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1. Introduction

Lattice QCD has been an excellent tool to study the properties of strong-interaction matter
under extreme conditions, e.g. high temperature T , nonzero chemical potentials µ and strong
magnetic field etc. Two long-time goals have been completed in the past years: one is Equation of
State at vanishing baryon density in a wide temperature and the other is the nature of the transition
from hadronic phase to quark gluon plasma phase. With lattice QCD many more knowledge on the
thermodynamic as well as the dynamic properties of the QCD medium under extreme conditions
have been acquired.

Many remarkable achievements have been made since the lattice QCD conference in the year
of 2015. Due to the limitation of the length of the proceedings, I have to restrict myself overviewing
several selected topics at T > 0 and µ = 0 in Sections 2 and 3, and at T > 0 and µ > 0 in Sections 4
and Sections 5. Here Section 2 includes topics on the QCD phase structure in the quark mass
plane, Section 3 is on the QCD equation of state and topological susceptibility at high temperature,
Section 4 on QCD equation of state at nonzero baryon number density, and Section 5 on the QCD
phase structure at nonzero chemical potentials.

For topics that are not covered and exhaustively discussed in the review please look at recent
reviews [1, 2, 3], proceedings of recent lattice plenary talks [4, 5, 6, 7, 8, 9] as well as lattice
conference write-ups.

2. QCD phase structure in the quark mass plane

The nature of the QCD transition depends crucially on the values of the quark masses mq

and the number of flavors (N f ). Basic features of this transition can be understood by invoking
universality arguments [10]. These feature are summarized as follows: 1) in the limit of mq→ 0 or
mq→ ∞ for N f = 3 QCD, there exists a first order phase transition. The first order phase transition
regions end at two second order phase transition lines belonging to the universality class of the 3-d,
Z(2) symmetric Ising model. These two second order phase transition lines are separated by a cross
over region; 2) In the limit of mq→ 0 for N f = 2 QCD there are two cases: a) if UA(1) symmetry is
broken there exists a second order phase transition belonging to O(4) universality class; b) if UA(1)
symmetry is effectively restored the transition will be of first order [10] or a second order belonging
to O(2)×O(4) universality class[11, 12] ; 3) If the QCD phase transition is of second order in the
limit of mq→ 0 there exists a tri-critical point where three different types of transitions meet.

The above features of QCD phase structure can only be confirmed through non-perturbative
calculations. Recent investigations on the above issues from lattice QCD computations are shown
in the following subsections.

2.1 Boundary of the first order chiral/deconfinement phase transition region

The first order chiral phase transition in 3-degenerate flavor QCD has been investigated on
coarse lattices using unimproved [13, 14, 15, 16] as well as improved actions [17, 18, 19, 20,
21, 22, 23, 24]. However, the value of pion mass at the critical point where the first order phase
transition ends, mc

π , is not yet determined in the continuum limit and its value at finite lattice cutoff
varies from ∼300 MeV to ∼70 MeV, strongly depending on the lattice spacing and discretization
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schemes of the action. By using the standard staggered action it was found that the critical pion
mass mc

π is about 300 MeV[13, 14] while using the improved p4 action mc
π is about 70 MeV [19].

These results are obtained on the lattices with the temporal extent Nτ = 4. Other calculations using
p4 and asqtad actions on finer lattices disfavor a critical pion mass of 300 MeV [21, 20]. On finer
lattices with Nτ = 6 it has been shown that mc

π becomes smaller compared with the one obtained
from simulations on Nτ = 4 lattices using standard staggered fermions [15].
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Figure 1: The state-of-the-art estimate on the critical pion mass where the chiral first order phase transition
ends on the second order Z(2) transition line. Left: Simulations carried out using HISQ fermions on Nτ = 6
lattices [25]. An upper bound of critical pion mass is obtained, i.e. mπ . 50 MeV. Right: Preliminary results
on the continuum extrapolation of mc

π obtained from simulations using clover-improved Wilson fermions on
Nτ = 4, 6, 8 and 10 lattices [26]. The critical pion mass in the continuum limit is estimated to be around 100
MeV.

Recently the first order chiral phase transition region has been investigated using Highly Im-
proved Staggered Quark action on Nτ = 6 lattices [25]. It is expected that the chiral order parameter
M at the pseudo critical temperature should have a scaling behavior of M ∼ (m−mc)

1/δ as the sys-
tem is close to the Z(2) critical line. Here m is the quark mass and mc is the critical quark mass.
Though the chiral condensate is not the true order parameter for the chiral phase transition in the
3-flavor QCD it is argued that 〈ψ̄ψ〉 ∼ (m−mc)

1/δ holds in the case of small m. By performing a
simultaneous scaling fit to both chiral condensates and disconnected chiral susceptibilities as shown
in the left panel of Fig. 1 an upper bound for the critical pion mass is obtained mc

π . 50MeV [25].
Most recently the study has also been performed using improved clover-Wilson fermions [23]

on Nτ =4, 6, and 8 lattices. The estimate critical pion mass in the continuum limit is reduced
from ∼ 300 MeV to ∼ 100 MeV after including the analyses on the new data produced on Nτ =10
lattices [26]. Uncertainties arising from the Binder cumulant of the chiral condensate rather than
that of a proper order parameter are also discussed in S. Takeda’s talk [26].

Concerned with the rooting issues in the staggered theory P. de Forcrand presented in this
conference his study on QCD with 4-degenerate flavor using the unimproved staggered fermions.
The simulations have been performed on lattices with Nτ = 4, 6, 8 and 10. The general conclusion
is that the critical quark mass becomes smaller as approaching to the continuum limit [27].

All these studies mentioned above suggested that the chiral first order phase transition could
be small and this region may has mild influence to thermodynamics happening in the real world.
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Alternatively the 2nd order phase transition belonging to the O(4) universality class, which will be
discussed in the next subsection, would be more relevant to the thermodynamics at the physical
point.

The value of the critical pion mass where the first order deconfinement phase transition starts to
end on the 2nd order Z(2) phase transition line has been studied quite a while ago on Nτ = 4 lattices
using the standard Wilson action [28]. An updated study has been presented for N f = 2 QCD using
the standard Wilson action on Nτ = 8 lattices [29]. The estimated mc

π is within the range of 2.9
GeV< mc

π <4.7 GeV and note that amπ is larger than 1 in the simulation [29]. Generally the
requirement of amπ < 1 in the lattice simulation makes the continuum extrapolation costly in the
heavy quark mass region.

2.2 Chiral phase transition in N f =2+1 and N f = 2 QCD

In the vicinity to a second order phase transition the order parameter (magnetization) M of
system can be described by a single scaling function fG, i.e. Magnetic Equation of State (MEoS)

M/h1/δ = fG(t/h1/βδ ). (2.1)

Here h is the external field which is proportional to quark mass, and t = 1
t0

T−Tc(h=0)
Tc(h=0) is the reduced

temperature. They describe the proximity of the system to the critical window. β and δ are critical
exponents which are universal for theories with the same global symmetry. By looking into the
temperature and quark mass dependences of M and/or its susceptibilities the chiral phase transition
of N f = 2 QCD has been studied on the lattice using both Wilson [30, 31, 32, 33, 34] and staggered
fermions [35, 36, 37, 38, 39, 40, 41]. In all these mentioned investigations the UA(1) symmetry is
implicitly assumed to be broken,

S.-T. Li from the Bielefeld-BNL-CCNU collaboration presented the updated scaling analyses
of chiral observables in N f = 2+1 QCD using HISQ fermions on Nτ =6 lattices [42]. It is found
that in general the scaling violations become larger compared to previous studies using the p4fat3
action. As seen from the left panel of Fig, 2 only the chiral condensates obtained with mπ = 80
and 90 MeV can be described by the MEoS without an regular term. An Z(2) scaling fit was also
performed to the chiral condensate and the critical quark mass mc is compatible with zero within the
errors. This suggests that mtri

s <mphy
s . While in the case that three quark flavors are not degenerate

and the ratio of light to strange quark is fixed to be about 1/27 mc
π is suggested to be around 50

MeV from the study using the stout fermions on Nτ = 6 lattices [22].

T. Umeda from the WHOT-QCD Collaboration presented in this conference the updated study
on the chiral phase transition in N f =2 QCD [43]. The simulations were carried out using clover-
improved Wilson fermions on 163× 4 lattices. As seen from the right panel of Fig. 2 that the
rescaled chiral condensate, which is defined by a Ward-Takahashi identity, falls on the O(4) scaling
curve. This suggests a 2nd order phase transition in the massless two-flavor QCD. Same conclusion
was drawn from the so-called many flavor approach [44, 45], although a first order transition is also
suggested from a novel approach using simulations carried out at imaginary chemical potentials
using standard staggered fermions [46] and unimproved Wilson fermions [47] on Nτ = 4 lattices.
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Figure 2: Left: O(2) scaling behavior observed based on simulations of N f = 2+ 1 QCD using HISQ
fermions on Nτ =6 lattices [42]. Right: O(4) scaling behavior from simulations of N f = 2 QCD using clover-
improved Wilson fermions on Nt=4 lattices [43].

2.3 Fate of U(1)A symmetry at nonzero temperature

As mentioned previously the nature of the chiral phase transition may depend crucially on
the strength of U(1)A symmetry breaking. The key question is whether U(1)A symmetry is re-
stored at the same temperature as the SUL(2)× SUR(2) symmetry. In general two-point correla-
tion functions of pseudo-scalars and scalars are used to probe the restoration of the U(1)A and
SUL(2)×SUR(2) symmetries. E.g.: the degeneracy between the pseudo-scalar/iso-vector π and the
scalar/iso-scalar, σ (the scalar/iso-vector δ and the pseudo-scalar/iso-scalar η) signals the restora-
tion of the SUL(2)×SUR(2) symmetry, while the degeneracy between π and δ (σ and η) is for the
restoration of the U(1)A symmetry.

The study has been carried out in N f = 2+ 1 QCD using Möbius Domain Wall fermions on
Nτ = 8 and N5=16-32 lattices with mπ = 200 and 135 MeV [48, 49, 50]. Shown in the two left
plots of Fig. 3 is χπ − χσ and χπ − χδ for two different values of pion masses obtained from these
studies. Here susceptibilities χπ,δ ,σ ,η are the four volume integration of the corresponding two-
point correlation functions. It can be clearly seen that at the temperature when χπ − χσ becomes
vanishing, i.e. the SUL(2)× SU(2)R symmetry is restored, χπ − χδ remains nonzero and thus the
U(1)A symmetry is still broken. Only at T & 200MeV it starts to be restored. The right two plots
of Fig. 3 show the results obtained in N f = 2 QCD using Optimal Domain Wall fermions on Nτ = 6
and N5=16 lattices [51]. Similar conclusions on the fate of the U(1)A symmetry can be drawn.

Very recently the JLQCD collaboration updated their previous studies [52] by carrying out
simulations in N f = 2 QCD using Möbius Domain Wall fermions on Nτ = 8 and 12 lattices in a
temperature window above the critical temperature [53]. By decomposing the UA(1) susceptibility
∆ = χπ − χδ into a chiral symmetric part and a chiral violation part ∆�

�GW it is found that the chiral
violation part dominates in ∆ in particular in the chiral limit as seen from the left plot of Fig. 4.
Through the reweighting of the Domain Wall fermion determinant to that of the Overlap fermion
the U(1)A susceptibility ∆OV is obtained and its dependences on quark masses and temperature are
shown as dashed symbols in the right panel of Fig. 4. The U(1)A susceptibility with chiral zero
modes subtracted, ∆̄OV , is also shown as colored symbols in the plot. It can be seen from the plot
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Figure 3: Temperature dependences of SUL(2)× SUR(2) (χπ − χσ ) and U(1)A (χπ − χδ ) susceptibilities.
Two plots on the left: Simulations carried out in N f = 2 QCD using Domain Wall fermions on Nt = 8 lattices
with mπ = 200 and 135 MeV [48, 49, 50]. Two plots on the right: Studies performed in N f = 2 QCD using
the Optimal Domain Wall fermions on 163×4×16 lattices [51].

that U(1)A symmetry is restored at T & 200 MeV in the chiral limit. This is consistent with the
findings in Ref. [48, 49, 50, 51].
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Figure 4: Left: Quark mass and temperature dependences of the fraction of the chiral violation contribu-
tion to χπ − χδ . Right: Quark mass and temperature dependences of ∆̄ov (solid symbols) and ∆ov (dashed
symbols). Figures are taken from Ref. [53].

Other than chiral fermions the fate of the axial U(1) symmetry has also been studied using
staggered [57, 58, 54] as well as Wilson fermions [56]. The most recent results are shown in Fig. 5.
Based on simulations of N f =2+1 QCD using HISQ fermions with mπ ≈160 MeV, the results
on χπ − χδ [54] and screening masses [55] in various channels are shown in the left and middle
panels, respectively. The U(1)A susceptibility shown in the middle panel suggests that the axial
U(1) symmetry starts to get restored at T & 1.4 Tpc. From the perspective of screening masses
the degeneracy between pseudo-scalar and scalar channels only shows up till ∼ 1.2 Tc while as
expected the screening masses in the vector and axial-vector channels become degenerate already
in the chiral cross over temperature Tc region (shown as yellow band in the middle panel). On the
other hand, the differences of screening masses between pseudo-scalar and scalar channels, ∆MPS,
obtained from lattice computations using the Wilson fermions with 200 MeV< mπ < 540 MeV,
does not vanish at the chiral symmetry restoration temperature [56].

As a short summary, while the fate of the U(1)A symmetry in the chiral limit remains elusive
as much more needs to be understood, e.g. detailed temperature and quark mass dependences of
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Figure 5: Left: χπ − χδ obtained from simulations of N f =2+1 QCD using HISQ fermions with mπ ≈160
MeV on Nτ =6, 8, 10 and 12 lattices [54]. Middle: Screening mass obtained from two-point correlation
functions in various channels of JP = 0−(pseudo-scalar), 0+ (scalar), 1− (vector) and 1+ (axial-vector)
measured on Nτ = 8, 10 and 12 lattices using HISQ fermions with mπ ≈ 160 MeV in N f =2+1 QCD [55].
Right: Chiral extrapolation of the difference between screening masses in the pseudo-scalar channel and the
scalar channel at the chiral symmetry restoration temperature TC of N f = 2 QCD. Simulations have been
carried out using O(a)-improved Wilson fermions on Nτ =16 lattices with three pion masses in the range 200
< mπ < 540 MeV [56].

χπ − χδ as well as ∆MPS, the U(1)A symmetry is clearly broken from current studies at physical
pion masses.

2.4 Chiral and deconfinement aspects of the QCD transition

At nonzero quark masses there is no true phase transition in N f = 2+1 (2) QCD which may
due to the fact that binding energy, size and mass etc vary from particles. It has been shown in
Ref. [61, 62] that heavier hadrons, e.g. open charm and open strange hadrons get deconfined in the
chiral crossover temperature. While it is found that in the SU(3) gauge theory susceptibilities of
the imaginary and the real parts of the Polyakov loop can be used to probe the deconfinement phase
transition [63], recently in the case of dynamic QCD the single-quark entropy SQ was introduced
based on the Polyakov loop P(x) as follows

SQ =−∂FQ

∂T
, FQ =−T log

(
〈P(x)〉

)
. (2.2)

The temperature dependence of SQ is shown in the left panel of Fig. 6. By rescaling the temperature
with the corresponding transition temperature Tc SQ peaks at temperature just around Tc. This
suggests that there could be possible connections between the deconfinment and chiral aspects
of the QCD transition. Although the connection between the Polyakov loop susceptibilities and
the Dirac eigenvalue spectrum is found to be weak [64, 65], the correlation between the local
Polyakov loop and the lowest Dirac eigenmode is clearly obsersved in the middle and right panels
in Fig. 6 [60]. At temperature below Tc, i.e. T =171 MeV, both high and low eigenmodes are
delocalized and the local square norm of the Dirac Eigenmode |ψ(x)|2 has mild dependence on the
real part of the trace of the local Polyakov loop ReP(x). This is in contrast with the case at the
temperature larger than Tc, i.e. T =220 MeV. There the high modes almost remain unaffected by the
temperature and the low modes surely become localized in the area about ReP(x) = 1/3.
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Figure 6: Left: Temperature dependence of a single-quark entropy [59]. The x axis is rescaled by the
corresponding lattice result for the transition temperature, i.e. here Tc = 153, 193, 200 and 270 MeV for
N f = 2+1, N f = 3, N f = 2 and N f = 0 (quenched) QCD, respectively. The red band shows the continuum
extrapolated results based on simulations using HISQ fermions on Nτ = 6, 8, 10 and 12 lattices. Middle and
Right: The local square norm of the Dirac Eigenmode |ψ(x)|2 in correlation with the real part of the trace
of the local Polyakov loop Re[P(x)] obtained from simulations using Domain Wall fermions [60]. Every
single line corresponds to one eigenmode on one configuration. The color of the line represents the location
of the eigenmode in the Dirac eigenvalue spectrum as shown in the contour bar. The green horizontal line
represents a normalized flat mode where there is no correlation between the eigenmode and the Polyakov
loop. The vertical red line labels the location of Re[P(x)] = 1/3.

3. QCD thermodynamics at high temperature

3.1 Equation of State of N f = 2+1 and N f = 0 QCD
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Figure 7: Left: Continuum extrapolated results for equation of state of N f = 2+ 1 QCD obtained using
HISQ [66] and stout fermions [67]. Right: The critical energy density εc in N f =2+1 QCD. The band gives
the continuum extrapolated result for the energy density taken from Ref. [66].

One of the milestones in the lattice QCD computation at finite temperature is the conclusive
continuum extrapolated results for the equation of state (EoS) of N f = 2+ 1 QCD with physical
strange quark and light quark masses. The continuum extrapolated results on trace anomaly, pres-
sure and entropy density from simulations using HISQ [66] and stout fermions [67], as shown in
the left panel of Fig. 7, agree with each other. In the right panel the critical energy density εc where
chiral cross over transition happens is shown, i.e. 0.18 < εc < 0.5 GeV/fm3. Note that εc is at the
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same order with the energy density of the nuclear matter, εnuclear matter ' 0.15 GeV/fm3 and the
energy density inside a nucleon εnuclear matter ' 0.45 GeV/fm3 assuming the radius of nucleon to be
'0.8 fm. These mentioned calculations are based on the so-called T-integration method [68] and
they are rather time-consuming as a subtraction of the zero temperature contributions is needed to
eliminate divergent vacuum contributions. An alternative approach which is free of this issue is
exploited in Refs. [69, 70, 71]. The general idea is to extract the entropy from the off-diagonal
elements of the energy-momentum tensor which can be computed from ensembles defining in a
moving frame. The other thermodynamic quantities can be computed from thermodynamic rela-
tions. The application of this method is now only to the SU(3) gauge theory and the very recent
results on EoS are presented in this conference [72]. The obtained trace anomaly and pressure are
quite consistent with results from the conventional T-integration method. By going to very high
temperature, i.e. up to 1000 Tc, the simulations become challenging as the physical spatial extent
L= aNσ =Nσ/(T Nτ) should not shrink as T increases. This requires a larger ratio Nσ/Nτ at higher
temperatures.

Another interesting method to compute EoS is to use the gradient flow [73, 74, 75]. The
method to calculate the energy-momentum tensor in the SU(3) gauge theory has been proposed in
Ref. [76]. It is observed in the lattice QCD computations that the signal-to-noise ratio of bulk prop-
erties, e.g. pressure and energy density obtained using the gradient flow is significantly reduced.
And these bulk quantities computed by the FlowQCD collaboration are consistent with the results
obtained from high precision T-integration results [77, 78]. The method has been extended to full
QCD [79] and the first numerical results for N f =2+1 QCD with O(a)-improved Wilson quarks
and pion mass larger than the physical one are reported in this conference [80, 81]. This method
is promising also for the further calculations of energy-momentum tensor related quantities, e.g.
viscosities etc [82].

3.2 Equation of State including contributions from charm quarks

Introducing heavy quarks, i.e. charm and bottom quarks on the lattice requires finer lattice
spacing so that amHQ<1. Earlier computations on equation of state including charm quarks have
been carried out by the MILC [83, 84], Wuppertal-Budapest [85] collaborations and ETM [86]. In
Ref. [84] the trance anomaly was obtained using the HISQ fermions with mπ ≈300 MeV on Nτ = 6,
8 and 10 lattices. It was found that the charm contribution to the trace anomaly becomes non-
negligible starting at T ≈300 MeV and reaches its maxima at T ≈500 MeV. The non-negligible
contribution from charm quarks was also found at the temperature above the chiral cross over
temperature employing the twisted Wilson fermions and the fixed-scale approach with mπ ≈ 370
MeV on Nτ = 3,4, · · ·24 lattices [86].

Very recently the Wuppertal-Budapest collaboration updated the EoS results of N f = 2+1+1
QCD using 4stout fermions with physical charm, strange and light quark masses on Nτ = 6, 8, 10
and 12 lattices [87]. Continuum extrapolated results for trace anomaly for N f = 2+ 1+ 1 QCD
up to T = 1 GeV are shown in the left panel of Fig. 8. Large aspect ratios, i.e. Ns/Nτ ∼ 6 are
used to control the volume effects in high temperature region. By comparing to the trace anomaly
of N f = 2+ 1 QCD it is clearly seen that the effect of the charm quark starts to be relevant at
T ≈ 300 MeV. The effect of bottom quark is expected to appear at even higher temperature and
the perturbation theory could then be applicable. Based on the analytic formula of pQCD up to
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Figure 8: Left: Continuum extrapolated results for trace anomaly of N f = 2+ 1 and N f = 2+ 1+ 1 QCD
based on simulations using 4stout fermions with physical charm, strange and light quark masses on Nτ = 6,
8, 10 and 12 lattices. Right: Reconstructed trace anomaly of N f = 3+ 1+ 1 QCD based on the lattice
computations of N f = 2+1+1 QCD and the perturbative QCD calculations up to O(g6). Figures are taken
from Ref. [87].

O(g6 lng) [88] and a one-parameter (qc) fit of the numerical including the O(g6) term [89] with
mc(mc) = 1.29 GeV, the trace anomaly was extrapolated from lattice data for N f = 2+1+1 QCD
to those for N f = 3+ 1+ 1 QCD with mb(mb)=4.18 GeV in a broader temperature window as
shown in the right plane of Fig. 8. The contributions to pressure and energy density from photons,
neutrinos, charged leptons as well as electroweak sectors are also added up in Ref. [87] and the
EoS could then be relevant for the usage in cosmology.

3.3 Topological susceptibility at finite temperature

The topological susceptibility of QCD χt is one of the most important observables that can be
used to study the QCD vacuum properties at finite temperature, e.g. whether dyons exists around
the chiral crossover temperature and when a dilute gas of instantons can be a good description
of the QCD vacuum etc [90]. Recently understanding χt becomes intensively investigated on the
lattice [91, 92, 93, 54, 94, 95, 87] also due to its cosmological importance. The topological sus-
ceptibility is proportional to the squared mass of the axion which might be a possible candidate
of dark matter [96]. The computation of the topological susceptibility on the lattice, however, is
highly non-trivial [97]. Firstly the index theorem is not uniquely defined on the lattice and care-
ful continuum extrapolations are needed. Secondly from the dilute instanton gas model [90] the
topological susceptibility decreases with temperature with a power law χt ∼ T−γ and γ is found
to be 6+2N f /3 by including quantum fluctuations to the leading order in strong coupling constant
over classical instanton action [98]. This power-law decreasing behavior of χt with T indicates that
the weight of the configurations with nonzero topology decreases with the same power in T . Thus
statistics of Monte Carlo simulations should be increased accordingly. Moreover the topological
freezing which prevents the tunneling between topological sectors makes the computation more
difficult.

To circumvent the above mentioned issues several strategies are proposed, including the usage
of the topological charge density [99], assuming a Gaussian distributions of topological charges

9



P
o
S
(
L
A
T
T
I
C
E
2
0
1
6
)
0
2
2

LQCD at nonzero temperature and density Heng-Tong Ding

in sub-volumes [100], artificial decreasing the weight of the trivial sector [92], gradient flow [95]
and the fixed topology sector [101, 87]. Recently χt has been computed on the lattice in quenched
QCD [91, 92, 93], N f = 2 + 1 QCD having physical pion masses with stout [94], HISQ [54],
Wilson fermions [95] and overlap/HISQ fermions [102] as well as N f = 2+1+1 QCD [87] using
stout/overlap fermions. Continuum extrapolated results for χt in quenched and full QCD by three
groups [93, 94, 54, 87] are shown in Fig. 9. Further detailed studies are needed to resolve the
discrepancies among various groups.

 0.1
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100 155200 300 500 1000 2000
T [MeV]

χ1/4 [MeV]

Borsanyi et al., Nf=0
Borsanyi et al., Nf=2+1+1

Bonati et al., Nf=2+1
Petreczky et al., a), Nf=2+1
 Petreczky et al., b), Nf=2+1

Figure 9: Continuum extrapolated results for topological susceptibility in quenched QCD [93], N f = 2+1
QCD with the gluonic definition of the topological charge [94], N f = 2+1 QCD with a) gluonic definition
and b) χt = m2χdisc [54], and N f = 2+1+1 QCD with fixed topology sector method [87].

4. QCD Equation of State at nonzero baryon number density

QCD equation of state (EoS) at nonzero baron density is indispensable for the hydrodynamic
modeling of the conditions met in the current/future heavy ion experiment program at low beam
energies. In the current beam energy scan program at RHIC the freeze-out baryon chemical po-
tential µB is within the range of 20 to 400 MeV and the freeze-out temperature 140 . T .170
MeV. This thus requires an EoS at nonzero baryon density for 0. µB/T .3 [103, 104]. At nonzero
baryon chemical potential Lattice QCD computations are hindered by the so-called sign problem.
To circumvent this problem the Taylor expansion [105, 106] and Imaginary µ [107, 108] methods
are commonly used to compute QCD thermodynamics at the physical pion mass. In the framework
of the Taylor expansion method, the difference of the pressure at nonzero and vanishing values of
µB can be expressed as the following Taylor series

P(T,µB)−P(T,0)
T 4 =

∞

∑
n=1

χB
2n(T )
(2n)!

(
µB

T

)2n
(4.1)

=
1
2

χ
B
2 (T )µ̂

2
B

(
1+

1
12

χB
4 (T )

χB
2 (T )

µ̂
2
B +

1
360

χB
6 (T )

χB
2 (T )

µ̂
4
B + ...

)
. (4.2)

where χB
2n(T ) =

∂P(T,µ̂)/T 4

∂ µ̂2n
B
|µ̂=0 is the 2nth order Taylor expansion coefficient and can be computed

directly at µ̂B = µB/T = 0 on the lattice. Here the odd order of the coefficient vanishes due to the C-
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symmetry of the QCD action. Once the expansion coefficients are obtained all other bulk quantities
can be obtained according to thermodynamic relations. To provide an EoS that is reliable up to
µB/T ≈3 at least 8th order of the Taylor expansion coefficients are needed. And the main challenge
in lattice QCD computations of the Taylor expansion coefficients is that the number of the fermion
matrix inversion increases significantly at such a high order derivatives and so does the noise-to-
signal ratio. While in the simulations at imaginary chemical potentials, there is no sign problem
and thermodynamic quantities can be computed directly. However, an analytic continuation to real
chemical potentials from imaginary chemical potentials is needed and is one of the main sources
of uncertainties.
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Figure 10: Left: Pressure differences of N f = 2+1 QCD for µB/T =1, 2 and 2.5 truncated at the orders of
µ̂2

B, µ̂4
B and µ̂6

B obtained from the Taylor expansion method using HISQ fermions [109]. The EoS as shown is
reliable at µB/T . 2, i.e. beam energy

√
sNN & 12 GeV [109]. Right: Consent of EoS in the continuum limit

at both zero and nonzero µB obtained from analytic continuation from imaginary chemical potentials using
stout fermions [110] and the Taylor expansion method using HISQ fermions [109]. The total energy density
(upper two curves) and three times pressure (lower two curves) of N f = 2+1 QCD at µB = 0 and 2 obtained
from simulations using HISQ fermions and the Taylor expansion method are shown [109]. The dark lines
show the results obtained from analytic continuation with sixth order polynomials in µ̂B from simulations at
imaginary chemical potentials using stout fermions [110]. Figures are taken from Ref. [109].

E. Laermann from the Bielefeld-BNL-CCNU collaboration presented in this conference the
Equation of State of N f = 2+ 1 QCD evaluated up to six order of baryon chemical potential µB

using the Taylor Expansion Method [109]. The simulations are carried out using HISQ fermions
on Nτ =6, 8, 12 and 16 lattices. To have accurate determinations of coefficients a large num-
ber of gauge configurations, ∼ 105 for each T , and the linear µ method for high order coeffi-
cients [111, 112] are used in the computation. To meet the strangeness neutral case, i.e. mean
value of the strangeness nS is zero and the ratio of the mean values of electrical charge and baryon
number nQ/nB is 0.4, in the heavy ion collision experiment, the dependence of µB on the electrical
charge µQ and strangeness µS chemical potential has to be taken into account. This is done by re-
expressing the Taylor expansion coefficients in terms of pressure derivates of µS and µQ computed
at the vanishing values of potentials. As shown in the left panel of Fig. 10 the computation of the
pressure difference meeting the strangeness neutral case between nonzero and zero µB is reliable
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at µB/T . 2 with the expansion truncated at the 6th order of Taylor expansion coefficients.

J. Günther from the Wuppertal-Budapest collaboration also presented their recent study on
equation of state of N f = 2+ 1 QCD at nonzero µB [110]. The EoS is obtained from analytic
continuation from simulations at imaginary chemical potentials using stout fermions on Nτ = 10,
12 and 16 lattices. The conditions met in the heavy ion collisions, i.e. nS=0 and nQ/nB=0.4, are
imposed directly in the lattice simulation [113]. The uncertainties from analytic continuation are
studied with various forms. The obtained energy density and three times pressure are shown as the
dark lines in the right panel of Fig. 10. It is clearly seen that the results from two groups are in
good agreement.

5. QCD phase structure at nonzero chemical potentials

Searching the critical point in the QCD T −µB diagram is one of the main goals in the Beam
Energy Scan program at RHIC [114]. One of the important probes is the fluctuations of conserved
charges which is computable and measurable on the lattice and in the heavy ion experiment, re-
spectively. The full understanding of the non-monotonic behavior of kurtosis ratio κpσ2

p observed
in the STAR experiment certainly requires computations of higher-than-6th order Taylor expansion
coefficients. As mentioned in the previous section the computation of high order Taylor expansion
coefficients, from which the fluctuations of conserved charges at nonzero µB can be constructed, is
a great challenge. While the continuum extrapolated results for second and fourth order Taylor ex-
pansion coefficients have been computed [115, 116, 117, 118, 119], the 6th order Taylor expansion
coefficient of pressure in the continuum limit are published very recently [109, 110] as shown in
Fig. 11. The striking behavior seen in the T dependence of the coefficient is the flip of the sign at
the temperature slightly larger than the chiral cross over temperature. This is comparable with the
results obtained from Polyakov loop extended quark meson having a global O(4) symmetry [120].
Together with the positivity of the 2nd and 4th order coefficients the decreasing behavior with
beam energy of the kurtosis ratio κpσ2

p measured in BES can be qualitatively described assuming
the same condition on lattice is imposed to the experiment data.
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Figure 11: Six order Taylor expansion coefficient of the QCD pressure (P6 and c6) obtained from simulations
using HISQ fermions [109] and stout fermions at imaginary chemical potentials [110].
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It is also important to study the feasibility of detecting the critical point in the heavy ion exper-
iment. As in the heavy ion experiment the freeze-out line is ‘measured‘ while the critical point is
located on the crossover transition line. While the curvature of the crossover line/chiral phase tran-
sition line can be naturally computed on the lattice [121, 122, 123, 124, 113], it was proposed that
the freeze-out temperature and the curvature of the freeze-out line can also be extracted by compar-
ing the experimental cumulant ratios with those computed on the lattice [125, 126, 127]. The lattice
computations on the parameterization of freeze out lines are also presented in Refs. [128, 126, 129,
130]. Additionally it has been argued quite successfully that lines on which certain thermodynamic
observables or ratios thereof stay constant can describe the thermal conditions at the time of the
chemical freeze-out in heavy ion collisions [131, 103]. Very recently the isentropic lines, i.e. with
constant ratio of entropy to baryon number are presented [110]. And the µB dependences of lines
of constant pressure P, entropy s and energy density ε are computed using the Taylor expansion
coefficients [109]. The obtained curvatures are

0.0064≤ κ
P
2 ≤ 0.0101 , 0.0087≤ κ

ε
2 ≤ 0.012 , 0.0074≤ κ

s
2 ≤ 0.011 . (5.1)

These curvatures are comparable to the curvature of the crossover lines 0.0066 . κcrossover
2 .

0.018 [121, 122, 123, 124, 113]. In the left panel of Fig. 12 lines of constant pressure P, entropy s
and energy density ε as well as the crossover transition and freeze-out lines are shown. While an
upper bound on the curvature of the freeze-out line κ

freeze−out
2 . 0.011 is obtained by comparing the

lattice QCD results to the RHIC data, the freeze-out line obtained by the STAR collaboration, AL-
ICE collaboration and a hadronization model are not consistent among each other [132, 133, 134].

The location of a possible critical point, on the other hand, has not been determined yet from
lattice QCD computations. The radius of convergence of the Taylor expansion series, R, can be
used to estimate the possible location of the critical point,

R = lim
n→∞

rχ

2n =

∣∣∣∣2n(2n−1)χB
2n

χB
2n+2

∣∣∣∣1/2

, (5.2)

if all χB
2n stays asymptotically positive at real values of µ̂B. Here χB

2n is the 2nth order derivatives of
the pressure with respect to µ̂B evaluated at µ̂B = 0 as shown in Eq. (4.2). The right panel of Fig. 12
summarizes current values of rχ

2n calculated from different groups. From the plot it is concluded
that a critical point at µB/T .2 is strongly disfavored in the temperature range 135 MeV ≤ T ≤
155 MeV and its location at higher values of temperature seems to be ruled out [109].

Other than Taylor expansion and imaginary chemical potentials methods many promising ap-
proaches, e.g. Lefschetz thimbles [9], complex Langevin simulations [138, 139], density of sate
methods [140], canonical approaches [141] have been proposed to solve the sign problem and
then to study the QCD phase diagram at nonzero baryon number density directly. However, their
applicability to full QCD have not been proven yet and more work needs to be done.

Recent studies on the QCD phase structure at finite isospin chemical potential µI have been
presented by B. Brandt and G. Endrodi in this conference [142]. The sign problem is not present
in QCD at nonzero µI so the conventional importance sampling can be applied in the lattice QCD
simulations. A novel method based on the singular value spectrum of the massive Dirac operator
and a leading-order reweighting are shown to better determine the renormalized pion condensate.
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Figure 12: Left: Lines of constant pressure P, energy density ε and entropy density s versus temperature in
(2+1)-flavor QCD for three different initial sets of values fixed at µB = 0 and T (µB = 0) = 145, 155 and 165
MeV, respectively. Data points show freeze-out temperatures determined by the STAR Collaboration in the
BES at RHIC (squares) [132] and the ALICE Collaboration at the LHC (triangle) [133]. The circles denote
hadronization temperatures obtained by comparing experimental data on particle yields with a hadroniza-
tion model calculation [134]. Also shown are two lines representing the current spread in determinations
of the µB-dependence of the QCD crossover transition line [121, 122, 123, 124, 113]. Right: The estimate
of the radius of convergence rχ

2n obtained from various groups. Shown are lower bounds for the estimator
rχ

4 obtained in Ref. [109] (squares) and results for this estimator obtained from calculations with an imag-
inary chemical potential (triangles) [135]. Also shown are estimates for the location of the critical point
obtained from calculations with unimproved staggered fermions using a reweighting technique [136] and
Taylor expansions [137]. In both cases results have been rescaled using Tc = 154 MeV. Figures are taken
from Ref. [109].

Preliminary results for the phase boundary to the pion condensation phase and crossover line from
chiral condensates are shown and the nature of transitions on these boundary lines are being pur-
sued.

Updated studies on the Roberge-Weiss phase transition in N f = 2+1 QCD have also been pre-
sented by M. Mesiti [143] in this conference. The continuum extrapolated results on the Roberge-
Weiss phase transition temperature TRW =208 MeV is obtained by simulations using stout fermions
with physical pion mass on Nτ=4, 6, 8 and 10 lattices. Based on the finite size scaling analyses
the order of the transition is more likely to be second order belonging to 3d-Ising universality class
rather than first order for Nτ = 4 and 6 lattices. Studies on the Roberge-Weiss phase in N f = 2
QCD using standard Wilson fermions [144] and staggered fermions [145] are also presented.
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