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1. Introduction

It is well known that the problem of the universal approximation by feedforward neural
networks has been solved in 1990s. Solving universal approximation problem by feedforward
neural networks can be conceptually defined as an unlimited number of activation functions can
theoretically approximate a continuous functions. Principe and Chen [1] surveyed the recent
history of solving universal approximation problem by artificial neural networks.

On the other side, the study of the Hankel convolution linear operators was started by
Zemanian [2]. Arteaga and Marrero [3], and Baddour [4] developed Hankel convolution theory.
Recently, Hankel convolution linear operators have attracted many interests since these
operators have many applications such as solving optic problems [5], radiation, diffraction, and
field projection [6], and neutron transportation equation [7].

In this work, we are motivated to use Hankel convolution linear operators based on the
Hankel approximate identity notion in order to construct a class of feedforward neural networks.
Two aims are sought to be achieved in the present paper. The first aim is to apply a class of
feedforward neural networks based on Hankel approximate identity to approximate continuous
functions on real positive numbers. Subsequently, Lebesgue integrable functions on real positive
numbers will be approximated by applying the same networks.

The approach of this work is as follows: we primary introduce the notion of Hankel
approximate identity which is an extension of approximate identity. We apply Hankel
approximate identity to prove the uniform convergence of a class of the Hankel convolution
type operators in the space of continuous functions on real positive numbers. In the next step,
we study the universal approximation by feedforward Hankel approximate identity neural
networks in the space of continuous functions on real positive numbers. Moreover, we focus on
the analysis of the uniform convergence of Hankel convolution type operators in the Lebesgue
spaces on real positive numbers. Then, we prove the universal approximation by the above
neural networks in the Lebesgue spaces on real positive numbers.

It is important to note that the advantage of this works is to construct some developments
for theoretical research on solving universal approximation problem by feedforward artificial
neural networks. The drawback of this work is the lack of numerical simulations.

The outline of this paper is as follows: Section 2 will focus on the introduction of Hankel
approximate identity notion. Moreover, some basic definitions used in this paper will be
presented in this section. In Section 3, we give two theoretical results concern with universal
approximation by a class of feedforward neural networks based on Hankel approximate identity
in the space of continuous functions on real positive numbers. In Section 4, we derive another
two theoretical results in the Lebesgue spaces on real positive numbers. In Section 5, we give
conclusion and future directions for research.

2. Notations and Definitions

Throughout this paper, the space of continuous functions on real positive numbers will be
presented by C(R,). We also denote by L (R)), 1 <p < +oo, the Lebesgue spaces on real positive

numbers. Before tackling our analyses, it is required to recall a number of basic notions. We
start with the definition of the Hankel approximate identity.

Definitionl: Let{ ¢, (x)In€N, , (].g+—r be a Hankel approximate identity if the
following properties hold:
1) _[R +(pn(x)d x=1;

2) let us assume that >0 and O >0 there is an N given that if 7> N then
I, ooz

Definition 2: The below equation is the definition of convolution in the Hankel sense
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f*, g oftwo given functions f,g:R, R
fru 9= [, fgkxu)dx

(2.1)
Let us now state the epsilon-net notion in functions spaces.
Definition 3: [8] Let &>0. Aset V cC( R, is called epsilon-net of aset V'

in C(R,,,if feV can be found for V. f €V such that (f f) €
Deﬁnltlon 4: [8] Lete>0. Aset V, €L, (R)) is referred to as epsﬂon -net of a set j in
L, (R)if f €V, canbe obtained for V. f €V provided that
F =7, e, < ¢

Definition 5: [8] If the epsilon-net includes a finite set of elements, it can be said to be
finite epsilon-net.

3. Solving Universal Approximation by a Class of Neural Networks Based on
Hankel Approximate Identity in the Space of Continuous Functions on Real
Positive Numbers

This section gets Theorem 3.1. According to Theorem 3.1, Hankel convolution linear
operators based on Hankel approximate identity have uniform convergence property in the
space of continuous functions on real positive numbers.

Theorem 3.1 Suppose C (R be the space of continuous functions with a compact

support on R . Suppose{ ¢, (x)}n€EN , ¢, : R, R be a Hankel approximate identity. Suppose

f  beafunctionin C(R +)- Then ¢, *,  f uniformly converges to jon CR).
Proof. Let x€(0, &) and £>0 . Thereisa n>0 provided that
(f(x)—f(y))<8 forall y, (x—y)<17 Then,

RAE: fcon flxyldy—flx] 3.1)
= [ puodr@ay — e [ pnody

= [ 0 W)y = F ()} dy

(3.2)
UL+ 177 @nOIFGy) — FGYdy
(3.3)
:I1+ ]2
(3.4
where I, 1, are as follows:
s
()= o2l fxy)=£lx])dy
0
(3.9)
<2 [} )y
(3.6)
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oo
€
<% [olvldy
0
3.7
<&
2
(3.8)
For /,, we have
TAIE] [ P PR COY "
(3.9)
Since
+o0
i = 3.10
dim [ o,y ]ld y=0, (3.10)
there exists an , ¢y such that forall ,,>, ,
J;S |(pﬂ(y”dV z“ﬂ‘c{m
(3.11)
Combining ; and | for ,>, ,we have
@n *n f(x) — f(x)”c(md) < &
(3.2)

Using Theorem 3.1, we immediately have Theorem 3.2 as the fundamental outcome of this
section. For proving Theorem 3.2, we use the same method which was used by Wu et ’al.[9].
Theorem 3.2 illustrates that feedforward Hankel approximate identity neural networks have
universal approximation property in the space of continuous functions on real positive numbers.

Theorem 3.2 Suppose ¢ ( R, be the space of continuous functions with a compact support

on p  and VCC(R+) a compact set. Suppose { @, (x)in€EN ,, .g g be a Hankel
M
approximate identity. Suppose { ijl /Ijgoj(x)uj €R, x€R_ M € N} be dense in C(

R, ), and giveng > 0. Then there is jcy which depends on and but not on I such that
|4 &

for any ferv there are weights ¢ =¢(f.V.€) satisfying

( ﬁ: ¢, lx )) <¢

(R+)

(3.13)

Moreover, every ¢, is a continuous function of fev.
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. ., &
Proof. For any assumed £>0, there is a finite 5 -net ( f L f M) for a compact set V.

This indicates that for any f €V, there isan f’ such that ( f—f’ )C( RH<§ . For any given

f J considering Theorem 3.2 ’s assumption, there are /1,»j €R, N;eEN,and gof ( x) such

that
flal=2 dollx)| <
i=lj C(RH 2
For any given f €V, we define

F=(f]=4j] (£ = en <% }s

Fo(f) :{]l (f*fj)d&::%

2

Foupn=Ul (r=reu =24

(3.14)

(3.15)

(3.16)

(3.17)

As the result, based on the definition of ¢ -net, p f) is not empty. If fer limits
2 - . J

provided that (Jr_ f)

C(R, 7

E(F)NF() cE(f)NF(f)=0

indicates Fi © Fu F(f)- The ending part is the following result.

F_ O F 5 CF  UF(f).

Define
d(f)=(j€;(;—(f—ff)m))_l
and

IV CEVE A

M
Then fhe{z lj(z)j(x)] approximates f :
Jj=1

(f_fh)c(kﬂ

“NZjer i a® Gl =l e y) (F ~Za 2707 @ )|

C(R+)

is small, hence we get F_ ,©F_ and F o ©F 3 Thus which

(3.18)

(3.19)

(3.20)

(3.21)
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NZier—erndUD (S — N — Fillem ) F — 77 +F7 —
(R, X .
Z,-;J., A @i () )”

(R

(3.22)
< z d(f)(f_”f_ﬂ”c(nm) ”f_fJ”c(th)
JEF_(f)
Nj
+ fj—zflijfﬂij(x) )
=1 C(Ry)
(3.23)
<X d(f)(%—(f—f")m %%) e
i (3.24)

Next, the following part is dedicated to the proving continuity of . We apply (3.18) to get

> [5-7r s

JEF

< Sjen ) (G- IF =l )

(3.25)
< 3 (57r e )+
JEF |,
Z (%_(]?_fj)c(zeﬂ)-
JEF(f)
(3.26)
Suppose Fof in (3.26), we derive
) (%—(f—ff'l”,)~ ) (;—{f—f"l” (3.26)
This obviously showé d( ]?) 5 d( f).ryHence, ;{ Sf results
d(]")(%—(]"—f")cvm)/’Lf—>d(f)(%—(f—f’)cm,))/l{. (3.28)
Suppose N= Z N ; and define . in terms of
jeF,
fu=Zjer (Zin 4O (5= = 1]y, ) A0 @)
(3.29)
= Eg=1 Cr Pk (x)
(3.30)

From (30), , is continuous.
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4. Solving Universal Approximation by a Class of Neural Networks based on
Hankel Approximate Identity in The Lebesgue Spaces on Real Positive Numbers

In order to prove Theorem 4.2, Theorem 4.1 is provided.

Theorem 4.1: Assume | < ;<45 - If f/ €L, (R)then

limx—)yllf(x) _f(y)HLP(]RQ) =0
@.1)

Now, we can prove Theorem 4.2 that demonstrates that Hankel convolution linear
operators based on Hankel approximate identity have uniform convergence property in the
Lebesgue spaces on real positive numbers.

Theorem 4.2: Suppose 1 ( R, be the spaces of Lebesgue integrable functions with a

compact support on R, . Suppose { ¢, (x)}nEN, @, R,_ R beaHankel approximate identity.
Suppose i be a functionin L, (R) .Then g%, [ converges uniformly to fon

L, (R).

Proof. Using generalized Minkowski inequality, we get the following relation:

on 5 f = o < g 1Y) = FO Lo len(0)1dy.

4.2)
-, &t -
19w #u f = Fll ) < U+ 1 ONFC) = F@ N pga,) o)y
(4.3)
Using Theorem 4.1, for any . there isan=>0 such thatif (,,_,j<s
- 1 o, -
w5 f = Pl < Uy + 05 ONFG) = F0) g lon()ldy :
4.4
Using triangular inequality, we conclude that
fGey) = F O pry) = 2HA I pry)-
(4.5)

Applying the last inequalities (4.5) and (4.4) in inequality (4.3), the following relations
obtained:

- . Se o, .
Nonu £ = il < Jy 2 loaOdy + 57 2If1], o l0a )y
(4.6)
& 5 P -~ [ee]
< [ lonOdy + 211 o J5  lon )1y
“4.7)
<2 [ lon Oy + 211l o Jy - lonG)Idy
4.8)

According to Definitionl, there is an N provided that for , - »
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£

+ co
dy = —————
Js TlenOD1dy T,

4.9
Using inequality (4.9) in inequality (4.10), we get for , >
~ ~ £ +oo ~ £
Hen *u [ = [l pmy) = ;fg lon, ) dy + 2||f||LP(R+)m
(4.10)
<Z4+i=¢
22

4.11)

We are now in a position to introduce Theorem 4.3 that illustrates that a class of
feedforward neural networks based on Hankel approximate identity have universal
approximation property in the Lebesgue spaces on real positive numbers.

Theorem 4.3: Suppose 7 | R, be the spaces of Lebesgue integrable functions on with a
compact support on R, and avcly(R,)
compact set. Suppose { ¢, (x)}nEN , ¢, :R, R be a Hankel approximate identity. Suppose
the family of functions {Zil’l'%(\x}u,‘ eR, ep’>M EN be dense in LR, > and given

€ >0. Then there is an yc.y which depends on V and € but not on f» such that for any

S €V, there are weights ¢ =¢ (f,V,g) satisfying

PR

P(RH

(4.12)
Moreover, every ¢, is a continuous function of /' € V.

Proof. For any given £>0, there is a finite ¢-net (7, ) for a compact set V. This
7 fho

implies that for any fev, there is an Iz such that ( »_ ) i <§ . For any fls by assumption

Ly(R

of the theorem, there are Jer, NeN> and o!(x) that

N
Flxl=2 Hollx)| <= (413)
=1 Ly(R, 2
For any given fey, weset
F=(f]=tj] (F=F)iin <5 ¥ (4.14)
FlS) =01 (5= /) =2, (4.15)
Fin=Ul(r=ruw=21 (4.16)

As the result, based on the definition of £ —net, F f) is not empty set. If fer limits I

provided that ( = f) is small, then we derive F_ ,©F_ and F,,cF,

L,(R, (7)°

Hence, E(F)NEG) e E(F)NE() =0,

which indicates Fy © F U F(f)- The ending part is the following relation.
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F_(j|CF (5 CF ;| UF| f). (4.17)
Define
oty 3 (50
R (4.18)

M
Then fhe{zij(pj(x)] approximates I (f_fh)L,m
j=1

(Z alf )(——(f 7l ) /- Z (L )m

JjEF .,
(4.20)
A OG0 ) =174
Zliv=j1/1ijfﬂij(x)) L&)
(4.21)
€
- Z DG ys,)
JEFP)
=1, o, + z oiwll )
Lp(Ry)
(4.22)
</§ d[f)(__(f e )73
(4.23)
- (4.24)

Next, the following part is dedicated to the proving the continuity of . . We use (4.17) to

derive Z (%—(}—ff)L,,(R};)

JEF (4

Z (g ~17- fj”Lp(lRm)

JEF-(F)

= ZJEF (f) (_ - ”f f ||LP(R+))
(4.25)
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< Bee (G-I =l )

ZJEFo(f) (% - ”f - fj”LP(]RQ)).

4.27)
Let Fof in (4.27), we get
Z (E_(}_fj)Lp(Rﬂ)_’ Z (E_(f_fj)Lp(&)
JEF_3 2 JEF |, 2
(4.28)
Apparently, this ascertain that d( }) —d| f).Thus, Fof results
d(.7)(%—(.7—.f")LF<RM)/1,»"—>d(f)(%-(.f—f"'hpmﬂ)/1;7- (4.29)
Let N= Z N j and define . in terms of
jeF, T
. Ni oo (€ - P
fn= Z;EF,(f)Ziii d(f) (5— ”f - f]”Lp(]IL)) Aij‘pij(x)
(4.30)
= 2?:1 Cre Pr (x)
(4.31)

From (4.29), . is continuous.

5. Conclusion

Hankel approximate identity notion has been constructed. Then, the theoretical framework
has been discussed in two directions. First, we have shown that how Hankel convolution linear
operators can be used to driven analysis of the universal approximation by a class of
feedforward neural networks based on Hankel approximate identity in the space of continuous
functions on real positive numbers. Second, we have indicated that how to obtain universal
approximation by thenetworks in the Lebesgue spaces on real positive numbers. The results may
be highlighted, if we provide the experimental evaluation about the proposed theorems in our
further work.
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