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The conventional implementation of the inclusive hadrantecay data based, flavor-breaking
(FB) finite-energy sum rule (FESR) determinationgf is know to produce results 3o low
compared to kaon physics based results and 3-family-ityitdpectations. We revisit this imple-
mentation, showing that it fails a number of self-consisyaests, and that the problems originate
from a breakdown of assumptions employed for treating higlimension OPE contributions.
A recently proposed alternate implementation, which ctitese problems, and uses lattice data
to more reliably quantify leadin® = 2 OPE uncertainties, is then briefly reviewed. Employing
this new implementation, using also preliminary BaBar Hssfor the 1 — K~ 1°v; exclusive
branching fraction, yields a resulys = 0.222823)ep(6)in, in excellent agreement with that
from K¢z, and, within errors, with three-family-unitarity expetitens. Limitations in the near-
term possibilities for reducing the experimental error by tlesired factor of- 2 reduction are
then highlighted. These serve to motivate a new proposaldterminingVys via a dispersive
analysis employing strange hadromidata and lattice data in place of the OPE.
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1. Introduction

Using|Vug| = 0.9741721) from super-allowed 0 — O™ nuclear decays [1] as input to the
three-family-unitary relation leads to the expectatigr| = 0.22589). This is compatible, within
errors, with the results of direct determinations fripg andl" [K,,»] /T [11,2], using the recent 2014
FlaviaNet experimental result$, (0)|Vys| = 0.21654) and | fxMus|/| frVud| = 0.27604) [2] and
2016 FLAGn; =2+ 1+ 1 lattice input, f, (0) = 0.970433) and fx / f; = 1.1933) [3], which
yield |Vs| = 0.2231(9) and 022537), respectively.

Much lower values are obtained from conventional impleragons of FB FESR analyses of
inclusive non-strange and strange hadranitecay distributions [4], the most recent update of this
approach [5] producing, for example, a result

Vus| = 0.217621), (1.1)

3.60 lower than the three-family-unitarity expectations.

In the Standard Model (SM), witRy /ij = [T~ — vrhadrong ja;j (V)] /T[T~ — ve™ ve(Y)],
the differential distributionsdRy /4;i;/ds, for flavorij = ud, us, vector (V) or axial vector (A) cur-
rent mediated decays are relatedj\f;yA;i i the spectral functions of the= 0,1 scalar correlators,

I'I\(/J/)A;ij, which characterize the flavoy, V or A current-current two-point function, by [6]
dRy/aij 122V 12Sew (0+1) 0)
e AL S [CR AL NI
1212 |V;i |2Se .
] (12
T

wherey; = s/m2, wr(y) = (1—y)2(1+2y), wi(y) = 2y(1— )% B(S) = (1+ 2y0)n0 i (9) +
R(/O/)A;i j (S), Sew is a known short-distance electroweak correction,\gni the flavori j CKM ma-
trix element. The accurately known, non-chirally-suppegst andK pole contributions dominate
p,g?i)j (s), uptoO [(m F mj)Z] continuum V and A corrections, which are negligible fpe ud, and
small forij = us. With the latter estimated (in a mildly model-dependent neahfrom associated
ij =usscalar and pseudoscalar sum rules [7, 8], the experimeéR{al;;; /ds distributions provide

direct determinations qrbV/A udus(S)-
[Vus| can be determined from inclusive FBdecay data using FESRs involving the FB polar-

ization differenceAln; = I'I\(,ofj)ud I'I\(,OI,PUS, and associated spectral functidm,; = pvcfAlud

p\,TAlus [4]. Generally, for anys; > 0 and anyw(s) analytic in the regions| < s,

/ w(s)Ap;(s)ds = —— W(S)AM(s)ds. (1.3)

Is|=so
Experimental data is to be used on the LHS and, for large éngythe OPE on the RHS. For gen-

eralw, one must first construct the= 0+ 1 analoguecIR(,O/J;ji)j /ds, of dRy a;j/ds by subtracting
J = 0 contributions, and then form the re-weighted integrals

dpv (s)
. aii (S0 /dsWTs BAS” . (1.4)
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Then, using the OPE representation of the FB difference

o o) = e - S a9

given by the LHS of Eq. (1.3), one finds, solving fofs| [4],

Vus| = ¢ RY, aus(S0)/ [Rﬁ\j\ijﬁs‘” — SRR (%0)] + (1.6)

where the resultingVys| will be independent of, andw if all experimental and OPE input is
reliable. Checking for stability as andw are varied thus allows one to expose problems and/or
test for self-consistency.

The low values ofVs| noted above result from a conventional implementation of(E®) [4]
employing the single value,s) = m? and single weighiv=w;. With these choices, the associated
spectral integrals are fixed by the inclusive non-strange sirange branching fractions. Self-
consistency tests using varialdg andw are then no longer possible. Wity having degree 3,
unsuppressed OPE contributions up to dimen&lona 8 are present iBR) 5 (S). D = 2 and
4 contributions are known [9], being fixed lmg, myq, ms, (uu) and(ss) [3, 10, 11]. D =6 and
8 condensates, however, are not known experimentBlly= 6 contributions have typically been
estimated using the very crude vacuum saturation appréxim@/SA) andD = 8 contributions
neglected [4, 12]. The lack of self-consistency tests instia@dard implementation makes these
“approximations” potentially dangerous, especially iawiof the known crudeness of the VSA in
theud sector [13] and the very strong (factor©f20) cancellation in the FB = 6 VSA estimate.

2. Problemswith the conventional implementation and an alternate strategy
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Figure1: Left panel:|Vys| from thew; andw FESRs with conventional OPE input (including contour im-
proved perturbation theory for tHe = 2 series). Right panel: Comparison of conventional impletaiton
results (solid lines) with those obtained using centradditfs 5 10 and the fixed order perturbation theory
D = 2 prescription favored by lattice results, for the weiglis 4 (dashed lines).

Figure 1 shows the results f¢¥,s| as a function ofsy obtained using a range @f and the
conventional implementation assumptionsfoe= 6 and 8 OPE contributions. Very significasgt
andw-dependence is observed. Particularly illuminating is mgarison of the results from the
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wr(y) = 1—3y? +2y? andw(y) = 1— 3y + 3y?> — y° (y = s/s0) FESRs, whose integratedl = 6
OPE contributions are equal in magnitude but opposite in.sig the conventional implementa-
tion, D = 6 contributions are small arid = 8 contributions negligible for they; FESR. If these
approximations are reasonable oy, they should be similarly reasonable foy a@nd the|V,s| re-
sults obtained from the two FESRs should agree well and bisfilay goods, stability. If not,
the two FESRs should displayg-instabilities of opposite signs. Moreover, since intégid = 6
and 8 contributions scale agsf and /s, the difference between the the outpy| from the two
FESRs should decrease with increassagObviously it is the second scenario which is realized.
The break down of the conventional implementation assumgptsuggested by these results is fur-
ther confirmed by they-instabilities of the solid lines of the right panel of Figuk, which show the
conventional implementation results fof,s| obtained from thevy(y) FESRsN = 2,34, where

N 1
W () = 1— Y+ =y 2.1)

These results suggest an alternate implementation in velsishmptions abol@ > 4 contributions
are avoided and the effecti® > 4 condensatesCp-4, are instead obtained from fits to data,
taking advantage of the differing)-dependence of differer®® OPE contributions. The dashed
lines show the much improved stability obtained when sutbdi€y-. 4 are employed as input to
thewy FESRSs.

Another issue for the FB FESR approach is the slow conveggehthe relevanD = 2 OPE
series. To four loops, one has, neglecﬁh@wﬁd/nﬁ) corrections [9]

3 my(Q?
AN @5 = 5 ((?2 :

7_ _
1+za+ 19.93a% +20875a°+--- |, (2.2)

with a= as(Q?)/m, andas(Q?) andms(Q?) the runningVScoupling and strange quark mass. With
a(m?) ~ 0.1, theO(a%) term exceeds th®(a?) term at the spacelike point on the contdsir= s

for all kinematically accessiblg), complicating the task of choosing an appropriate trunoabir-
der and estimating the associated truncation uncertaitig. issue was investigated by comparing
OPE expectations to; = 2+ 1 RBC/UKQCD lattice data [14] foAl;(Q?) over a range of Eu-
clideanQ?[15]. An excellent match of th® = 2+4 OPE sum to the lattice data was obtained over
an interval stretching fror? ~ 10 GeV2 down to~ 4 GeV?2 using the 3-loop-truncated version of
the D = 2 series with a fixed- rather than local-scale treatmentgdifithmic contributions [15}.
The highQ? comparison also demonstrates that conventi@al 2+ 4 OPE error estimates are
extremely conservative [15]. Deviations of tBe= 2+ 4 OPE sum from the lattice data below
Q? ~ 4 GeV?[15] are also clearly incompatible with the conventionapiementation assumptions
regarding the effectiv® > 4 OPE condensates.

An alternate implementation of the FB FESR approach, pateiiton the observations above,
was presented in Ref. [15]. The theory side employs the B-tamncated, FOPT version &f = 2
OPE contributions favored by the lattice, and f\fg| and the relevant effectivie > 4 OPE conden-
sates using they-dependentvy-weighted spectral integrals. Spectral integrals areuavatl using

1The fixed-/local-scale treatment MHT}SZE is the analogue of the “fixed-order” (FOPT)/“contour-imped”

(CIPT) treatment of th® = 2 contribution on the OPE side of the FSER relation.
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M0, K2 and SM expectations for the andK pole contributions, ALEPH continuurad V+A
data [16], Belle [17] and BaBar [18, 19] results for ti€rr~ andK ~ i distributions, BaBar [20]
and Belle [21] results for th& 7t andK°rr mi° distributions, and 1999 ALEPH results [22]
for the sum of the distributions of those exclusive strangel@s not remeasured by the B-factory
experiments. Two different versions exist for te v, branching fraction, which normalizes the
corresponding exclusive distribution:0043315) from the 2014 HFAG summer fit [23], and the
preliminary BaBar thesis update0050Q14) [19]. The latter is favored by BaBar, whose earlier
result dominates the 2014 HFAG average. Central resultssbebrrespond to the latter choice.

Thewy FESRs have the advantage that they involve, in additionddktitownD = 2 and 4
terms, only a single unknowb = 2N + 2 OPE contribution. Fits to then FESR N = 2,3,4)
thus yield|Vys| andCon 2. The |Vys| from the differentwy FESRS are in excellent agreement [15].
With the Con 42 obtained from these fits as input to the conventional impleaten of thews 3 4
FESRs yield the results shown by the dashed lines in Figurehich display excellengy- and
w-stability. The excellent consistency allows a final refuitV,s| to be obtained using a combined
3-weight fit. Normalizing the exclusivié ~ ° distribution using the preliminary BaBar update for
thet~ — K~ n®v; branching, one finds [15]

Vis| = 0.22285)n(23)exp - (2.3)

The theory error is dominated by the uncertaintyrinss), the experimental error by the the strange
exclusive distribution errors [15]. This result agreeslwéth that fromK,3, and, within errors, with
3-family unitarity expectation$. Compared to the conventional implementation results, ityug
half of the improved agreement results from the data-basedntent of higheD OPE contribu-
tions, and half from the new preliminary BaB&r r°v; branching fraction normalization.

Table 1: Relative contributions to they-weightedus spectral integrals in th) fit window employed in the
alternate FB FESR implementatiolst column entries are the sum of the ° andK®7r— contributions,
Kt (B factory) column entries the sum of the t m— andK%mr ri° contributions, andResidual column

entries the contributions of the residual part of the 199%RH distribution.

Weight g K K K Residual
[GeV?] (B-factory)

W, 2.15 0.496 0.426 0.062 0.017

3.15 0.360 0.414 0.162 0.065

W3 2.15 0.461 0.446 0.073 0.019

3.15 0.331 0.415 0.182 0.074

Wy 2.15 0.441 0.456 0.082 0.021

3.15 0.314 0.411 0.194 0.081

Improvements to the low-multiplicity strange exclusivaiching fractions would allow for
significant reductions in the error dv,s| obtained from the new implementation of the FB FESR

°Normalizing theK ~ r° distribution with the HFAG 2014~ — K~ ni®v; branching fraction yields insteddys| =
0.220Q(5)th(23)exp, 0.0024 higher than obtained from the conventional implententaising the same input. Further
work on the branching fraction of this mode is desirable.
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approach. Uncertainties in the combined, higher-muttifi1999 ALEPH “residual mode” distri-
bution, however, are likely to prove an important limitiragfor in the near future. The errors on the
weighted spectral integrals over this residual distriutare~ 25%. A competitive determination
of |Vs| requires sub-8% precision, which requires sub-% precision on the weijjelusiveus
spectral integrals. The relative contributions of the Iowailtiplicity exclusive modes, as well as
that of the residual mode sum, to the inclusive weightedpectral integrals for ther,, ws andw;,
FESRs are shown in Table 1 at the lowest and higkest the analysis fit window.

The ~ 25% residual mode errors corresponcd~{@% errors on the inclusivas spectral in-
tegrals at the lower end of thsg fit window, indicating that a factor of 2 or more improvement
would be required in the normalization of the residual mag® $0 make the FB FESR approach
fully competitive with kaon-physics-based determinagion

A way around this current limitation is to switch to a dispessanalysis based on the inclu-
sive us data alone in which weights are chosen that allow lattica tiatbe used in place of the
OPE [15] on the theory side of the dispersion relations. Tisks as follows. From Eq. (1.2),
the experimentatiR sy a/ds distribution provides a direct determination [8fs|?5(s), with no
even mildly model-dependent continuuh= O subtraction required. The combinatipis) is the
spectral function of the kinematic-singularity-frde= 0 and 1us V+A polarization combination,

. 2
I_IUS;V+A(Q2) = (1_ 2%> usV+A(Q2) + nusV+A(Q2) (2'4)

whereQ? = —s. Choosing weight3/\i(s),
Wi (S) = ;, (2.5)

Mii(s+QP)

which have poles at thig distinct Euclidean location®? = Q3,--- Q2, Q2 > 0, one has, foN > 3,
the convergent, unsubtracted dispersion relation

Musv-a(QF) _
=1 M <Q12 - Qﬁ)

/m dSWh(S) Pusy +A(S) = (2.6)

Lattice data is to be used to evaluate Ifl1g;v+A(QE) on the RHS of this relation. This can be done
with good accuracy if alQ2 are kept to a few to several tenths aBev2. Thes < mé contribution

2, from experimentatiR sy + o/ds data.
To control errors on the LHS, the numbé\t, and locationsQ?,---,Q%, of the poles, are to be
chosen such that contributions from both the region whisrdata errors are large and the region
s> m? (where data do not exist and pQCD is used f¢s)) are very small. This goal can be
accomplished by keeping a@ﬁ below ~ 1 GeV?2 and choosingN large enough. Increasinly,
however, increases the errors on the lattice side of Eq) (thé level of cancellation in the sum
of residues appearing there grows with increadi)g The error onV,s| extracted using Eq. (2.6)
is minimized by optimizing the choice df and pole locations, subject to these two competing
constraints. A preliminary implementation of this appioas described in the write-up of H.
Ohki's presentation, in these proceedings.
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