contribution, although small in most of the
phase space, is important to describe the data immediately above threshold. There is no such clear
peak structure for the K1 channel as a consequence of the interplay between both K* resonances.
The corresponding scalar form factor in this case is numerically insignificant.

Several comments regarding our final results of eq. (3.1) and the reference fit of Table 1 are in
order:

e Concerning the branching fractions, we observe that in the Ks7~ channel our fit value Bk,
which is mainly driven by the explicit input, and the result when integrating the fitted spec-
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trum le?n’ are in very good agreement, pointing to a satisfactory description of the exper-
imental data. On the other hand, for the K1 case, one notes a trend that the integrated
branching fraction B’,é’n turns out about 10% smaller than the fit result Bg,, which points to
slight deficiencies in the theoretical representation of this spectrum. This issue should be
investigated further in the future with more precise data.

e The Kgm~ slope parameters are well compatible with previous analogous analysis [8, 9].
For the corresponding K~ 1 slopes, we obtain somewhat smaller values, which are, however,
compatible with the crude estimates in Ref. [11]. The fact that the K™ 7 slopes are about 20
lower than the Kg7~ slopes could be an indication of isospin violations, or could be a purely
statistical effect. (Or a mixture of both.) To tackle this question and make further progress
to disentangle isospin violations in the K7 form factor slopes, it is indispensable to study the
related distribution for the 7~ — K~ v, decay, and the experimental groups should make
every effort to also publish the corresponding spectrum for this process.

e The pole parameters of the K*(892) resonance are in nice accord with previous values [8, 9]
and have similar statistical fit uncertainties which is to be expected as these parameters are
driven by the data of the T~ — Ks7m~ v; decay, which was the process analysed previously.
Regarding the parameters of the K*(1410) resonance, adding the T~ — K~ nv; spectral data
into the fit results in a substantial improvement in the determination of the mass, while only
a slight improvement in the width is observed. Part of the large uncertainty in the width
of the second K* resonance can be traced back to the strong fit correlation with the mixing
parameter ¥, which is also not very well determined. Future data of either 1~ — (K7) ™ v; or
T~ — K 1nv; hadronic invariant mass distributions should enable a more precise evaluation.

4. Conclusions

Hadronic decays of the 7 lepton remain to be an advantageous tool for the investigation of
the hadronization of QCD currents in the non-perturbative regime of the strong interaction. In
this contribution to the proceedings, based on the original work published in Ref. [32], we have
explored the benefits of a combined analysis of the T~ — Ksm~ v, and T~ — K~ 1V, decays. This
study was motivated by (our) separate earlier works on the two decay modes considering them as
independent data sets. In particular, it was noticed in [11] that the K7 decay channel was rather
sensitive to the properties of the K*(1410) resonance as the higher-energy region is less suppressed
by phase space.

Our description of the dominant vector form factor follows the work of ref. [8], and proceeds
in two stages. First, we write a Breit-Wigner type representation (2.1) which also fulfils constraints
from yPT at low-energies. In eq. (2.1), we have resummed the real part of the loop function in the
resonance denominators, but as was discussed above, employing the following dispersive treatment,
this is not really essential. It mainly entails a shift in the unphysical mass and width parameters m,,
and 7. Second, we extract the phase of the vector form factor according to eq. (2.8) and plug it
into the three-times subtracted dispersive representation of eq. (2.5). This way, the higher-energy
region of the form factor, which is less well know, is suppressed, and the form factor slopes emerge
as subtraction constants of the dispersion relation. A drawback of this description is that the form



T — Ksn™ vy and T — K~ NV decays: a combined analysis Rafel Escribano

factor does not automatically satisfy the expected 1/s fall-off at very large energies. Still, in the
region of the T mass (and beyond), our form-factor representation is a decreasing function such that
the deficit should be admissible without explicitly enforcing the short-distance constraint, thereby
leaving more freedom for the slope parameters to assume their physical values.

In our combined dispersive analysis of the (K7)~ and K~ 1 decays we are currently limited
by three facts: there are only published measurements of the K¢z~ spectrum (and not of the cor-
responding K~ 7t° channel), the available K~ 1 spectrum is not very precise and the corresponding
data are still convoluted with detector effects. The first restriction prevents us from cleanly access-
ing isospin violations in the slope parameters of the vector form factor. From our joint fits, we have
however managed to get an indication of this effect. The second one constitutes the present limita-
tion in determining the K*(1410) resonance parameters but one should be aware that our approach
to avoid the last one (assuming that the Kgz~ unfolding function gives a good approximation to the
one for the K~ 1 case) adds a small (uncontrolled) uncertainty to our results that can only be fixed
by a dedicated study of detector resolution and efficiency. In this respect it would be most benefi-
cial, if unfolded measured spectra would be made available by the experimental groups, together
with the corresponding bin-to-bin correlation matrices.

In Table 1, we have compared slightly different options to implement constraints from isospin
into the fits. Our reference fit is given by the second column of Table 1 and adding together
the statistical fit uncertainties with systematic errors from the variation of s.y, our final results
are summarised in eq. (3.1). The pole position we find for the K*(892) resonance is in perfect
agreement with previous studies. The main motivation of this work was, however, to exploit the
synergy of the Km and K7 decay modes in characterising the K*(1410) meson. According to our
results, the relative weight ¥ of both vector resonances is compatible in the K7 and K7 vector
form factors, which supports our assumption of their universality. With current data we succeed
in improving the determination of the K*(1410) pole mass, but regarding the width, substantial
uncertainties remain. Our central result for these two quantities is

Mg = (1304+17)MeV, Tgv = (1714£62) MeV, (4.1)

where we have symmetrised the uncertainties listed in eq. (3.1).
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