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BSM Kaon Mixing at the Physical Point Julia Kettle

1. Introduction

The motivation to study neutral kaon mixing comes from the role it plays in indirect CP viola-
tion observed in kaon decays. The degree of indirect CP violation is a well known, experimentally
measured quantity [1], which can be expressed as a simple product of the kaon mixing bag pa-
rameter, Wilson coefficients and a function of CKM matrix elements and other known quantities.
Thus precise lattice calculations of kaon mixing help to constrain the CKM matrix and beyond the
standard model (BSM) theories (where new CP violating phases can can appear.) In the standard
model (SM), kaon mixing is mediated by the W boson and the leading order contributions are given
by the box diagrams. An operator product expansion (OPE) separates the short and long distance
contributions. The short distance part is given by the matrix element 〈K̄0|O1|K0〉, where O1 is a
∆S = 2 effective four-quark operator, given in equation 1.1, and can be found non-perturbatively
using lattice simulations.
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(b) Effective four-quark operator

Beyond the standard model, where the mediating particle is not restricted to the W boson, a
range of operators become available as more dirac and colour structures are possible. A basis of 5
∆S = 2 effective BSM operators can be defined [2],

O1 = [s̄aγµ(1− γ5)da][s̄bγµ(1− γ5)db]

O2 = [s̄a(1− γ5)da][s̄b(1− γ5)db] O3 = [s̄a(1− γ5)db][s̄b(1− γ5)da]

O4 = [s̄a(1− γ5)da][s̄b(1+ γ5)db] O5 = [s̄a(1− γ5)db][s̄b(1+ γ5)da]

(1.1)

where a and b are colour indices, and dirac indices are not shown. This basis is referred to as
the SUSY basis, but is model independent. By calculating the matrix elements of these operators
we can place boundaries on BSM theories.

2. Simulations

The simulations are of domain wall fermion QCD with Iwasaki gauge fields. We present new
results from two ensemble sets; the 483 and 643 physical point, details of which can be found in ref.
[3]. Alongside the physical point ensembles, in our analysis we include results from the ensemble
sets 243 and 323 in our analysis. Details of our 323 can be found in ref. [4], however 243 has been
recalculated with a physical strange mass. A summary of simulation parameters for the ensembles
included is shown in table 1. We have also performed calculations on a finer lattice, referred to as
483 fine, but the NPR calculation is still ongoing and so we have not included those results here,
as they cannot yet be included in our analysis. This will be included in a later journal publication
writing up this work, and hence our present results should be viewed as preliminary.
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48 64 24 32
(L/a)3× (T/a) 483×96 643×128 243×64 323×64

a−1(GeV) 1.7295(38) 2.3586(70) 1.7848(50) 2.3833(86)
aml 0.00078 0.000678 0.005, 0.01 0.004, 0.006, 0.008

ams,val 0.0362 0.02661 0.03224 0.0250, 0.0300
amphys

s,val 0.03580 0.02359 0.03224 0.02477

Table 1: A summary of simulation parameters for each ensemble.

3. Measurements

The Bag Parameter is defined as the matrix elements normalised by their VSA values, ex-
pressed as,

B1(µ) =
〈K̄|O1(µ)|K〉

8
3 m2

K f 2
K

(3.1) Bi(µ) =
〈K̄|Oi(µ)|K〉

Nim2
K f 2

K(
mK

mu(µ)+ms(µ)
)2 (3.2)

for the SM and BSM case respectively, where Ni = (5
3 ,

1
3 ,2,

2
3) for i≥ 2. We also measure an alter-

native quantity, the ratio of the BSM operators to the SM operator, which we define as [5],

Ri(µ) =

[
f 2
K

m2
K

]
expt

[
m2

K

f 2
K

〈K̄|Oi(µ)|K〉
〈K̄|O1(µ)|K〉

]
Lat.

(3.3)

At the continuum physical point, Ri(µ) is a simple ratio of the BSM over the SM matrix element.

4. Global Fit

The physical value of Ri(µ) and Bi(µ) are recovered by performing a simultaneous chiral
and continuum extrapolation. We first must renormalise the bare results. This was done non-
perturbatively with non-exceptional kinematics (RI-SMOM) [6] for 243 and 323 in ref. [7]. In
these preliminary results, we have reused the renormalisation constants calculated for the 24(32)3

ensembles to renormalise 48(64)3. Next we adjust the valence strange mass to the physical point.
Here there are multiple strange masses, we interpolate linearly. If there is only one strange mass
for an ensemble, we extrapolate, taking the gradient from an ensemble set with the same lattice
spacing and multiple strange masses.We ignore the size of the sea strange mass effects as they are
expected to be negligible compared to the final error. These were measeured in [3] Thirdly, the
simultaneous fit is preformed, as in ref. [7], according to one of two methods:

1. A fit to a linear ansatz:

Y
(
0,m2

π/(4π fπ)
2)= Y (a2,m2

ll/(4π fπ))

[
1+ caa2 + cm

m2
ll

(4π fll)2

]
. (4.1)

2. A fit according to NLO SU(2) chiral perturbation theory:

Y
(
0,m2

π/(4π fπ)
2)= Y (a2,m2

ll/(4π fll))

[
1+ caa2 +

m2
ll

(4π fll)2 (cm +Cilog(
m2

ll
Λ2 ))

]
. (4.2)

a is the lattice spacing in GeV−1, mll is the pseudoscalar light-light meson mass. ca and cm are free
parameters. The fixed coefficients Ci are given in [8]. We then extrapolate to the physical point.
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5. Results

We present here results for the ratios and bag parameters. In table 2 the bare unrenormalised
values gained from the correlator fits are shown. We then present the preliminary continuum,
physical point results gained from our fitting procedure in table 3.1 Plots of the fits are shown
in figures 2 and 3. We compare these new results to those previously gained by our collabo-
ration. In [3] a result for the SM bag parameter including the physical point data was found,
Bms

k (3GeV ) = 0.5293± 0.0017± 0.0106. This is consistent with the new result, even though we
did not use overweighting of the physical point data and did not include reweighting for the sea
strange mass. This agreement validates our statement that we can ignore these effects for the less
well determined BSM matrix elements. These new results are (although preliminary, and still to
be improved upon) compatible with our collaborations previous BSM results [7] (shown in table 3)
which were obtained with the same fitting approach.

6. Conclusions

We present preliminary results for the BSM bag parameters and ratios including physical pion
mass data which appear to be consistent with the previous results in ref. [7]. We have dramatically
reduced the chiral error on our results by including lattices with physical pions and kaons in our
fits. We will include data from an ensemble with fine lattice spacing in our analysis for the final
results.
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1It should be noted that all the errors presented on the new results here, are statistical errors only, and we are yet to
calculate the systematic errors. We also have not shown here the errors arising from the matching to ms but these will be
included in the future.
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Figure 2: Preliminary global fits for Bi. The linear fit lines for each lattice are shown. The physical
point, continuum extrapolation result and fit line at the continuum for each fit type are shown.
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Figure 3: Preliminary global fits for Bi. The linear fit lines for each lattice are shown. The physical
point, continuum extrapolation result and fit line at the continuum for each fit type are shown.
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B1 B2 B3 B4 B5

483 0.5840(9) 0.9198(8) 0.5767(5) 0.9331(8) 0.4951(4)
643 0.5612(26) 0.9082(30) 0.5282(19) 0.9256(31) 0.4488(16)

- R2 R3 R4 R5

483 - -23.596(67) 35.903(103) -18.489(51) -9.524(26)
643 - -27.054(69) 41.426(107) -20.046(47) -10.149(24)

Table 2: The results of the bare bag parameters and ratios measured in this work, on the physical
point ensembles, mπ = 135.0 MeV , mK = 495.7 MeV.

fit B1 B2 B3 B4 B5

new
linear 0.5297(24) 0.4900(23) 0.7322(51) 0.9383(31) 0.6978(24)
chiral 0.5282(24) 0.4914(23) 0.7339(51) 0.9311(31) 0.6957(24)

prior work [7] - 0.536(9)(6)(11) 0.492(7)(17)(5) 0.751(14)(66)(8) 0.932(12)(17)(13) 0.680(8)(37)(26)

- R2 R3 R4 R5

new
linear - -19.15(12) 5.924(42) 41.63(26) 10.06(6)
chiral - -19.20(12) 5.937(42) 41.69(25) 10.08(6)

prior work [7] - - -19.91(45)(30)(43) 6.22(16)(20)(14) 44.25(91)(202)(115) 10.68(20)(82)(31)

Table 3: Physical point continuum results obtained from a global fit for the Bis and Ris presented
at ms(µ = 3GeV) with intermediate renormalisation scheme RI-SMOM/q/q.
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