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1. Introduction

Knowledge of nucleon matrix elements of local currents and densities is necessary to constrain
new interactions which do not exist in the Standard Model from neutron decays [1]. Furthermore,
the nucleon matrix elements of the isovector vector current, Vµ(x) = ψ̄(x)γµ

τ3

2 ψ(x), and axial
vector current, Aµ(x) = ψ̄(x)γµγ5

τ3

2 ψ(x), are related to experimentally-accessible isovector form
factors through the decomposition

〈N, ppp′′′,s′|Vµ(0) |N, ppp,s〉= ū(ppp′′′,s′)
[

γµF1(Q2)+ i
σµνqν

2mN
F2(Q2)

]
u(ppp,s), (1.1)

〈N, ppp′′′,s′|Aµ(0) |N, ppp,s〉= ū(ppp′′′,s′)
[

γ5γµGA(Q2)+
γ5qµ

2mN
GP(Q2)

]
u(ppp,s), (1.2)

where Q2 =−(p′− p)2 > 0 is the (spacelike) momentum transfer and γµ are the generators of the
Minkowski Dirac algebra, or the commonly-used Sachs parameterization of the form factors, via

GE(Q2) = F1(Q2)− Q2

4m2
N

F2(Q2), (1.3)

GM(Q2) = F1(Q2)+F2(Q2). (1.4)

These quantities are also amenable to numerical calculations on a finite Euclidean lattice, and
therefore provide a good test that the finite-size, discretization and excited-state effects are under
control. However, reproducing the experimental value of axial coupling of the nucleon gA/gV =

1.2723(23) [2], where gA = GA(0) and gV = GE(0), has proved challenging [3] for lattice calcu-
lations. In section 2 we recapitulate the methodology used in this work and present results on the
nucleon isovector axial coupling and electric radius in section 3.

2. Methodology

In this work we use ensembles generated by the Coordinated Lattice Simulations (CLS) effort
with Nf = 2+1 dynamical flavours of non-perturbatively O(a)-improved Wilson fermions and the
tree-level Symanzik-improved gauge action [4]. This allows us to investigate systematic errors due
to the finite lattice spacing and extrapolate the results in the pseudoscalar mass to the pion mass.
The set of ensembles used in this work and the number of measurements performed are listed in
table 1. The axial vector current is non-perturbatively renormalized [5]. We use the conserved
lattice vector current, which is not O(a)-improved, but whose charge is correctly normalized.

2.1 Effective matrix elements

In order to access the matrix elements, we compute two- and three-point functions of nucleon
interpolating operators, Ψ̄(x), and a local fermion bilinear, J(x),

C2(t; ppp) =
1
2

Tr[(1+ γ0)(1+ iγ5γ3)∑
xxx

e−ippp·xxx 〈0|Ψ(xxx, t)Ψ̄(0) |0〉], (2.1)

C3,J(t, ts;qqq) =
1
2

Tr[(1+ γ0)(1+ iγ5γ3)∑
xxx,yyy

eiqqq·yyy 〈0|Ψ(xxx, ts)J(yyy, t)Ψ̄(0) |0〉], (2.2)
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id mPS/MeV a/fm L/a Nmeas ts/fm

H102 350 0.08 32 7988 {1.0,1.2,1.4}
H105 280 " 32 11428 "
*C101 220 " 48 32416 "

N200 280 0.06 48 3200 {0.8,0.9,1.0,1.15,1.3,1.4}
*D200 200 " 64 29088 {1.0,1.15,1.3,1.4}

Table 1: Parameters of the ensembles and measurements used in this work. The truncated-solver method
was used for ensembles marked with an asterisk.

where γµ are the generators of the Euclidean Dirac algebra, and use the ratio

RJ(t, ts;Q2) =
C3,J(t, ts;qqq)

C2(ts;000)

√
C2(ts− t;−qqq)C2(t,000)C2(ts;000)

C2(ts− t;000)C2(t;−qqq)C2(ts;−qqq)
(2.3)

to cancel the overlaps of the interpolating operator with the ground state, 〈0|Ψ(0) |N, ppp,s〉. This
ratio was observed to have reduced variance over others considered in ref. [6] and is related to
the effective axial coupling via geff

A (t, ts) = ImRA3(t, ts,0), or the effective electromagnetic form
factors, Geff

X (t, ts;Q2), via

V0(t, ts;Q2)=

√
mN +Eqqq

Eqqq
Geff

E (t, ts;Q2), ReRVi(t, ts;Q2)=
ε i jq j√

2Eqqq(Eqqq +mN)
Geff

M (t, ts;Q2), (2.4)

where ε12 =+1 =−ε21. The effective form factors are suitable estimators for the form factors in
the regime where t and ts− t are large compared with m−1

PS . The nucleon interpolating operators
are constructed from Gaussian-smeared quark fields with APE smeared links [7, 8]. The smearing
parameters for each lattice spacing were chosen to minimize the effective mass of the nucleon two-
point function at a relatively small time separation where the contribution from the excited states is
large.

2.2 Truncated-solver method

The analysis of Parisi [9] or Lepage [10] suggests that the signal-to-noise ratio of the nucleon
correlator at large times will decay exponentially, and worsen as the pseudoscalar mass is reduced.
This hampers the computation of the effective form factors at sufficiently large source-sink sepa-
rations. Therefore, for the ensembles with small pseudoscalar masses, marked with an asterisk in
table 1, we use the truncated-solver method [11, 12, 13]. An estimator for fermionic observables
with reduced variance is constructed by solving the Dirac equation with many source positions to
a low precision. Although this estimator is cheap to compute, it must be corrected for its bias.
Schematically, for a two-point function O(x,y), the estimator on the r.h.s. of

〈O(x,y)〉=
〈 1

Ny0
∑
{y0}

OLP(x+ y0,y+ y0)
〉
+ 〈O(x,y)〉−〈OLP(x,y)〉︸ ︷︷ ︸

bias correction

, (2.5)

should have a reduced variance, where OLP(x,y) is the observable computed using a low-precision
solution of the Dirac equation. As long as the contribution to the variance of the bias correction is
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Figure 1: Left: break-down of the cost of the low- and high-precision measurements of two- and three-point
functions on the C101 ensemble. Right: relative precision on the three-point function versus the cost using
exact (blue) and low-precision (red) sources. The labels indicate the number of sources used per timeslice.

small enough, this procedure can be more efficient than using many standard sources to improve
the signal. The variance due to the correction can be tuned by adjusting the solver residue or by
estimating it with more samples per configuration.

Figure 1 (left) shows the break-down of the cost of the measurement of the two- and three-
point functions for the C101 ensemble using a low-precision solution of the Dirac equation (left
bar) normalized to the cost of the measurement with a “exact” solution of the Dirac equation (right
bar). A metric of the improvement is the cost to obtain a given statistical precision on a particular
observable. In figure 1 (right) the relative precision for the three-point function is plotted versus
the cost for the truncated-solver method (red) and the standard method (blue) is shown. Although
some saturation of the relative error is observed with many source positions, the method effectively
reduces the cost of the measurements.

2.3 Extracting asymptotic matrix elements

Although variance-reduction techniques such as the truncated-solver method can make source-
sink separations in the region of 1.5 fm accessible, that may be insufficient to isolate the contribu-
tion of the ground-state matrix element with the desired accuracy.

In the case of the axial coupling, chiral perturbation theory can provide guidance on the contri-
bution of the leading excited states to the estimator for the charge [14, 15]. That analysis suggests
that a deviation on the order of 5% from the asymptotic value persists at source-sink separations of
≈ 1.5 fm at the physical pion mass. The result is independent of the choice of local interpolating
operator, provided that the smearing radius is smaller than the pion correlation length. Another sce-
nario suggests that at accessible source-sink separations, higher two-particle states which include
the effects of final-state interactions, may also contribute significantly [16]. These contributions
cannot be estimated in chiral perturbation theory.

Therefore, we utilize the summation method or model the contribution of excited states ex-
plicitly in order to obtain an estimate for the ground-state matrix element in the regime where
residual excited-state contamination is not negligible. In the following, we adopt the procedures
and notation of ref. [17].
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Figure 2: Top panels: effective axial matrix element for various source-sink separations and simultaneous
two-state fit (shaded band) for the H105 ensemble. Bottom panels: analogous figure for the many-state fit
on the D200 ensemble. The hatched band corresponds to the estimate for the asymptotic matrix element.
For comparison, the data point on the right represents the estimate from the many-state (two-state) fit in the
top (bottom) panels.

(i) Summation method: by summing over the position of the temporal coordinate of the operator
insertion, an estimator with excited-state effects O(e−∆ts) can be obtained from the slope of the
sum as a function of ts,

ts

∑
t=0

Geff
X (t, ts;Q2)

ts�0→ KX(Q2)+ tsĜX(Q2)+ . . . , (2.6)

where KX(Q2) denotes a (generally divergent) constant, and elided terms are exponentially sup-
pressed.

(ii) Two-state fit: the form-factor ĜX(Q2) is estimated by modelling the contribution of the leading
excited state by

Geff
X (t, ts;Q2) = ĜX(Q2)+aX(Q2)e−∆t +bX(Q2)e−∆′(ts−t). (2.7)

In this case, the energy gap is fixed to the lowest non-interacting level, ∆ = mπ or 2mπ and
∆′ = 2mπ and the transition matrix elements, aX , bX , are left as free parameters. In the case of
the axial coupling, the couplings are subject to the constraint aX = bX . Simultaneous fits are
performed to all source-sink separations to extract the asymptotic value. In figure 2 (top), the
effective matrix element at three source sink separations is shown for the H105 ensemble with
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Figure 3: Left: Axial coupling of the nucleon from the two-state fit (red), many-state fit (blue) versus the
pseudoscalar mass. Right: The nucleon electric radius obtained from a dipole fit to the form factor estimated
using the two-state fit (red) and summation method (green). Filled and open symbols correspond to the fine
and coarser lattice spacing respectively.

an uncorrelated two-state fit depicted with the band and the asymptotic value with the hatched
band. The data show large curvature which appears to be reproduced by the model.

(iii) Many-state fit: for the axial coupling we also employ a variation of the two-state fit where we
include only the contributions of non-interacting two-particle states with relative momentum-

squared ppp2 < ppp2
max. From ref. [16], the non-interacting levels, Eppp =

√
ppp2 +m2

PS +
√

ppp2 +m2
N,

are to a good approximation close to the true finite-volume two-particle levels. Furthermore,
in LO chiral perturbation theory the accompanying matrix elements are slowly-varying with
energy, which we use to constrain the corresponding fit parameters. The lower panel of figure 2
shows the uncorrelated many-state fit including states with nnn2

max = ppp2
max/(2π/L)2 = 5, which

also provides a good description of the data but a systematically lower value of the asymptotic
matrix element than the standard two-state fit.

3. Conclusions

Figure 3 (left) summarizes the estimates of the axial coupling obtained using the two-state
fit and many-state fit versus the pseudoscalar mass. The estimate from the summation method is
noisier when just three source-sink separations are available and is omitted. The estimate from the
many-state fit is systematically lower than the two-state fit.

The electromagnetic form factors for the D200 ensemble are shown in figure 4. At this pseu-
doscalar mass, a discrepancy between the methods arises when the correction from the excited
state in the two-state fit becomes large, similarly to what was observed in ref. [17]. This feature is
visible in the electric radius, extracted from a dipole fit to the form factor, in the right-hand panel
of figure 3. Further analysis is required to better control the excited-state effects in these nucleon
structure calculations.

Acknowledgments The author thanks colleagues at the University of Mainz, in particular Max Hansen
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Figure 4: Electric (left) and magnetic (right) form factors for the D200 ensemble with dipole fits to the
effective form factors estimated using the summation method (green) and two-state fit (red). The black
curve is the parameterization of the experimental data from ref. [18].

sharing ensembles. The ensembles were partly generated at the Swiss National Supercomputing Centre,
Forschungszentrum Jülich and the Leibniz Supercomputing Centre. Our programmes use the QDP++ li-
brary [19] and deflated SAP+GCR solver from the openQCD package [20]. All observables were computed
on the Clover cluster at the Helmholtz Institute Mainz.
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