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To investigate the light scalar tetraquark candidate a0(980) (quantum numbers JP = 0+), a correla-
tion matrix including a variety of two- and four-quark interpolating operators has to be computed.
We discuss efficient techniques to compute the elements of this correlation matrix, in particular
diagrams with closed quark loops. Furthermore, we present evidence that such diagrams are not
negligible given our precision, and their contribution is essential to obtain physically meaning-
ful results. In particular, we find indications of the existence of an "additional" state around the
two-particle thresholds of K + K̄ and η +π , which could correspond to the a0(980) meson.
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1. Motivation

The mass ordering of the light scalar mesons σ , κ , f0(980) and a0(980), as observed by exper-
iments, is inverted compared to expectations from a conventional quark-antiquark picture. There-
fore, these mesons are frequently discussed as tetraquark candidates. Assuming such a four-quark
structure the expected mass ordering is consistent with experimental results and the degeneracy of
f0(980) and a0(980) is easy to understand.

Several lattice QCD studies of the light scalar mesons have been published in the last couple
of years (cf. e.g. [4, 5, 6, 7, 8, 9, 10, 11, 12]). In this work we continue our investigation of the
a0(980) meson [13, 14, 15, 16, 17, 18, 19, 20]. Specifically, we show the importance of diagrams
with closed quark loops, and present results which support the existence of an additional state
around the two-particle thresholds of K + K̄ and η + π . This could correspond to the a0(980)
meson.

2. Interpolating operators

Our investigation is based on a 6×6 correlation matrix

C jk(t) =
〈
O j(t2)Ok†(t1)

〉
, t = t2− t1. (2.1)

The interpolating operators O j generate quantum numbers I(JP) = 1(0+),

O1 = Oqq̄ =∑
x

(
d̄xux

)
(2.2)

O2 = OKK̄, point =∑
x

(
s̄xγ5ux

)(
d̄xγ5sx

)
(2.3)

O3 = Oηsπ , point =∑
x

(
s̄xγ5sx

)(
d̄xγ5ux

)
(2.4)

O4 = OQQ̄ =∑
x

εabc

(
s̄x,b(Cγ5)d̄T

x,c

)
εade

(
uT

x,d(Cγ5)sx,e

)
(2.5)

O5 = OKK̄, 2-part =∑
x,y

(
s̄xγ5ux

)(
d̄yγ5sy

)
(2.6)

O6 = Oηsπ , 2-part =∑
x,y

(
s̄xγ5sx

)(
d̄yγ5uy

)
, (2.7)

where C is the charge conjugation matrix. The operator Oqq̄ generates a standard quark-antiquark
state, while all other operators generate four-quark states. OKK̄, point and Oηsπ , point are of mesonic
molecule structure (KK̄ and ηsπ), while OQQ̄ corresponds to a diquark-antidiquark pair (we use
the lightest (anti)diquarks with spin structure Cγ5 [21, 22, 23]). These three operators are intended
to model the expected structures of possibly existing four-quark bound states, i.e. of tetraquarks.
The remaining two operators OKK̄, 2-part and Oηsπ , 2-part generate two independent mesons (K + K̄
and ηs +π) and, hence, should be suited to resolve low-lying two-particle scattering states.

3. Lattice setup

Computations have been performed using 500 Wilson clover gauge link configurations gen-
erated with 2+1 dynamical quark flavors by the PACS-CS collaboration [24], with four differ-
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ent source timeslices per configurations. The lattice size is 323× 64, with a lattice spacing of
a≈ 0.09fm and a u/d quark mass corresponding to mπ ≈ 300MeV.

4. Technical aspects

For each diagram of the correlation matrix (2.1) we have implemented various methods of
computation (combinations of point-to-all and stochastic timeslice-to-all propagators, the one-end
trick and sequential propagators; cf. [19] for more details). In order to select for each diagram the
most efficient method, we study the ratio R(a),(b) = ∆C(a)(t)

√
τ(a)/∆C(b)(t)

√
τ(b), which compare

statistical errors of the correlation matrix element obtained with method (a) and (b), weighted by
the corresponding computing times. R(a),(b) > 1 indicates that method (a) is superior to method (b),
while R(a),(b) < 1 indicates the opposite.

As an example we briefly discuss a specific diagram contributing to C25(t), namely, the cor-
relation between the KK̄ molecule operator and the K + K̄ scattering operator. Three possible
methods of computation are sketched in Figure 1. Both ratios R(a),(b),R(a),(c) < 1 (cf. Figure 2).
Consequently, method (a) (applying the one-end trick twice) is more efficient than method (b) or
(c). For a detailed discussion of all diagrams of the correlation matrix (2.1) we refer to an upcoming
publication.

y
Σ

Σ Σ

(a)

t2

t1

y

x

Σ

Σ

(b)

t2

t1

y

zx
Σ Σ

(c)

t2

t1

Figure 1: Possible methods of computation for the 4× connected diagram of C25(t). Quark propagators are
represented by solid lines and can be computed using the one-end trick (green) or point-to-all propagators
(blue).

Finding the optimal method of computation is of particular importance for diagrams contain-
ing closed quark loops, i.e. diagrams, where quarks are created and annihilated within the same
timeslice. Such diagrams are inherently noisy with relative statistical errors increasing exponen-
tially with respect to the temporal separation t. On the other hand, diagrams with closed quark
loops are crucial for our study of a0(980), because they lead to a non-vanishing correlation of two-
quark and four-quark operators, i.e. they allow for ss̄-pairs creation and annihilation. Moreover,
even for correlators between two four-quark operators their contribution is sizeable and cannot be
neglected as it has been done in the past (cf. e.g. [8, 14]). This is demonstrated in Figure 3, where
we show C44(t) and the corresponding effective mass both with and without closed quark loops
taken into account. Similar observations have been reported in [11].
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Figure 2: Comparison of method (a) to method (b) and method (c) shown in Figure 1.
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Figure 3: C44(t) and the corresponding effective mass with (blue) and without (red) considering contribu-
tions from closed quark loops.

5. Physical results

We determine effective energies Eeff
n and corresponding eigenvectors vn by solving the stan-

dard generalized eigenvalue problem (GEP)

C(t)vn(t, tr) = λn(t, tr)C(tr)vn(t, tr) , En
t�1
= Eeff

n (t, tr) =
1
a

ln
(

λn(t, tr)
λn(t +a, tr)

)
(5.1)

with tr = a. We also apply a complementary approch, the AMIAS method, where multi-exponential
fits are performed with initial conditions chosen by a measure proportional to e−χ2/2, where χ2 is
the chi-squared of the corresponding fits.. The AMIAS method might provide several advantages
compared to solving the GEP, in particular it is possible to omit a number of very noisy correlation
matrix elements in the analysis. For details cf. [25, 26].

The lowest two or three energy levels extracted from several submatrices of the correlation
matrix (2.1) are shown in Figure 4. The indices listed in the caption of each column indicate which
subset of operators of (2.2) to (2.7) have been considered in the corresponding submatrix. The
two-particle thresholds of η +π and K + K̄, as well as the first momentum excitation of η +π are
represented by dotted black lines.
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Figure 4: Lowest energy levels from several GEP analyses using operators according to the indices listed
in the caption of each column. Note that an additional low-lying state around the two-particle thresholds is
obtained only after including the quark-antiquark operator Oqq̄ (index 1).

In the first column we neglect closed quark loops and, we obtain rather precise results for two
states consistent with the two particle thresholds (this confirms our previous results in [14]). In
all other columns, instead, we take closed quark loops into account. Note that an additional low-
lying state around the two-particle thresholds is obtained only after including the quark-antiquark
operator Oqq̄.

The eigenvector components corresponding to these analyses are shown in Figure 5. Note, in
particular, that the analyses with operators [1,2,3,5,6] and [1,2,3,4,5,6] (the two rightmost columns
in Figure 4), where an additional low-lying state has been found, are dominated by the same three
operators: quark-antiquark (index 1), and K + K̄ and ηs + π scattering (indices 5 and 6). We
interpret these results as an indication that the a0(980) is not predominantly a tetraquark state, but
rather has a significant quark-antiquark component.

In this context we refer again to the a0(980) study reported in [12], where a resonance is
clearly identified as a pole near the KK̄ threshold with strong coupling to both K + K̄ and η +π

channels.
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Figure 5: Eigenvector components corresponding to the analyses with closed quark loops from Fig-
ure 4. The first/second/third/fourth row of eigenvector components corresponds to the energies of the sec-
ond/third/fourth/fifth column in Figure 4. In each row the eigenvectors, i.e. the subplots, are ordered from
left to right according to increasing energy.
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