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The first order form of the Einstein-Hilbert action is shown to reduce the number of
vertices needed to compute Feynman diagrams to just three three-point ones; in addition
there are two propagating fields. This simplified set of Feynman rules can be used to
derive the same results as the usual second order form of the Einstein-Hilbert action.
We also consider the contributions to the effective action of the graviton in a thermal
background.
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1. Introduction

In the Einstein-Hilbert action

S =
∫

ddx
√
−ggµνRµν(Γ), (1.1)

where
Γλ

µν =
1
2

gλσ
(

gµσ,ν + gνσ,µ − gµν,σ
)

(1.2)

and
Rµν(Γ) = Γρ

µρ,ν − Γρ
µν,ρ − Γσ

µνΓρ
σρ + Γρ

µσΓσ
νρ (1.3)

it is possible to treat both gµν and Γλ
µν as being independent 1; the equation of motion for

Γλ
µν in this first order action yields Eq. (1.2).

Employing the first order Einstein-Hilbert (1EH) has the advantage over the usual
second order form of the action that the interaction vertices are greatly simplified [2, 3].
This approach has been employed in the case of the Yang-Mills theory, where it is easy to
show that the Green’s functions derived from the 1YM and 2YM actions are equivalent.
However, it is not readily apparent that the 1EH and 2EH actions lead to the same Green’s
functions [3]. More recently, we have demonstrated that in fact they are the same [4]. In
doing so, we arrive at a set of Feynman rules from the 1EH action that are much sim-
pler than those that follow from the 2EH action as there are but three three-point vertices
and two propagators. We also consider some explicit calculations both at zero and finite
temperature which demonstrate the equivalence of the two formulations.

2. Action and Feynman rules

It is convenient to use hµν =
√−ggµν and Gλ

µν = Γλ
µν − 1

2

(
δλ

µ Γσ
νσ + δλ

ν Γσ
µσ

)
as indepen-

dent fields, so that Eq. (1.1) yields

L1EH = hµν

(
Gλ

µν ,λ +
1

d− 1
Gλ

µλGσ
νσ − Gλ

µσGσ
νλ

)
. (2.1)

Employing the Faddeev-Popov path integral [5]

Z1EH =
∫
DhµνDGλ

µν∆FP(h)exp i
∫

ddx
[
L1EH + Lg f

]
(2.2)

and using hµν(x) = ηµν + φµν(x), the propagators 〈φφ〉, 〈GG〉, 〈φG〉 and the vertex 〈φGG〉
have been obtained in ref. [3]. Subsequently we have proved the equivalence with the
usual second order formalism and we have also redefined the fields in such a way that
only simple propagators (not mixed) arises [4]. The corresponding generating functional
obtained from Eq. (2.2) is given by

Z1EH =
∫
DhµνDGλ

µν∆FP(h)exp i
∫

ddx
[

1
2

Gλ
µν Mµν

λ
πτ
σ (η)Gσ

πτ −
1
2

φ
µν
,λ M−1λ

µν
σ
πτ(η)φ

πτ
,σ

+
1
2

(
Gλ

µν + φ
αβ
,ρ

(
M−1

)
ρ
αβ

λ
µν(η)

)(
Mµν

λ
πτ
σ (φ)

)(
Gσ

πτ +
(

M−1
)

σ
πτ

ξ
γδ(η)φ

γδ
,ξ

)
+ Lg f

]
,

(2.3)
1This form of the action is often credited to Palatini, though Einstein first considered it [1]
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where Mµν
λ

πτ
σ (h) is a simple tensor given by Eq. (3.6) of ref. [4], so that there is two simple

propagators 〈φφ〉 and 〈GG〉, the usual ghost propagator and four interaction vertices. This
is a quite remarkable result when compared with the infinite number of interaction vertices which
arises in the usual second order formalism. Furthermore, these Feynman rules are expressed
in a much more compact form (see Eqs. (3.25) of ref. [4]) in terms of Mµν

λ
πτ
σ and its inverse.

3. Thermal effective action

Using the Feynman rules in the first order formalism and the thermal field theory
imaginary time formalism we obtain the following result for the thermal one-graviton
function

Γth
µν =

d(d− 3)
2

ζ(d)Γ(d)
2(d− 1)

2π
d−1

2

Γ
(

d−1
2

) Td

(2π)d−1 (ηµν − duµuν), (3.1)

where u is the heat bath four velocity, ζ is the Riemann zeta function and Γ is the gamma
function. The factor d(d− 3)/2 counts the number of degrees of freedom of the graviton
field in d dimensions. For d = 4

Γth
µν

∣∣∣
d=4

=
π2T4

90
(
ηµν − 4uµuν

)
, (3.2)

which is in agreement with the known result obtained using the second order formalism
[7]. The calculation of higher order contributions to the thermal effective action, which in-
cludes contributions from all the n-graviton thermal Green functions, is work in progress.
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