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1. Introduction: Chiral Perturbation Theory and unphysica | artefacts

Chiral Perturbation Theory (ChPT) [1, 2, 3] is the effecfivdd theory for QCD when looking
at physics in the low-energy limit. Unphysical effects angfacts as needed in lattice gauge theory
can be systematically included in this framework. Caldofet in Lattice Gauge Theory can highly
benefit when ChPT-guided extrapolations are employed tp #esse effects - such as unphysical
valence and/or sea quark masses, the finite lattice spdbafjnite lattice size and lattice artefacts,
due to the choice of action, under control.

The talk discusses progress for two of these effects inBiel €hPT framework: the finite size
and the unphysical masses [4, 5]. To simplify the use fordittece community, we provide fully
flexible and unrestricted access to our numerical prograaikhg CHIRON [6] program collection.
This can be downloaded from [7]. The analytical expressaamsbe downloaded from [8].

It is inevitably the nature of any numerical lattice caldida that it is performed in a finite
volume. In order to perform a proper matching between a&f)CD calculation and ChPT, good
control over the additional quantum corrections to physigeantities which emerge due to the
finiteness of the volume is required. Then, infinite volumdTltan serve as a reliable validity
check for the lattice calculation, or low-energy constdhisCs) can be properly extracted from the
lattice result. Conceptually, in our work, a finite volumé/{Hs introduced that restricts the size
of the Euclidean 3-dimensional space. The “time” dimenssamssumed to be infinitely extended.
This treatment clearly breaks Lorentz invariance. Dealiitty the effects of all of this in ChPT
at two-loop order is quite involved. We discuss first shdfitijte volume loop integrals in Sect. 2,
then our results for standard ChPT in finite volume [4] in S8ctThe largest part is devoted to
the partially quenched case, Sect. 4. We present a few ncaheesults as well as the checks
performed. Finally, we point out the recent extension to Q®&B theories.

Introductions to ChPT can be found in the talks by Ecker [9] Bernard [10] at this confer-
ence. A more extensive introduction aimed at lattice tls®is [11].

2. Finite volume integrals

Two different methods for the numerical evaluation of F\erals have been suggested at
one-loop order [12, 13, 14, 15]. The integrals over momentomponents in finite size direction
are really discrete sums. Using the Poisson summationdhretite sum can be turned into a sum
over integrals again. The advantage of doing this is thairtfigite volume expression can easily
be removed from this. The separation of the infinite volulv@ énd FV part of an integral leaves a
sum of integrals as the structure to be calculated numbriéaepending on the preferred method,
either the summation or the integration can be eliminatde: dctual evaluation routines then have
to solve only a summation over modified Bessel functions 118,14] or a numerical integration
over Jacobi theta functions [15]. This is strictly true fbe tone-propagator cases, for two or more
propagators additional numerical integrations over Feymparameters might be necessary. Note
that since the finite volume breaks Lorentz invariance estitzctures can appear in the integrals.

The extension of both methods to the general two-loop sunsgral can be found in [16].
Expressions for all the integrals needed in this work carobed there. They are also available in
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Figure 1: The Feynman diagrams needed for the mass calculation. Aditites a vertex of ordgr?, a
filled box a vertex of ordep* and an open box a vertex of ordgf.

the program package CHIRON [6, 7]. The precise definitiomste Minkowski versions we use
in our work discussed here can be found in [4, 5].

3. Finite volume for standard ChPT

The calculation at finite volume is very much like the caltiolas in infinite volume but one
has to keep in mind the extra terms and extra structures ifoteintegrals. The diagrams that
need to be evaluated are depicted in Fig. 1.

For numerical inputs we use

Fr = 922 MeV, my; = 1349764 MeV, 4 = 770 MeV, mg = 49453 MeV,
m, = 547.30 MeV, [; = —0.4, T, =43, 13 =3.0, | = 43. (3.1)

For the three flavour LEC4.[) we use the values of the recent fit to continuum data [17].

The analytical result for the finite volume correction to gien mass for the two flavour case
agrees with the one-loop result of [14] and as far as we wdeetalcheck with the two-loop result
of [18]. The infinite volume result agrees with [19, 20]. Foethree flavour case we agree for all
masses with the infinite volume result [21] and the one-lopijpefivolume results [15].

Numerical results for the pion mass are shown in Fig. 2. We kaviedL but kept all other in-
puts constant as given in (3.1). The two and three flavouitseate numerically in good agreement
showing that as expected the kaon and eta effects are small.

The decay constants can be calculated in a similar fashienrepfoduced the known infinite
volume two-loop results as well as the one-loop results. e fa small disagreement with the
partial two-loop results in [22]. Numerical results for fhien decay constants are shown in Fig. 3.

Some examples using the same LECs as above but varying iapatdnd pion masses with a
calculated consistent value fB; andm, are shown in Fig. 4. The method of calculating consistent
values is explained in [4].
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Figure 2: The relative finite volume corrections to the pion mass segiarith varyingL. The other inputs
are given in the main text. (a) Comparison of the two- andetitavour results. (b) The three-flavour case
also showing separately thé dependent part of the® contribution E5L;).
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Figure 3: The finite volume corrections to the pion decay constant asetion ofL. The other inputs can
be found in the text. Plotted is(FY — Fy)/Fn. (a) Comparison of the two- and three-flavour results. (b)
The corrections for the three-flavour case showind fheéependent part separately.

4. Finite volume results for partially quenched three flavouw ChPT

4.1 Partial quenching

In the partially quenched case, we give different massdstodlence and sea quarks. Valence
quarks have flavour lines which connect to the external fiel@ea quarks, on the other hand,
appear only in closed loops. The distinction is crucial feamparison to partially quenched lattice
calculations. For the sea quarks, a (functional) fermioterieinant appears in the generating
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Figure 4: The finite volume corrections to the pion decay constant foumber of mass cases. Plotted is
the quantity—(FY — Fr)/Fr. (a) Physical case an@ny, m¢) = (100,495) and(100,400) MeV. (b) mx =
495 MeV andm;,; = 100,300,495 MeV. The sizé. is given in units of the physicat® mass.

functional
z— /waA exp< S / (D +m) ]>:/D[A]exp(—SG)det(D tm (@)

when integrating over the anti-commuting fermionic Graasmfields. Hence, the exponential
containing the gauge field actic; is modified by a factor containing the fermion mass The
(Monte-Carlo) evaluation of the determinant is computslly very expensive, it is much cheaper
to vary the valence quark mass only. Then, the produced daideonfigurations do not need to
be changed in the lattice computation, but only the massg $kat is used to calculate the operator
expectation value.

An important issue for a partially quenched ChPT (PQChPTCutation is the question how
to prevent quark fields in the valence sector from contnifguticcording to equation (4.1) to the
determinant. One way is given by a construction, due to M@&]| that involves bosonic spin/2
fields. By fixing the mass matrimn 6f these “ghost” fields to the one used in the valence setter, t
unwanted contribution cancels exactly from the determntiaarcan be seen from

7 - /'D[pr@A]exp<—sG—/[w(D +m) g+ @ (D + 1) lﬂ)

det(D +m)
B /D exp(— )det(D+m) (4.2)

with { denoting the bosonic Dirac field. This method, also calledsiipersymmetric formulation

of PQChPT, has the advantage that the partial quenchingripletely performed by the construc-
tion of the Goldstone manifold and the Lagrangian. Given, tinee Feynman-diagrammatic calcu-
lation then simply follows the ordinary rules of Field Thgolt should be noted though on the side

1The equations also hold for several fermions, arranged aitav vectonp, and a mass matrix.
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that this does not change the fact that the partially queshdheory is no longer a proper Quan-
tum Field Theory in the strict sense: The supersymmetrimédation allows rewriting partially
guenched theory in terms of a local Lagrangian for a statisthechanical model - in violation of
the spin-statistics theorem.

The chiral group in the supersymmetric framework is forpnaktended to the graded

G = SU(Nval + NsedMval)L X SU(Nyal + NsedNval)r (4.3)

for the case ofyy valence andisezquarks. G is then spontaneously broken to the diagonal sub-

group SU(nval + NsedMval)v. We have done our calculations in the flavour basis rather ith¢he

meson basis. We thus use fielgg corresponding to the flavour contentafg,. The mixing of

the neutral eigenstates and the integrating out of theedinigigree of freedom is taken care of by

using a more complicated propagator. It is possible to ussdame method also in standard ChPT.
The corresponding Goldstone manifold is then parametiigefields with generic structure

avdv | | aves | | o |

o=|| OsOv 1] 0sds 11 0s0B | (4.4)

OBV Oeds | | Os0s
whereV denotes valences denotes sea anl denotes the bosonic ghost quarks. Note that the
meson fields containing one single ghost quark only will teelves obey fermionic, i. e. anticom-
muting, statistics.

The structure of the Lagrangian is similar to standard Ch#?Rfgeneric number of flavours.

The lowest order Lagrangian is
2

F
L= Zo(uﬂu“ + X4 (4.5)

At one-loop, the terms relevant to our work are given by
%y = Lo(UHuuyuy) + Ly (UFuy)? + Lo (uHu”) (uguy) + La ((UHuy)?)
+QMMMMH&w%MQ+%w&+EMﬁ+%uﬁwﬂ+u.w&
The generalized Goldstone manifold is parametrized as
u= exp(iqn/(fzﬁ)) (4.7)

similar to the exponential representation in standard CRBiTthree physical flavours, it is a9
matrix with fermionic parts. We have furthermore introddice

Uy = i {u’(dy —irg)u—u(dy—ily)u'},

x+ = u'xu+ux'u. (4.8)
The matrixy is for this work restricted to

X = 2Bpdiag(my,...,mo) 4.9
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with m; the quark mass of quaikand By a LEC. We have herey, = my,mp, = mg,mg = mg as
the valence masses and, ms, mg as the sea quark masses. Ordinary traces have been repjaced b
supertraces, denoted By, defined in terms of the ordinary ones by

sn(é E) =TrA—TrD. (4.10)

B and C denote the fermionic blocks in the matrix. The supersingigt generalizing they’,
is integrated out to account for the axial anomaly as in steth@hPT, implying the additional
condition

() = Str(P) =0. (4.11)

However, as mentioned above, we will work in the flavour basi®rcing the constraint (4.11) via
the propagator.

A calculation in PQChPT has to be performed using a largeofsgperators since no further
reduction by means of Cayley-Hamilton relations can bequaréd. The three-flavour PQChPT
Lagrangian (equation (4.6)) thus has 11 LECs for PQChPT.

An additional comment is that the divergences for PQChPTdaeztly related to those for
nsegflavour ChPT [24] when all traces are replaced by superta¢lis can be argued using the
formal equivalence of the equations of motion used or viadiptica trick [25].

This method was used in the pioneering work for actual catmris in partially quenched
ChPT [26]. More details can be found in [27, 28]. In those netfiees you can also find a detailed
derivation of the double poles that appear in the propagdtomeutral particles.

4.2 Quark flow

An alternative method to do (partially) quenched calcolatiin ChPT is to use the quark flow
method introduced in [29, 30]. It basically consists of wogkin the flavour basis and keeping
all flavour lines. The removal of the singlet degree of freads now done via extra terms in the
neutral propagator. In the end one checks which flavour lamesconnected to external fields or
operators and those are given the corresponding valenck fiagour. The remaining ones are
to be summed over the sea quark flavours. This was generatizbe two-loop diagrams in our
calculation.

4.3 Results

The analytical calculations were performed using both wash supersymmetric and quark
flow, with results in full agreement. We also reproduced thewn infinite volume results [31, 32,
33] and the one-loop finite volume expressions [34, 35]. Thwessions for the different mass
cases reduce to each other and to the unquenched case wingrthakrelevant mass limits.

For the LECs we use the results of theof the recent fit [17] and we set the additional LEC
Lo =0. The scale is set tg = 0.77 GeV and the lattice siZe we choose such thadL = 2 for
M = 0.13 GeV orL ~ 3.04 fm. For the lowest order pion decay constant wekgse 87.7 MeV.
The lowest order kaon mass we fix to 450 MeV.

As an example we plot the pion mass for a number of cases wheieep the lowest order
(valence) pion mass at 130 MeV but vary the sea quark massgest @ sea pion mass varying
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from 100 to 300 MeV. The sea strange quark is fixed at a mad# sligpve the valence sea mass.
The variation with the sea pion lowest order mass squgseds showrf in Fig. 5. We show the
cases for up-down mass equal for both sea and valence edifffar valence only, different for sea
only and both different. The cancellation between the uprdmass differences between sea and
valence effects is accidental. It does not happen for thaydegnstant. The four different cases are
compared in Fig. 6.

The same cases for the pion decay constant are shown in Fi§h&.cancellation which
happened for the masses is not present here. Figures for leenuihother cases can be found in
the paper.

5. Update: QCD-like theories

The finite volume corrections for masses, decay constamtgtenquark-antiquark vacuum
expectation value in the effective field theory for QCD-ltkeories have been recently calculated
as well. The extension to the partially quenched case was ifotihe same work [36]. This work
can be seen as an extension of our work in ChPT discussed ahdvef the unquenched infinite
volume results of [37].

Acknowledgments

We thank the organizers for a very pleasant and well-runezente. This work is supported
in part by the Swedish Research Council grants 621-2010-508 621-2013-4287.

References

[1] S. WeinbergPhenomenological LagrangianBhysica A96 (1979) 327.
[2] J. Gasser and H. LeutwyleChiral Perturbation Theory to One Loognnals Phys158(1984) 142.

[3] J. Gasser and H. LeutwyleChiral Perturbation Theory: Expansions in the Mass of tha&ge
Quark,Nucl. Phys. B250(1985) 465.

[4] J. Bijnens and T. RdsslefFjnite Volume at Two-loops in Chiral Perturbation TheolfJEP1501
(2015) 034 [arXiv:1411.6384 [hep-lat]].

[5] J. Bijnens and T. RdsslefFjnite Volume for Three-Flavour Partially Quenched ChiRdrturbation
Theory through NNLO in the Meson SectiXiv:1508.07238 [hep-lat], to be published in JHEP.

[6] J. Bijnens,CHIRON: a package for ChPT numerical results at two lodpg;,. Phys. J. @5(2015) 1,
27 [arXiv:1412.0887 [hep-ph]].

[7] http://www.thep.lu.se/~bijnens/chiron/

[8] http://lwww.thep.lu.se/~bijnens/chpt/

[9] G. Ecker,Status of chiral perturbation theory for light mesoasXiv:1510.01634 [hep-ph].
[10] C. BernardEffective Field Theories and Lattice QCBxXiv:1510.02180 [hep-ph].

2In terms of the up and down sea quark ma§s? m5®2we have thajay = Bo (M5e3+ msed).



Finite volume for masses and d

ecay constants

Thomas Rossler

0.15
01t P
[\ - -
g 0.05 f PPt 1
'Ow L =
I = R —
3 - - -
>
- -
><1§ -0.05 6p4 I |
pL---
-0.1 + p6 R ------- 4
php®
-0.15 L L L L L L L
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
2
Xav [GEV7]
€Y
0.15 . :
01 f P
™ e B
li, 0.05 | _— 1
g -
©
[ O e B T
3 S- - TTs
>
©
z L 4 ]
><]§ 0.05 6p .
prLi---
-O 1 L p6 R 7777777 4
4
php®
-0.15 I | I I I I I
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
2
Xav [GEVT]
(©

VA _
A’\/l‘ dVal_2 dsea_z

\Y _ —
AM' dval_2 dsea_3

0.15
01f e ]
0.05 | e ]
e e S -
-0.05 | 6p4 _ I :
Py - - -
01t R ]
phep®
-0.15 I | I I I I I -
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
2.
Xav [GEV7]
(b)
0.15 —
01} I
0.05 | 7 ]
0 For=————== =
- L 4 4
0.05 P
pL - - -
01} DOR ]
4
p*p®
-0.15 L L L L L L L
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
2:
Xav [GEV7]
(d)

Figure 5: The corrections for the pion mass relative to the lowestomtkess as a function of the average
up and down sea quark mass ¥i&. When isospin breaking is included the ratio of up to downruaass
is chosen to be 1/2d,, indicates the number of different valence quark masgggindicates the number
of different sea quark masseg®L; denotes the part of thg® contribution depending on thg while p°R
is the p® contribution which does not depend pf or p® LECs. The vertical line agay = 0.0169 in this

and the following figures indicates where the lowest ordessea for the pion composed of sea quarks and

of valence quarks are the same. This is the unquenched aaé® fand (d). (a) The isospin limit in sea
and valence, (b) Isospin breaking in the valence sector. ¢ojylsospin breaking in the sea sector only. (d)

Isospin breaking in both sector

S.

[11] M. Golterman Applications of chiral perturbation theory to lattice QCBr,Xiv:0912.4042 [hep-lat].

[12] J. Gasser and H. Leutwyldright Quarks at Low TemperatureBhys. Lett. BL84(1987) 83.

[13] J. Gasser and H. Leutwylérhermodynamics of Chiral Symmet®hys. Lett. BL88(1987) 477.

[14] J. Gasser and H. Leutwyleé3pontaneously Broken Symmetries: Effective LagrangigFisige
VolumeNucl. Phys. B307(1988) 763.

[15] D. Becirevic and G. Villadorampact of the finite volume effects on the chiral behaviooarid B¢,
Phys. Rev. D69 (2004) 054010 [hep-lat/0311028].



Finite volume for masses and decay constants Thomas Rdssler

0.14
0.12

0.1

0.08

0.06

>F 0.04
0.02

0

-0.02
-0.04

-0.06 O —
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

Xav [Gevz]

Figure 6: Comparing the finite volume correction for the meson masseshe cases with no isospin
breaking (none), only in the valence sector (val), only mdka sector (sea) and in both (full) for the meson
mass squared. The upper curves aregthehe bottom thep* + p® results.

[16] J. Bijnens, E. Bostrom and T. A. LahdByo-loop Sunset Integrals at Finite Volund&lEP1401
(2014) 019 [arXiv:1311.3531 [hep-lat]].

[17] J. Bijnens and G. Eckeklesonic low-energy constan&snn. Rev. Nucl. Part. Scb4 (2014) 149
[arXiv:1405.6488 [hep-ph]].

[18] G. Colangelo and C. Haefekjnite volume effects for the pion mass at two lodysgl. Phys. B744
(2006) 14 [hep-lat/0602017].

[19] U. Birgi, Charged pion pair production and pion polarizabilities twd loops,Nucl. Phys. B479
(1996) 392 [hep-ph/9602429].

[20] J. Bijnens, G. Colangelo, G. Ecker, J. Gasser and M. BiG&lastic 77t scattering to two loops,
Phys. Lett. B374(1996) 210 [hep-ph/9511397].

[21] G. Amords, J. Bijnens and P. TalaveTayo point functions at two loops in three flavor chiral
perturbation theoryNucl. Phys. B568(2000) 319 [hep-ph/9907264].

[22] G. Colangelo, S. Durr and C. Haefdtinite volume effects for meson masses and decay constants,
Nucl. Phys. B721(2005) 136 [hep-lat/0503014].

[23] A. Morel, Chiral Logarithms in Quenched QCD, Phys. (France)8(1987) 1111.

[24] J. Bijnens, G. Colangelo and G. EckRenormalization of chiral perturbation theory to order &*
Annals Phys280(2000) 100 [hep-ph/9907333].

[25] P. H. Damgaard and K. SplittorfRartially quenched chiral perturbation theory and the riegl
methodPhys. Rev. D62 (2000) 054509 [hep-lat/0003017].

[26] C. W. Bernard and M. F. L. GoltermaRartially quenched gauge theories and an application to
staggered fermion&hys. Rev. D19 (1994) 486 [hep-lat/9306005].

[27] S. R. Sharpe and N. Shore$thysical results from unphysical simulatio®)ys. Rev. D62 (2000)
094503 [hep-lat/0006017].

10



Finite volume for masses and decay constants Thomas Rdssler

0.01 — ‘ — — 0.01
0 0
~ -0.01 | «~ -0.01 |
”m ”m
Q fo}
< -0.02 < -0.02 -
b N
S .0.03 - S .0.03 -
© ©
>0 >0
< 004 | < 004 |
-0.05 | -0.05 |
-0.06 L L L L L L L -0.06 L L L L L L L
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
Xav [GeV7] Xav [GEV7]
€Y (b)
0.01 — ‘ — — 0.01
0 bl 0
o« -0.01 | » -0.01 -
”«s ”m
3 8
< -0.02 | < -0.02 |
i N
€ .0.03 + € -.0.03 +
© ©
> >
< .0.04 | < 004 |
-0.05 | -0.05 |
-0.06 L L L L L L L -0.06 L L L L L L L
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
2 2:
Xav [GeV7] Xav [GEV?]
(© (d)

Figure 7: The corrections for the pion decay constant relative tooigelst order value as a function of
the average up and down sea quark masgja(a) The isospin limit. (b) Isospin breaking in the valence
sector. (c) Isospin breaking in the sea sector. (d) Isosgaking in both sectors.

[28] S. R. Sharpe and N. Shorestartially quenched chiral perturbation theory witho@, Phys. Rev. D
64 (2001) 114510 [hep-lat/0108003].

[29] C. W. Bernard and M. F. L. Golterma@hiral perturbation theory for the quenched approximatain
QCD, Phys. Rev. D16 (1992) 853 d0i:10.1103/PhysRevD.46.853 [hep-lat/92G3400

[30] S. R. SharpeQuenched chiral logarithm$&hys. Rev. D46 (1992) 3146 [hep-1at/9205020].

[31] J. Bijnens, N. Danielsson and T. A. Lahdée Pseudoscalar meson mass to two loops in three-flavor
partially guenched chiPTRhys. Rev. Dr0(2004) 111503 [hep-lat/0406017].

[32] J. Bijnens and T. A. Lahd®&ecay constants of pseudoscalar mesons to two loops in-flareer
partially quenched (chi)PTRhys. Rev. D71 (2005) 094502 [hep-lat/0501014].

[33] J. Bijnens, N. Danielsson and T. A. Lahdéree-flavor partially quenched chiral perturbation thgor
at NNLO for meson masses and decay const&figs. Rev. Dr3(2006) 074509 [hep-lat/0602003].

11



Finite volume for masses and decay constants Thomas Rdssler

[34] C. Aubin and C. Bernard?ion and kaon masses in staggered chiral perturbation thdoinys. Rev. D
68(2003) 034014 [hep-lat/0304014].

[35] C. Aubin and C. Bernard?seudoscalar decay constants in staggered chiral pertishaheory,
Phys. Rev. 068 (2003) 074011 [hep-lat/0306026].

[36] J. Bijnens and T. Rossldfjnite Volume and Partially Quenched QCD-like Effectivel8iTheories,
JHEP1511(2015) 017 [arXiv:1509.04082 [hep-lat]].

[37] J. Bijnens and J. Lufechnicolor and other QCD-like theories at next-to-neéxteading orderJHEP
0911(2009) 116 [arXiv:0910.5424 [hep-ph]].

12



