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1. Introduction

Low-energyrrt scattering remains a privileged place where we can testmmdgrstanding of
the chiral structure of the QCD vacuum. So far, there are gvew only a handful of experimental
processes that provide access to low-eneargyscattering data with the required degree of preci-
sion. Among these, one may mention the lifetime and enexgld@f pionic atoms [4, 5], the decay
of the charged kaon into one charged and two neutral pionafélK,s decays. This presentation
is devoted to the latter case, where the experimental gituags witnessed an impressive evolu-
tion in recent years. For quite some time, the high-staisieneva-Saclay experiment [7], with its
30000 events of th&* — " 1 e" ve decay mode of the charged kaon, has remained unequalled.
The situation improved notably with the 400000 events collected by the Experiment 865 [8, 9]
at the Brookhaven AGS about fifteen years ago. Finally, an evare spectacular number of more
than 1000000 events, with comparable statistics in botigeldamodes, i.e Kt — mm et ve
(roughly 2/3 of the total sample) arii~ — " e ve (roughly 1/3 of the total sample), was
collected and analysed by the NA48/2 Collaboration [10,1P],at the CERN SPS. These decay
modes will be referred to as;,.

In addition, the NA48/2 Collaboration has also publisheg] Hn analysis concerning a sample
of ~ 65000 events in the mode with two neutral pions, Ke.— n°nPetve andK— — mmde ve,
referred to aK%. These modes offer an interesting cross-check withk{he modes. Indeed, in
the isospin limit, their amplitudes have one form factor amenon. Measuring this form factor
independently in each mode thus allows to test our undetlistgrof isospin-breaking effects.

Let us now briefly present the three issues to be discussethition with these recent experi-
mental achievements.

e A standard angular analysis of tKg,~ form factors [14, 15] provides information on low-
energyrt scattering (Watson’s theorem) through the phase differéetween th&andP waves,
[0s(S) — Op(S)]expr COmparison with solutions of the Roy equations [16] forsthehase shifts
allows one to extract the values of titer Swave scattering Iengtt@ anda% in the isospin channels
I =0,2,

[3(S) — 3 ()] exp = froy(Sia0.85). (1.1)

The Roy equations follow from dispersion relations (thaaisalyticity, unitarity, crossing, and the
Froissard bound), data at energigs > 1 GeV, andisospin symmetry Solutions frey(s; a3, a3)

to these equations have been constructeddfrag) belonging to a restricted domain called the
Universal Band, see Refs. [17, 18]. Once radiative comwasthave been taken care of (see below),
it is still necessary to takisospin-breaking correctiondue toM;; # M into account {1, stands
for the mass of the charged pion) before comparing with tite [d®]. Such a calculation has been
done at one loop in chiral perturbation theory [20], and assalt, Eq. (1.1) becomes

[35(S) — Bp(S)] exp = froy(S:80,85) + S fia (S: (89) chers (86) che)- 1.2)

However, the correction terd fig (s; (a8)E2pr, (33):061) is evaluated at fixed values of the scat-
tering lengths, given by their lowest-order values in dhperturbation theory, i.e.(a8)5Ppr =
7MZ/(32nF2) = 0.16 and(a3)cppr= —M3/(167F2) = —0.045 [21]. This limitation is shared by
other studies [22, 23, 24] of isospin-breaking correctiansne loop in the low-energy expansion.
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The crucial question is whether this situation induces a lnidhe determination of the scattering
lengths from the NA48/2 data, at the level of precision treg heen reached today. In order to
answer this question, one would like to obtain an expressiadhe form

[35(S) — Bp(9)exp = froy(Sia0.85) + S fig(s:80,a5), (1.3)

where the scattering lengths appear as free parametes detérmined from the data, both in the
solution of the Roy equationfrey(s;a3,a3) andin the correction factob fig (s;a3,a3). The first
issue to be discussed shows how this question can be answerpdsitive manner by constructing
such a functiord fig (s; ag,a%) that is in addition valid at two loops in the low-energy exgian.

e The distribution with respect to the invariant mass of the heutral pions in the(gjJ decay
channels shows a unitarity cusp a#l2, corresponding to the opening of the intermediate state
with two charged pions [25]. Like in the case of the decay nsd¢ie — mrPn [26, 27], this
cusp contains information on the combinatia— a3 of the 77T scattering lengths. The second
issue is the question whether the phenomenological déscripf the cusp can impinge on the
determination of the normalization of the form factor, asues that is relevant for the next point,
as well as the expected precision with which the informatinmJ — a3 can be extracted fron(%
data.

e In theisospin limit the matrix elements fok,~ andK% have a form factor in common.
This feature can be tested with the available data. Denbiyniy this form factor, its experimental
determinations froniKZ,~ [10] and frongf [13] give

Vus| fs[Kgy ] = 1.2854 0.00L5¢a¢= 0.004sys+ 0.005¢
(1+ Oem)|Vus| fs[KY] = 1.369+ 0.003at4 0.006syst+ 0.00%xt, (1.4)

respectively. This implies

fs[K)
fo[Key ]

(14 %m) = 1.065+0.010 (1.5)

In the case of th&J,” modes, radiative corrections were taken into account. erkfly case, no
radiative corrections were applied, hence the presenckeofactordgy. This correction factor
is not available from the existing literature (the discassin Ref. [28] is not very explicit, and
hence not useful). Besides radiative corrections, theralsio isospin-breaking corrections due to
the difference between thg anddownquark massesy, andmg, conveniently described by the
parameteR, with 1/R= (myq —my)/(ms—myq), wherems is the mass of thetrangequark, whereas
myq denotes the average mass of tippand down quarks,myq = (m, +mg)/2. For instance, at
lowest order in the chiral expansion, one has [22, 29]

fs[K] B 3

Barring contributions of higher-order corrections, valuwéR as small as [30R = 35.8(1.9)(1.8)
can account for about two thirds of the effect in Eq. (1.5).eThird issue concerns thus the
evaluation ofdgn. In order to make the interpretation of Eq. (1.5) meaningiué evaluation of
oem should be carried out within treameframework as used in the analysis of mg— data.
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2. Isospin breaking in the phases of the two-loop Ke form factors

The goal here is to obtain a representation for Kag form factors: i) that is valid at two
loops in the low-energy expansion, ii) where the scattering lengths occur as free parameters,
and iii) with isospin-breaking effects due kb, # M,, included. This has been done in Ref. [2] by
adapting the approach (“reconstruction theorem") firsbohiced and described in Ref. [31] for the
it scattering amplitude, and implemented explicitly in R8R][ This method rests on very gen-
eral principles, relativistic invariance, analyticitypitarity, crossing, and chiral counting. Isospin
symmetry itself is not required. An iterative two-step donstion then yields a two-loop represen-
tation for meson scattering amplitudes atd form factors. As an outcome of this construct, the
phases of th& andP-wave projections of the form factors can be expressed as

1 ' ab ab
1 A 2/ (S) 'y Fsa[o] + FS[Z] (37 Sf) s s FS[O]
(s, s) = A 95 (s + U5 () = B(s—sawy
(&%) &5 Taw S 0 Fso+Fsz(ss)  ° ()FS[O] ( )
+0(E®), (2.1)
and
1 1 U~ /1 /
Ao A2 () [ .  GERH+GED(SS) an
B(ss) = a9 alb’( ) | et (s SO R (9 2| B(s )
@B S A%(s P, + Criz(S,%) PO
+0(E°). (2.2)

In these expressions, the sums run over all possible mesanigarticle intermediate states
{&,b'} that can contribute whesg the square of the invariant mass of treérr pair, exceeds
the threshold valusy. Their complete list, together with the corresponding egpions for the
leading-order (in the low-energy expansion) form facfe§§ andG2{ (note thafFs ) = FZ 7,
Gppoz = GS?OE) are given in Table 2 of Ref. [2]. The phase-space factorex@gseessed in terms of
the appropriate triangle or Kéllen functionsy(s) = * — 2s(M2 + M2) + (M2 — M2)2. In the case
of the P-wave phasép(s,s/), there can be no contribution from states with two identpzaticles
due to Bose symmetry, making the symmetry facto#ky in dp(s,s/) superfluous. Furthermore,
g’b';**(s) and ¢f’b’;**(s) denote the partial-wave projections of the lowest-ordattedng ampli-
tudes for the processedy — . These are the only quantities that contribute to the phafses
the one-loop form factors. The phases of the two-loop forectofa receive corrections at the next

order in the low-energy expansion. These corrections nadier as correctionst;sf"['z?' and G?,'[g’]

to the form factors, and as correctiowg’b/;*’(s) and (,U‘l"‘/b';**(s) to the partial-wave projections.
Through these corrections, the phasets,s;) and dp(s,s;) depend also osy, the square of the
invariant mass of the lepton pair, as soon as a second intétaestatex’'b’ = +— is involved. For
the description of th&J,~ processessranges from B2 to MZ, so that only two-pion intermediate
states are relevant, i.¢a,b'} = {mr", m }, {n°, i°}. Due to Bose symmetry, the second possibil-
ity does not occur in th® wave, so that the dependencespmccurs only in theSwave. In other
words, while Watson’s theorem does not apply to the caseegbliase of th&wave projection of
the form factors, it is still operative for tHeé wave in the range o allowed by the phase space of
theKZ,~ decay mode. It appears that the available statistics haslloated the NA48/2 experiment
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to identify a dependence of the phasesspfl1, 12]. We haver checked that, from the theoretical
side, the dependence gnis indeed sufficiently small, as compared to other sourcesrof. We
have therefore takesy = 0 in our formulas. Let us stress that the dependencs, @ also not
present inds(s,sy) at lowest order (i.e. the case considered in Ref. [20]), eliee expression for
ds reduces to

1250 g FE ;
S) = a T (s) == B(s— sy )+ O(E 2.3
Y= 3 T e WO e +O(E 23)

In the isospin limit, the dependence gralso drops out fronds(s,s;), and Watson’s theorem
is recovered, i.e. the phases tend towards

35(s,5) = %(8), Ip(S) = Ai(9) (2.4)

wheredy(s) andd; (s) denote thetr phases inthé= 0,1 =0 andl =1, | = 1 channels, respec-
tively. The quantity that is determined from experimenthis tifferenceds(s,sy) — dp(s) and our
aim is to compute its deviation from the differenggs) — d,(s).

Let us now come to the main point, namely the dependence ae#ttering lengthad anda3.
Along with the form factors describing th&, form factors, one also needs to construct the various
amplitudes forrmrt scattering. This can be done within the framework providgdHe “recon-
struction theorem" of Ref. [31], even when isospin is broKgnin doing so, one can parameterise
these amplitudes, and thus the partial-wave projecticatsaippear in the phaség(s,s;) anddp(s),
directly in terms of the scattering lengths. The same carobe @or the phased(s) andd;(s) in
the isospin limit. Doing this for the one-loop form factoosie obtains this way the expression

1 2 2 A 1 s—4M?2
Stie( 9 3) = 50(5) |~ 598+ 56— 4eb - 1 (2a8—5) " @5
m
1 2 1 s—4M
~500(s ( >{ §ao+3ao+ao——1—2(2a8 5%)T}+6(E4)
T

wherea(s) = /1—4MZ/s, 0p(s) = y/1—4M2, /s, andA, = MZ— M2,. If one replaces the scat-
tering lengths by their lowest-order valuga)=0s; and (a3)251 given previously, one recovers
the result of Ref. [20]. In contrast, in the expression (2tbg scattering lengths appear as free
parameters. It is also possible to work out [2] #1€E4) corrections to the above expression of
dfig(s;a3,a3), thus obtaining an expression whose dependence on thersmgtiengthsad and
a3 is correct up to corrections of the ordéi(E®) in the low-energy expansion. Numerically, we
observe thab fig (s; a8, a3) shows significant variations with respect to the scatteeéngthsa and
a%, as these are varied away from the lowest-order chiral giedi see the Figures in Section 6 of
Ref. [2].

We have redone the fit to the NA48/2 data using our deternoinaif the correction factor
dfig (s ad,a3), obtaining

ad=0221(18) a3 = —0.0453106). (2.6)

This result compares well with the valug$= 0.222(14) anda3 = —0.043297) obtained in Ref.
[12] with the correction factor of Ref. [20], but with sligitlarger errors once the dependence
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of the isospin-breaking corrections on the scatteringtlends taken into account. Actually, the
interference between ttandP waves from the<,~ angular analysis shows a strong correlation
betweers andaZ. In order to circumvent this problem, one may supplemenh#é8/2 data with
additional information. Two options have been considengging data in thé = 2 Swave [18],
or using a theoretical constraint on the scalar radius optbe [33]. With the first option, our fit
gives the result

ad=0.2329)  aj=—-0.038340), (2.7)

while with the second option we obtain
ad=02267) a5=—0.043119). (2.8)

We have estimated higher-order corrections (in the lowggnexpansion) t@ fiz (s, ag,a%) in var-
ious manners, and have found that they affect the resultsirofits in a marginal way. For more
guantitative statements concerning this issue we refantaeested reader to Section 7 of Ref. [2].

3. Thecuspinthe Kgf decay distribution

Two questions related to the presence of the unitarity ausipe decay distribution of tHégf
decay modes were addressed in Ref. [3]. The first one aimgeaniaing to which extent the
phenomenological parameterisations of the cusp considaréhe data analysis could influence
the outcome, in particular as far as the value of the fornofafyfK%)] is concerned. The second
one is to determine the statistics that would be necessamdar to extract the information on the
miT scattering lengths with a certain level of accuracy frigfi data.

We have addressed both issues in the somewhat simpleiaitadthe scalar form factors of
the pions, for which two-loop expressions were obtainedah R]. These expressions again retain
the full dependence on the scattering lengths and on isdspaking effects, and thus provide a
theoretical description of the cusp (in the scalar formdacof the neutral pion) that is accurate at
that level in the low-energy expansion.

We have used these two-loop representations in order taaengseudo data, which have
then been analysed with various phenomenological paraisegiens of the form factor, inspired
by those in use for the analyses of thg~ andK% experimental data, and which do not fully agree
with the general properties that can be inferred from thetexgpressions of the form factors. The
outcome of this study is that the determination of the nolzatibn of the form factor is actually not
sensitive to the parameterisations used, and can be datatraccurately (at the percent level with
a statistical sample of the size of the one collected by N2¥8Consequently, the fit procedure
adopted in Ref. [13] does not bias the determinatiorﬁsp(&o], and thus cannot explain even part
of the surprisingly higher value obtained for it by the NAZ&pbllaboration as compared to the
value for fs[KJ, "] determined from th&J,~ channel, see Eq (1.5). Although our study was carried
out for the scalar form factor of the neutral pion, we expbet the conclusion also holds for the
K form factor. This expectation rests on the fact that thess@dKJ? form factors have similar
shapes, in particular as far as the cusp is concerned.

As far as the extraction of the combinatigf— a3 is concerned, the presence of a cusp similar
to the one observed in the three-bddy — " °m® decay [34] suggests that it should, in prin-
ciple, be possible to extract information on the scattetamgths from an accurate measurement
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of the K% differential decay rate. We have found that, unfortunateligh the sample of events
presently available, the statistical uncertainties renfaige and the scattering lengths are only
weakly constrained. A substantial increase of the stagisample would be required in order to
reach a precision that would become close to the precisitairaud by the Dirac experiment [35].

4. Radiative correctionsto the K% decay rate

Because of the smallness of the electron mass and of thedimitperimental precision, the

decay of the charged kaon into two neutral piaks, — °mle* Vé can be described in terms of
a single form factor. This form factor also occurs in the digsion of the decay into two charged

pions,K* — mmtme* (\;e) and up to isospin-breaking contributions, the two deteatidns should
agree. Having eliminated possible biases due to the paggaisedions used in the data analysis, the
significant difference displayed in Eq. (1.5) should therefbe ascribed to radiative corrections,
i.e. to the factodg ).

In the data analyses, radiative corrections were addrediffiedently in the KJ,~ and K
cases. In the latter case, no radiative corrections werkedpip the measured decay rate [13],
and the factodem was left unspecified. In thiJ,~ case, two types of radiative corrections were
implemented. Virtual photon exchanges between all pasgibirs of charged external lines were
considered, and the corresponding Sommerfeld-GamoweaBakifactors applied. The corrections
induced by emission of real photons were treated with PHORBBS37, 38, 39]. The latter also
implements wave-function renormalisation on the extechakged legs. The couplings of photons
to mesons are treated as point-like interactions, giverchias QED. The result is then free from
infrared singularities. Furthermore, contributions thaish when the electron mass goes to zero,
which is a sensible limit to consider for tig, decay channels, are neglected.

Transposing this discussion to tKdP case, one notices that Sommerfeld-Gamow-Sakharov
factors are not relevant, so that only the second type oéctions effectively contributes .

In order to make the comparison with tKggf case meaningful, the evaluation &\ should be
done within the same framework as used there. This requiragdlyse the content of PHOTOS
in some greater detail, in order to identify which correcticare included, and in which manner
they are implemented. We have done this study, and haveatedlthe corresponding radiative
corrections in th&% case. The result we obtain is

%wm = 0.018 (4.1)

This correction term has the expected size. Moreover, l@asgive, it indeed reduces the discrep-
ancy in Eqg. (1.5), from 6.5% to 4.6%, i.e.

fo[Kei

fs[Kes |
The remaining difference can then be accounted for by thepisdoreaking in the quark masses,
i.e. the value ofR. Actually, one may even take an inverted point of view and,cbynbining
Egs. (4.2) and (1.6), extraBt= 32f2. Of course, a more reliable statement would require one to

evaluate the corrections to the lowest-order relation)(f$ well as a more systematic treatment
of radiative corrections in botkg, channels.

= 1.046+0.010 (4.2)
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5. Summary and conclusions

The high level of precision reached by the determinatiods0$) — dp(s) from the data col-
lected by the NA48/2 experiment requires to consider isebpeaking corrections. Since the ulti-
mate goal is to extract ther scattering lengths in the isospin limé) anda3, the corrections due
to the mass differencil,; # M, should not be computed at fixed values of the scattering tesngt
but should be parameterised in terms of them.

General properties (analyticity, unitarity, crossingjrehcounting) provide the necessary
tools, through the reconstruction theorem, to do this in @ehindependent way. The correc-
tions can be obtained in the form shown in Eq. (1.3), whereoih berms on the right-hand side
the scattering lengths appear as free parameters, to luktéitthe data. Moreover, the correction
termd fig (s, ag,ag) has been worked out at next-to-leading order. Using thistcoction, we have
redone the fit to NA48/2 data. Our results are compatible thitise published by NA48/2 within
errors.

We have also looked for possible sources of biases that goaldde explanations for the dis-
crepancy observed between the measurements of the foron faot theKJ,~ andK3? channels. A
possible bias due to the use, in the data analysis, of sieglifinenomenological parameterisations
of the cusp in th&Z form factor, does actually not influence the determinatibitsmormalization
at the level of precision achieved with the NA48/2 data.

We have next evaluated radiative corrections tol(@%decay rate, being careful to perform
this evaluation in the same framework as used for the tredtmieradiative corrections in the
Kg,~ decay, in order to make a comparison between the two meariritfie resulting correction
reduces the discrepancy in Eq. (1.5) from 6.5% to 4.5%. Thmanm@ng discrepancy can then be
ascribed to the difference, — my between quark masses, given the typical values of the quark-
mass raticR obtained by recent simulations of QCD on the lattice. A maranjitative statement
would required a more involved treatment of radiative ocioms.

This brings us to our final remark. While the treatment of aéidé corrections in the data
analysis might give reliable results as far as the decay m@te concerned, it might not quite do
justice to the high quality of the data that have become ablfor the decay distributions. The
issue of the dependence on the scattering lengths thus arigte legitimately also in the context
of radiative corrections. Existing studies do not take #spect into account. We leave this as an
interesting open problem for future work.
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