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We have calculated the coefficient functions for the stmecfunctionsF,, /. andFz in v—v
charged-current deep-inelastic scattering (DIS) at thd thrder in the strong couplings, thus
completing the description of unpolarized inclusité -exchange DIS to this order of massless
perturbative QCD. In this brief note, our new results arespnéed in terms of compact approxi-
mate expressions that are sufficiently accurate for phenological analyses. For the benefit of
such analyses we also collect, in a unified notation, theespanding lower-order contributions
and the flavour non-singlet coefficient functions for v charged-current DIS. The behaviour of
all six third-order coefficient functions at small Bjorkens briefly discussed.
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1. Introduction

With six structure functionsk,, /. andF3z for W andW~ exchange [1, 2], inclusive charged-
current DIS is an important source of information on the parton structuneceons and nuclei
and on Standard Model parameters such as the strong couglargl the weak mixing s?rﬂ,v [3].
Future facilities, e.g., the LHeC [4], will be required to fully realize its phenoohegical potential.
Charged-current structure functions are, at very small values oBjinxen variablex, also of
interest for the scattering of high-energy cosmic neutrinos, see Refmn¢breferences therein.
Here we address the corresponding coefficient functions (matssifal partonic cross sec-
tions) in massless perturbative QCD. These functions are relevantegleadDIS, e.g., for Higgs
production via vector boson fusion [6, 7]. For recent progresssawyrquark effects see Ref. [8].

2. First-order and v + v non-singlet coefficient functions

The first-order coefficient functions for unpolarized inclusive DIi&evderived in the early days of
QCD, see Refs. [1,9]. The second- and third-order contributiarthéo, + v charged-current case
have been calculated in Refs. [10-17]. Here we collect the corrdsppfiavour non-singlet results
in the MS scheme for the standard choigg = Lz = Q of the renormalization and factorization
scales. The additional contributions at other valugs-ofnd/orug are determined by these results
and the corresponding splitting functions [18, 19]; see, e.g., Eqs.)(2.618) in Ref. [20].

We denote the non-singlet quark coefficient functions for the chacgeent structure func-

tionsF,’S1"P(x,Q?) in neutrino-proton DIS by, -, and write their perturbative expansion as

Caz(xQ%) = T alcil(x) with as= ay(Q?)/(4m). 2.1)
n=0

In this notation the zeroth- and first-order coefficient functions arergby

el (x) = el () = 3(x), ¢%x) =0, c"h(x) = 4Cex, 2.2)
cg}gx) = Ce{421— 3% — (9+40,) 8(x1) — 2(1+X)(Ly — Lo) — 4%; Lo+ 6+4X} , (2.3)
cs (%) = c5 (X) — 2C (1+%) (2.4)

with Ce = (n2 —1)/(2n.) = 4/3 in QCD. Here and below we use the abbreviations
x=1-x, Lo=Inx, Li=Inx, %=Ly, (2.5)

where[a(x)]; denotes +-distributions defined vjfédx[a(x)]Jr f(x) = foldx ax){f(x)—f(1)}.
The coefficient functionsﬂ andc‘.fl’n> differ atn > 1. The 2% and 3%-order contributions to

the former quantities read, in an approximate but sufficiently accurategwen in Refs. [15-17],

c?) (x) = 128/9 73— 184/3%, — 3110527 + 1886417, — 3385135 (x1) — 17.74L3
+72.241.2 — 628813 — 181.0— 806 7x+ LoL1(37.75Lp — 147.1L;)
+0.719xL§ — 28.384Lo — 20.70L3 — 80/27L3 (2.6)
+ 1 { 16/9 9, — 232/27 71 + 6.34888% + 46.85315(x1) — 1.500L2 4 24.87L,
—7.8109-17.82x— 12.97x* + 8.113LoL; — 0.185xL3 + 16/3Lo +20/9LF }

cl?)(x) = —37.338+89.53x+33.82x% + 128/9xL2 — 46.50xL1 + XLo(32.90+ 1841Lo)
—84.094LoL1 — 128/9Lg — 0.0125(x1) + 16/27n {6xL; — 12xLo—25x+6},  (2.7)
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¢y (x) = 128/9%5 — 184/3, — 31105271 + 1886417 — 3385725 (%) — 16.40L3
+78.46L% — 470613 — 14975~ 6932x+ 0.218xL4 + LoL1(33.62Lo — 117.8L4)
—49.30Lo— 94/3L3 —104/27L3 (2.8)
+ 1 { 16/9 9, — 232/27 71 + 6.34888% + 46.84645(x, ) + 0.066L3 — 0.663L2
+24.86L1 — 5.738— 5.845x — 10.235x? — 0.190xL{ + 4.265LgL1 + 20/9Lo(4+ Lo) }
and

¢y’ (X) = 512/27%5 — 5440/2794 + 50109975 + 1171549, — 7328451 + 4442767,
—9170385(x1) —512/27L3 + 704/3L% — 3368L3 — 2978.2 + 188321 — 4926
+7725x+57256¢% + 12898¢ — 56000 L7 — LoL1(6158+ 1836L0) +4.719xL3
—7758L— 899613 —3091L3 —2932/81L% —32/27L3

+ 1 { 640/81%4 — 6592/81 %73 + 2205737, + 29490621 — 729.359%
+ 25746875 (x;) — 640/81L7 + 153513 — 828712 —5011L; + 8316 — 6752
— 2778 4+ 1710x1L7 + LoL1 (4365+ 7162Lo — 5983L1) +4.102xL3 4 27561
+187.3L5 +12224/243L3 + 728/243L3 } (2.9)
+ n?{ 64/81%5 — 464/81%, + 7.675057 + 1.00830% — 10323663 (x1) — 64/81L3
+1821L2 —19.09L1 + 129.2x+1025x% + LoL1 (—96.07— 12.46L ¢+ 85.88L )
—8.042L0 — 1984/2431.5 — 368/243L3 }

) (x) = 512/27L4 — 1774013 + 650612 — 27291, — 22205 — 7884 + 4168
— (84471 +517.3L1)LoLy + (195611 — 1253) x1L3 + 2083xL3 — 135571,
— 7456/271L.3 — 1280/81L3 +0.11353(x1)
+n; {1024/81L3 — 11235L% +344.1L; + 4084 — 9.345x — 919.3%
+ (2397 +20.63L1)x1L3 + (887.34 294519 — 59.14L)LoL; — 1792/81xL3
+200.73Lo + 64/3L3 +0.0065(xq) } (2.10)
+ n# {3XLZ + (6 — 25x)Ly — 19+ (317/6 — 12{2) X — 6xXLoL1 + 6XLiz(X) + 9XL3
— (6—50x)Lo} 64/81,

oy’ (x) = 512/27%5 — 5440/2794 + 50109975 + 1171549, — 73284571 + 4442767,

—9172685(x;) —512/27L3 +8896/27LF — 1396L3 + 39902 + 143633
— 1853— 5709+ XX, (5600— 1432x) — LoL1(4007+ 1312 ) — 0.463xL§
—2933L— 148813 — 496953 — 4036/81L3 — 536/405L3

+ 1y {640/81%4 — 6592/81 %3+ 2205737, + 29490671 — 729.359%
+2575465(x;) — 640/81L7 +32576/243L3 — 660712 + 95911 + 31.95x, L7
+5161— 4652X+ XX, (6353 + 3104x) + LoL1 (1496+2701Lg — 1191L4)
—1.200xL§ +366.9Lo + 3053215 + 48512/729L3 + 304/81L¢ } (2.11)

+n? {64/81%5 — 464/81%, +7.675057; + 1.00830% — 10326025 (%, ) — 64/81L3
+992/811L2 — 49.65L1 4 11.32— xx; (44.52+ 11.05x) + 51.94x+ 0.0647xL¢
—LoL1(39.99+5.103Lg — 16.30L1) — 16.00Lo — 2848/243L5 — 368/243L3 }

+ flopn; {2.147L2 — 24571, +48.79— X, (2424 — 1507x) — LoL1 (81.70+9.412L 1)
+xLo(2181+8227L3) — 477.0Lo — 113413 +17.26L3 — 16/27L3 } X, .
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3. v —v non-singlet coefficient functions

The differences between corresponding v andv — v coefficient functions are, as conjectured
in Ref. [23], suppressed at largeby two powers of -x. Hence it is convenient to present the
coefficient functions fov — v charged-current DIS in terms of differences which we define as

8CaL = CPTPCPP, 3Gz = CyP P CyPP. (3.1)
The flavour classflg,, see Fig. 1 of Ref. [16], does not contribute to the flavour asymmetries

probed in thev — v combinations, hence it is understood that the corresponding part @Eq) (
is removed before the difference fieg is formed. ThedC, can be perturbatively expanded as

5C, = § atacy), (3.2)
whereas is defined in Eq.[(2]1) above. The second-order results were algazetyin Ref. [21] in
exact and parametrized form. The later results, written in terms of the aatives (2.p), read

3¢ (x) = {—9.1587— 57.70x + 72.29x% — 5.689 — XLo (68.804+ 24.40Lo

42.958L3) +0.249L0+8/9L3 (24 Lo) } X1 , (3.3)
5¢? (x) = {10.663— 5.248x— 7.500x2 + 0.823x3 + xLo (11.10+ 2.225L

—0.128L3) +64/9Lo } %2, (3.4)
5¢?) (x) = {—29.65+ 11605x — 71.74x% — 16.18x% + XLo ( 14.60+ 69.90x

—0.378L3) —8.560L0 +8/9L3(4+Lo) } x4 - (3.5)

The corresponding third-order corrections are the new results oféiset contribution. They
supersede the previous approximate expressions in Egs. (3.7) — {3R@f.d21], which were
based on the lowest five even- integer and odd-integer Mellin mome@s odndC, _,a=2, L,
respectively, computed in Ref. [22]. Our new exact results can paraetas

5ci¥ = {27359 44.95x — 73.56x7 +40.68x° + 0.1356L5 + 8.483L§ + 55.90L3
+12067L3+3880Lo— 329.8LgL1 — XLo(316.2+ 71.63Lg) +46.30L4
+5.447L2} x; — 0.00085(x1) (3.6)
+ ¢ { (—19.093+ 12.97x+ 36.44%% — 29.256x° — 0.76L§ — 5.317L3 — 19.82L3
—38958Lg — 13.395LgL1 + XLo(14.44+ 17.74L0) + 1.395L1) X1 + 0.00015(x1) } ,

5¢'¥ = { —62053—3945x+ 1609 —596.2x° +0.217L3 + 62.18L3 + 20847L
—4825LoL; — XLo(1751—197.5L0) + 1055L + 0.442L } x4 (3.7)
+ ¢ { —6.500— 12.435x + 23.66x% + 0.914x + 0.015L3 — 6.627L3 — 31.91L,
—XLo(5.711+ 28.635L0) } X§ ,

oY =~ { 5535+ 14125x—990.3x% + 3611 + 0.1458L5 +9.688L§ + 90.62L3
+83.684L3 — 602321 — 3825LgL; — xLo(2.805+ 32592L¢) + 1335L4
+10.135L%} %, — 0.00295 (x,) (3.8)
+ ¢ {(—16.777+77.78x — 24.81x* — 28.89x> — 0.7714L§ — 7.701L3 — 21.522L
—7.897Lg — 16.17LoLy + XLo(4321+ 67.04L0) 4+ 1.5191) X1 + 0.000063(x1) } .
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4. Discussion

With the exception of the, part of Eq. [2]7) and the? part of Eq. [2.20) which are exact, the
second- and third-order expressions in sections 2 and 3 have bagmeakby fitting the coefficients
not written as fractions in the non-distribution parts to the exact coeffifugations atx > 1078,
Where useful, the coefficients @f(1—x) have been adjusted (even from zero) to fine-tune the
accuracy of Mellin moments and convolutions. The resulting accuracy ®f ) — [2.1]1) and
(B-3) — (3.B) and their convolutions with typical quark distributions of hasris 0.1% or better
except where the functions are very small. Towards smaltee accuracy deteriorates, but the
results are still accurate to about 1% and 3% at10~8 andx = 1010, respectively.

FORTRAN subroutines of these functions can be obtained from the preprintserv@v.ORG
by downloading the source of this note. They are also available from therawpon request.

Analogous parametrizations for the pure-singlet quark and gluon cieeffifunctions for
and F_ have been given in Ref. [15] and section 4 of Ref. [16]. The partly Vengthy exact

expression corresponding to Eds.|2.6) — (2.11) (BB} (3. Hetound in Ref. [16] — where
the fl1; contribution has to be disregarded for the present charged-coasat- and Refs. [17,21];

those for Eqs.[(3]6) 4 (3.8) will be presented in Ref. [25]. Only the lattpressions allow for the
analytical calculation of all integer Mellin moments of the coefficient functions.

The second moments 6t§3) andécfg) are of particular relevance, since they enter the QCD
corrections to the Paschos-Wolfenstein relation [24] for the determinafttn’nzcﬁ\,\, from charged-
current DIS [3]. The truncated numerical values of these moments faght flavours are

5c¢)(N=2) = —20.4001+0.72202; , OS¢V (N=2) = —247755+0.80134; . (4.1)

Within their error estimates, the previous approximate results for these moméhtgf2e with
Eq. (4.1). The corresponding analytical expressions will also byepted in Ref. [25].
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Figure 1. The third-order non-singlet coefficient functions fex, F_ andF3 in vp+vp (a=+) andvp-vp
(a= —) charged-current DIS for four light flavours. The functioﬁl (x) in Eq. ) is shown with and
without the flgy contribution. The factor 22000 approximately converts the curves to an expansiog.in
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Thead coefficientscﬁ in Eq. (2.1) are illustrated in Fig. 1 over a wide rangexinAll six
functions exhibit a sharp smatlfise, but only ai < 10> for F» andF3 and atx < 104 for F_.
With the exception of the flavour structufé&), that occurs at three loops for the first time but dom-

inatescﬁ at smallx, at least four of five Ifix smallx terms are required for a good approximation

for cfi andcé?i, and all three such terms fc[ﬂ, even below thex-range shown in the figure.

Further discussions and illustrations of these coefficient functions wpkesented in Ref. [25].
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