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We present a lattice determination of the vector and scalar form factors of the semileptonic
D→ π`ν decays, which are relevant for the extraction of the CKM matrix element |Vcd | from
experimental data. Our analysis is based on the gauge configurations produced by the European
Twisted Mass Collaboration with N f = 2+ 1+ 1 flavors of dynamical quarks. We simulated at
three different values of the lattice spacing and with pion masses as small as 210 MeV. Quark
momenta are injected on the lattice using non-periodic boundary conditions. The matrix elements
of both vector and scalar currents are determined for a plenty of kinematical conditions in which
parent and child mesons are either moving or at rest. Lorentz symmetry breaking due to hypercu-
bic effects is clearly observed in the data and included in the decomposition of the current matrix
elements in terms of additional form factors. Our preliminary estimate for the vector form factor
at zero 4-momentum transfer is f D→π

+ (0) = 0.631(40), which can be compared with the latest
FLAG average f D→π

+ (0) = 0.666(29) available only at N f = 2+1.

34th annual International Symposium on Lattice Field Theory
24-30 July 2016
University of Southampton, UK

∗Speaker.

c© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). http://pos.sissa.it/

mailto:lubicz@fis.uniroma3.it
mailto:lorenzo.riggio@gmail.com
mailto:salerno@fis.uniroma3.it
mailto:simula@roma3.infn.it
mailto:tarantino@fis.uniroma3.it


P
o
S
(
L
A
T
T
I
C
E
2
0
1
6
)
2
8
0

Hypercubic effects in semileptonic D→ π decays on the lattice Giorgio Salerno

1. Introduction and simulation details

In the Standard Model (SM) weak charged currents are regulated by the Cabibbo-Kobayashi-
Maskawa (CKM) matrix [1]. An accurate determination of the CKM matrix elements is therefore
crucial both for testing the SM and for searching new physics.

In this contribution we present the preliminary results of our determination of the vector and
scalar form factors of the semileptonic D→ π`ν decays, relevant for the extraction of the CKM
matrix element |Vcd |, in the whole kinematical range of values of the squared 4-momentum transfer
q2 accessible in the experiments, i.e. from q2 = 0 to q2 = (MD−Mπ)

2.
We used the gauge ensembles produced by the European Twisted Mass Collaboration (ETMC)

with four flavors of dynamical quarks (N f = 2+1+1), which include in the sea, besides two light
mass-degenerate quarks, also the strange and the charm quarks [2, 3]. The simulations were carried
out at various lattice volumes and for three values of the lattice spacing in the range 0.06−0.09 fm
in order to keep under control the extrapolation to the continuum limit. The simulated pion masses
range from ≈ 210 MeV to ≈ 450 MeV. The gauge fields were simulated using the Iwasaki gluon
action [4], while sea and light valence quarks were implemented with the Wilson Twisted Mass
Action [5, 6]. The valence charm quark was simulated using the Osterwalder-Seiler action [7]. At
maximal twist such a setup guarantees the automatic O(a)-improvement [6, 8]. More details about
the lattice ensembles and the simulation details can be found in Ref. [9]. Gaussian smearing for the
pseudoscalar meson interpolating fields has been employed for both the source and the sink.

Momenta were injected on the lattice using non-periodic boundary conditions for the quark
fields [10, 11, 12], obtaining in this way values ranging from ≈ 150 MeV up to ≈ 650 MeV. The
matrix elements of both vector and scalar currents are determined for a plenty of kinematical con-
ditions in which parent and child mesons are either moving or at rest. Lorentz symmetry breaking
due to hypercubic effects has been clearly observed in the data (see also Ref. [13]). In this con-
tribution we present the removal of such hypercubic effects and the determination of the physical,
Lorentz-invariant, semileptonic vector and scalar form factors.

2. Lorentz symmetry breaking in the behavior of the scalar and vector form factors

The matrix elements of the weak vector, Vµ = c̄γµd, and scalar, VS = c̄d, currents can be
extracted from the large time distance behavior of a convenient combination of Euclidean 3-points
and 2-points correlation functions in lattice QCD. As it is well known, at large time distances 2-
and 3-points correlation functions behave as

C̃M
2 (t)≡ 1

2

[
CM

2 (t)+
√

CM
2 (t)2−CM

2 (T/2)2

]
−−→t�a ZM(~pM)e−EMt/(2EM) , (2.1)

CDπ
µ,S(t, ts) −−−−−−−−−−→t�a,(ts−t)�a

√
ZD(~pD)Zπ(~pπ) 〈π(pπ)|Vµ,S|D(pD)〉 e−EDt−Eπ (ts−t)/(4EDEπ), (2.2)

where M stands for either the D or the π meson, EM is the meson energy, ts is the time distance
between the source and the sink, ZD(~pD) and Zπ(~pπ) are the matrix elements |〈D(~pD)| c̄γ5 d |0〉|2

and |〈π(~pπ)| ūγ5 d |0〉|2, where the dependence on the meson momenta ~pD and ~pπ arises from the
use of smeared interpolating fields. In Eq. (2.2) the vector and scalar currents are local ones, which
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renormalize multiplicatively in our setup through the renormalization constants (RCs) ZV and ZP,
respectively. As we shall see, the explicit use of the RCs is not required.

The correlation functions can be combined in the five ratios Rµ (µ = 0,1,2,3) and RS as

Rµ(t)≡ 4pDµ pπµ

CDπ
µ (t, ts,~pD,~pπ)CπD

µ (t, ts,~pπ ,~pD)

Cππ
µ (t, ts,~pπ ,~pπ)CDD

µ (t, ts,~pD,~pD)
−−→t�a

(
〈π(pπ)|V̂µ |D(pD)〉

)2
, (2.3)

RS(t)≡ 4EDEπ

(
µc−µ`

M2
D−M2

π

)2 CDπ
S (t, ts)CπD

S (t, ts)

C̃D
2 (ts)C̃

π
2 (ts)

−−→t�a

(
mc−m`

M2
D−M2

π

〈π(pπ)|V̂S|D(pD)〉
)2

, (2.4)

where µ`(c) are the bare light (charm) quark masses and m`(c) are the corresponding renormalized
ones. In the r.h.s. of Eqs. (2.3-2.4) V̂µ and V̂S are already the renormalized vector and scalar currents,
respectively, since the multiplicative RCs ZV and ZP cancel out in the ratios (2.3-2.4). The matrix
elements of the vector and scalar currents can therefore be easily extracted from the plateaux of
Rµ(t) and RS(t) at large time distances.

Assuming the usual Lorentz-covariant decomposition of the matrix elements of the vector and
scalar currents one may have

〈π(pπ)|V̂µ |D(pD)〉 =
[
Pµ −qµ(M2

D−M2
π)/q2] f+(q2)+qµ f0(q2)(M2

D−M2
π)/q2 , (2.5)

〈π(pπ)|V̂S|D(pD)〉 = f0(q2)(M2
D−M2

π)/(mc−m`) , (2.6)

where P≡ pD + pπ , q≡ pD− pπ , while f+(0)(q2) is the vector (scalar) semileptonic form factor.
For each gauge ensemble and each choice of parent and child meson momenta, ~pD and ~pπ , the

vector and scalar form factors can be determined as best-fit values of the set of the matrix elements
corresponding to the time and spatial components of the vector current and to the scalar current.
The results, interpolated at the physical value of the charm quark mass mphys

c determined in [9],
are shown in Fig. 1 in the case of the gauge ensemble A60.24 (see Ref. [9]). It can be clearly
seen that the extracted form factors are not Lorentz-invariant quantity and a dependence on the
value of the child meson momentum is visible. The investigation and the removal of the observed
Lorentz-invariance breaking terms is the subject of the next Section.
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Figure 1: Momentum dependence of the vector (left panel) and scalar (right panel) form factors in the case of the gauge
ensemble A60.24 [9]. Different markers and colors distinguish different values of the child meson (pion) momentum.
The simulated pion mass is Mπ ' 390 MeV and the charm quark mass corresponds to its physical value mphys

c from [9].
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3. Global fit including hypercubic terms

First we have checked whether the behavior observed in Fig. 1 may be related to finite volume
effects. Thanks to the presence of two gauge ensembles, A40.24 and A40.32, which share the same
pion mass and lattice spacing at different lattice sizes, L = 24a and L = 32a (see Ref. [9]), it turned
out that finite volume effects cannot be the source of the observed behavior of the lattice data.

Then we tried to describe the breaking of the Lorentz invariance by means of O(a2) hypercubic
effects, since in our setup all the current matrix elements are O(a)-improved [14]. In the case of
vector current matrix elements possible hypercubic terms have to be odd in the meson momenta
and therefore at order O(a2) we can add to the Lorentz-covariant decomposition (2.5) the following
hypercubic structure

〈π(pπ)|V̂ hyp
µ |D(pD)〉= a2 [q3

µH1 +q2
µPµH2 +qµP2

µH3 +P3
µH4

]
, (3.1)

where Hi (i = 1, ...,4) are additional form factors. We adopt for them a simple polynomial form in
the z variable [15], which depends on both q2 and m`, viz.

Hi(z) = di
0 +di

1z+di
2z2 , (3.2)

where di
0,1,2 will be treated as free parameters in the fitting procedure.

In a similar way one can consider the possible presence of O(a2) hypercubic terms in the
scalar matrix elements. The Ward-Takahashi identity (WTI), relating the 4-divergence of the vec-
tor current to the scalar density, is a good place to look for such hypercubic terms. We have indeed
observed WTI violations that cannot be interpreted as a2 and/or a2q2 (Lorentz-invariant) discretiza-
tion effects. Thus we have considered the presence of O(a2) hypercubic effects in the WTI, viz.

qµ 〈π(pπ)|V̂µ |D(pD)〉= (mc−m`)〈π(pπ)|V̂S|D(pD)〉+∆
hyp
WT I , (3.3)

where ∆
hyp
WT I represent the hypercubic WTI-violating term. Fig. 2(a) shows that the WTI-violating

term is different from zero and depends on the value of the child meson momentum, in a way
similar to that already observed in Fig. 1. Moreover Fig. 2(b) suggests a simple linear dependence
on the hypercubic invariant q[4] ≡ ∑µ q4

µ , namely

∆
hyp
WT I = a2 q[4] H5 , (3.4)

where for H5 we have assumed the simple form H5 = d5
0 +d5

1m` with d5
0,1 being free parameters.

As for the Lorentz-invariant form factors f+,0(q2) appearing in Eqs. (2.5-2.6) we adopt the
modified z-expansion of Ref. [15] and impose the condition f+(0) = f0(0) = f (0) (as in Ref. [14]):

f+(0)(q
2) =

f (0)+ c+(0)(z− z0)
(
1+ z+z0

2

)
1−K+(0)

FSE q2/M2
V (S)

, (3.5)

where z0 ≡ z(q2 = 0). Inspired by the hard pion SU(2) ChPT [16], f (0) can be written as

f (0) = b0

[
1− 3

4
(
1+3g2)

ξ` logξ`+b1 ξ`+b2 a2
]

(3.6)
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Figure 2: Results for ∆
hyp
WT I (see Eq. (3.3)) versus q2 (a) and q[4] (b) in the case of the gauge ensemble A30.32 [9].

with ξ` = 2Bm`/(16π2 f 2), where B and f , determined in [9], are the SU(2) low-energy constants
entering the LO chiral Lagrangian. The coefficients bi (i = 0,1,2) are treated as free parameters in
the fitting procedure, while g is kept constant at the value g = 0.61 [17]. In Eq. (3.5) the quantity
MV (S), representing the vector (scalar) pole mass, is treated as a free parameter, while for the
coefficients c+(0) we assume a simple linear dependence on a2. Finally the comparison of the data
in the case of the ensembles A40.24 and A40.32 [9] suggests the presence of finite size effects
(FSEs) in the slope of the form factors. We have therefore added the correction K+(0)

FSE in the
denominator of the r.h.s. of Eq. (3.5) to take into account FSEs in a phenomenological way, namely

K+(0)
FSE = 1+C+(0)

FSE ξ` e−Mπ L/(MπL) , (3.7)

where C+(0)
FSE are free parameters.

Using all the ingredients described above, we have performed a global fit of all the data cor-
responding to the time and spatial components of the vector current and to the scalar current for
all the ETMC gauge ensembles, studying simultaneously the dependence on q2, m` and a2 of the
Lorentz-invariant form factors f+,0(q2) as well as the q2 and m` dependence of the five hypercubic
form factors Hi (i = 1, ...,5). The quality of the fit is quite good (obtaining a χ2/dof equal to ' 1.2
over more than one thousands lattice points) and will be shown elsewhere. Here we limit ourselves
to illustrate in Fig. 3 the removal of the hypercubic effects, as determined by the global fitting
procedure, in the case of the gauge ensemble A60.24 [9].

In Fig. 4 the momentum dependence of the vector and scalar form factors f+(q2) and f0(q2)

extrapolated to the physical point is shown in the whole range of values of q2 accessible to the
experiments. In the case of the vector form factor our results are in good agreement with the
experimental data obtained by Belle [20], Babar [21] and Cleo [22, 23].

As for the vector form factor at q2 = 0 our preliminary results, including the error budget, is

f D→π
+ (0) = 0.631 (37)stat (14)chiral (08)disc = 0.631 (40) , (3.8)

which can be compared with the FLAG average f D→π
+ (0) = 0.666(29) [18], based on the lattice

result obtained at N f = 2+1 in Ref. [19].
The novelty of our analysis with respect to previous studies of the semileptonic D→ π form

factors is the use of a plenty of kinematical configurations corresponding to parent and child mesons
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Figure 3: As in Fig. 1, but after the subtraction of the hypercubic effects determined by the global fit.
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Figure 4: Results for the vector (orange band) and
scalar (cyan band) form factors of the D→ π`ν decay
extrapolated to the physical point and including the un-
certainties related to the statistics, the fitting procedure,
the chiral extrapolation and the continuum and infinite
volume limits. For comparison the experimental data
for f+(q2) obtained by Belle [20], Babar [21] and Cleo
[22, 23] are shown by the different markers.

either moving or at rest. We notice that using only a limited number of kinematical conditions, for
instance the Breit-frame (~pD =−~pπ ) or the D-meson at rest, the presence of the hypercubic effects
may not be detected. This is nicely illustrated in Fig. 5, which shows our data of the scalar form
factor f0(q2) for the whole set of kinematical configurations and for the case of the D-meson at
rest. The limited set of data with ~pD = 0 does not show any evidence of the Lorentz-symmetry
breaking, although its presence is quite visible by comparing the data before and after the removal
of the hypercubic effects determined in the global fitting procedure. This may lead to a systematic
error in the extraction of the momentum dependence of the physical form factors.
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