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1. Introduction

The RIKEN-BNL-Columbia (RBC) Collaboration and the joint RBC and UKQCD Collabo-
rations have been calculating some nucleon isovector observables [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] in
numerical lattice QCD using ensembles generated with dynamical domain-wall fermion (DWF)
quarks [11, 12, 13, 14]. Over the course we found the vector-current form factors behave well,
and together with some moments of structure functions such as quark momentum and helicity
fractions, appear trending to the respective experiments as the pion mass is set lower toward the
experiment. In contrast we discovered the axial charge is seriously underestimated on the lattice.
By this year’s conference most calculations with various different actions at similar hadron mass
and lattice cut off have confirmed this deficit [15, 16, 17]. Especially important for calculations
with Wilson-fermion quarks is to remove the systematic errors at the linear order in the lattice
spacing. This systematics is exponentially suppressed in calculations with DWF quarks. More
recently another joint collaboration of RBC and Lattice Hadron Physics (LHP) Collaborations was
formed to calculate nucleon structure using RBC+UKQCD dynamical 2+1-flavor DWF ensembles
at physical mass [18]. The first results from this joint collaboration were reported two years ago
[19]. Unfortunately the progress of this effort since then has been slow due to shortage of eligible
computers [20]. This year I report new analysis of nucleon structure using two ensembles with
Iwasaki×DSDR gauge action with a lattice cut off of about 1.378(7) GeV and pion mass at about
249.4(3) and 172.3(3) MeV.

2. Numerics

We follow the conventional method of taking appropriate ratios of nucleon three-point to two-
point functions, as described in our earlier publications [2, 3, 4]. We take advantage of the exact
isospin SU(2) symmetry of our degenerate up and down flavors. Nucleon sources are optimized
with gauge-invariant Gaussian smearing [21, 22] in order to reduce excited-state contamination. We
chose a Gaussian width of six lattice spacings for the present work [5]. By comparing results from
source-sink separations of seven and nine lattice spacings, we had established absence of excited-
state contamination by the former, shorter separation [8, 9] in observables we are reporting. Here I
am reporting the results from the latter, longer separation with much bigger statistics.

We use the two recent joint RBC+UKQCD ensembles with Iwasaki×DSDR gauge action at
the gauge coupling of β = 1.75 [14]. The inverse lattice spacing for these ensembles are now
estimated at a−1 = 1.378(7) GeV [18]. The strange-quark mass is set at 0.0045 lattice units, es-
sentially at its physical value. The degenerate up and down quark mass of 0.0042 and 0.001 in
lattice units respectively correspond to the pion mass, mπ , of 249.4(3) and 172.3(3) MeV. With the
323×64 four-dimensional lattice volume, these ensembles are with (L = 4.58(2)fm)3 spatial vol-
ume and finite-size scaling parameter, mπL, of 5.79(6) and 4.00(6) respectively. For the 249-MeV
ensemble we use 165 configurations separated from each other by 8 molecular dynamics (MD)
trajectories, each with seven source positions for conventional measurements. For the 172-MeV
ensemble we use the “AMA” technique [23] with 39 configurations separated from each other by
16 MD trajectories, each with 112 sloppy and 4 accurate measurements.
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a−1[GeV] mqa mNa mN [GeV]

1.378(7) 0.001 0.7077(8) 0.9752(11)
0.0042 0.7656(2) 1.0550(3)

1.7848(5) 0.005 0.6570(9) 1.1726(16)
0.01 0.7099(5) 1.2670(9)

Table 1: Nucleon mass estimates for the present Iwasaki×DSDR ensembles at a−1 = 1.378(7) GeV [14]
along with those for two earlier Iwasaki ensembles at a−1 = 1.7848(5) GeV [12].

3. Results

In Table 1 and Figure 1 our nucleon mass estimates are summarized, both for the present
Iwasaki×DSDR ensembles at a−1 = 1.378(7) GeV [14] and for the two lightest of earlier Iwasaki
ensembles at a−1 = 1.7848(5) GeV [12]. The present, lighter-mass, results trend much better than
the earlier heavier ones toward the experiment. They capture the experimental point within the
statistical error in linear extrapolation in the pion mass squared. Note in these four ensembles we
slightly revised the lattice scales recently [18].

In Figure 2 we present the signal quality of the isovector vector electric, GE(Q2), and magnetic,
GM(Q2), form factors for the 172-MeV ensemble. The quality is similar, or somewhat better, for
the 249-MeV ensemble. The results are consistent with what Meifeng Lin reported earlier [9]. By
fitting these with the conventional dipole form, we obtain the isovector vector Dirac, r1, and Pauli,
r2, root-mean-squared radii as well as the isovector anomalous magnetic moment, F2(0), presented
in Table 2. We use the measured nucleon mass in Table 1 for normalizations of induced form
factors such as F2. We are in a process of moving our analysis away from the dipole form to a less
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Figure 1: Nucleon mass plotted against pion mass squared from the present Iwasaki×DSDR ensembles at
a−1 = 1.378(7) GeV [14] along with the two from earlier Iwasaki ensembles at a−1 = 1.7848(5) GeV [12].
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Figure 2: Signal qualities for isovector vector electric, GE(Q2), and magnetic, GM(Q2), form factors for
the 172-MeV ensemble. Symbol colors, black, red, green, blue, and light blue respectively correspond to
momentum transfer squared, Q2, of 0, 1, 2, 3, and 4 in lattice units.

mπ (MeV) r1 (fm) r2 (fm) F2(0)

172 0.63(5) 0.84(6) 3.3(2)
249 0.62(11) 0.77(9) 3.2(3)

Table 2: Conventional diopole fits to the isovector Dirac, F1, and Pauli, F2, form factors.

model-dependent form such as z-expansion for these vector- as well as the axialvector-current form
factors, but are not yet ready to quote numbers.

The ratio of the isovector axialvector, gA, and vector, gV , charges from these ensembles was
reported earlier [8]: gA/gV = 1.15(4) and 1.17(4) respectively for the 172-MeV and 249-MeV
ensembles. These estimates need no revision at this time, and now appear to have been confirmed
by a few other major collaborations [15, 16, 17] using different actions but with similar lattice
spacings and quark masses. Especially important for calculations with Wilson-fermion quarks [15,
16] is to remove the O(a) systematic errors at the linear order in the lattice spacing, a [17]. These
systematics are exponentially suppressed in our DWF formulation. We had also demonstrated the
nucleon isovector observables we are calculating are not affected by excited-state contamination
once we optimize our source and source-sink separation [10]. Thus the finite lattice spatial volumes
remain the least-studied systematics.

Signal quality for the isovector axialvector-current form factors are presented in Figure 3.
From the axialvector form factors we can extract its root-mean-squared radius as 0.55(6) and
0.54(6) fm respectively for the 172- and 249-MeV ensembles via the conventional dipole-form
fitting. From the pseudoscalar form factors we can test the pion-pole dominance, as is presented in
Figure 4. It appears flat in both ensembles but away from the unity. We likely need larger spatial
volume to investigate this further.

Plateau signals for the bare isovector transversity, 〈1〉δu−δd , and the scalar charge, gS, are pre-
sented in Figure 5. The transversity signals are very clean and do not show any mass dependence.
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Figure 3: Signal qualities for isovector axialvector-current form factors for the 172-MeV ensemble.

As was reported two years ago, the isovector tranversity shows weaker but still relevant signs of
long-lasting autocorrelation similar to that of the axial charge in the lighter, 172-MeV, ensemble
[10]. Yet the agreement with the heavier ensemble where there is no such autocorrelation reassures
this is less problematic here in the transversity than in the axial charge. The scalar plateaus are
also well defined albeit with larger statistical errors. No mass dependence can be seen here either.
We have completed non-perturbative renormalizations for these observables: ZS(RI/SMOM,µ =

2.0GeV) = 0.619(08)stat(24)syst, and ZT (RI/SMOM,µ = 2.0GeV) = 0.731(08)stat(29)syst. From
these, we obtain our estimates for the renormalized isovector transversity and scalar charge as pre-
sented in Table 3. The transversity errors are dominated by a scheme-dependence systematics in
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Figure 4: Pion-pole-dominance measure, αPPD =
(m2

π +q2)FP(q2)

2mNFA(q2)
.
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Figure 5: Bare isovector transverstiy, 〈1〉δu−δd , and scalar charge, gS, plateau signals.

mπ [MeV] 〈1〉δu−δd gS

172 1.42(4)×0.73(3) = 1.05(5) 1.4(4)×0.62(3) = 0.9(3)
249 1.42(5)×0.73(3) = 1.05(5) 1.6(3)×0.62(3) = 1.0(2)

Table 3: Renormalized isovector transverstiy, 〈1〉δu−δd , and scalar charge, gS.

mπ [MeV] 〈x〉u−d 〈x〉∆u−∆d

172 0.145(7) 0.165(9)
249 0.157(7) 0.165(10)

Table 4: Bare isovector quark momentum, 〈x〉u−d , and helicity, 〈x〉∆u−∆d .

non-perturbative renormalization, at about five percent, due mainly from the relatively low lattice
cut off. The scalar errors are still dominated by statistical noise, but will eventually encounter the
same scheme-dependence systematics in non-perturbative renormalization.

We present plateau signals for the bare isovector quark momentum, 〈x〉u−d , and helicity,
〈x〉∆u−∆d , fractions in Figure 6. As can be seen these signals are noisier than the form factors,
transversity, and scalar charge: yet from fitting these in the range from 3 to 6 lattice units the bare
isovector quark momentum and helicity fractions are obtained as in Table 4. While the momentum
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Figure 6: Plateau signals for the bare isovector quark momentum, 〈x〉u−d , and helicity, 〈x〉∆u−∆d .
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fraction may still be slowly decreasing with the mass, the helicity fraction appears to stay flat. As
we are yet to renormalize these, it is not possible to compare them with their counterparts from the
earlier calculations at a finer lattice spacing and heavier masses [4]. However the trending down of
these observables toward the experiments seen in the earlier calculations at heavier masses has at
least slowed down and possibly stopped by the present mass ranges.

Signals for the twist-3, d1, moment of the isovector polarized structure function are even nois-
ier than the momentum and helicity fractions and are yet to provide any finite value.

In summary we are finalizing our analysis of nucleon isovector form factors, transversity,
scalar charge, and quark momentum and helicity fractions for the two recent RBC+UKQCD dy-
namical 2+1-flavor DWF ensembles with pion mass of 249.4(3) and 172.3(3) MeV.
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