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1. Introduction

Last year saw a remarkable development in the program of renormalization of the QCD La-
grangian: the -function, the quark anomalous dimension as well as anomalous dimensions of all
relevant quantum fields had been computed at the five-loop level [2—7] for the case of a generic
gauge group. Essentially every result has been successfully cross-checked by (at least) two inde-
pendent calculations! It is worthwhile to note, that at the 4-loop level it took almost 8 years before
the pioneering result for the QCD B-function [8] was independently confirmed [9].

In our talk we describe analytic calculation of the five-loop contribution to the anomalous
dimension of the QCD vacuum energy. The result provides the last missing piece for the complete
renormalization of the QCD Lagrangian in 5 loops.

2. Preliminaries

Our starting point is the QCD Lagrangian with ny quark flavors written in terms of (bare)
fields, coupling constant gp and quark masses mjlf :

: 1 —
Locp =—7(Guy)* + V(7 —m®)ys — Eg, 2.1
where the m? stands for a (diagonal) matrix of the bare quark masses mllf- (with f running from 1
to ny). The bare coupling constant, quark masses, gluon, quark and ghost fields are related to the

renormalized ones as follows:
&% =\/Zyg, mb=Zums, A} =AM, Wi =V v, = \/Z5 . (2.2)

Eo(u) is the renormalized (density of) vacuum energy
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while Z{ and Z[ are the corresponding renormalization constants (RCs) [10].
In terms of the renormalized fields the Lagrangian reads’.
. 1 1
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All the RCs appearing in (2.4) have been recently computed at 5 loops except for Zgi and Zé‘d. The
latter are (partially) known at 4 loops (see [11] and references therein).

IFor simplicity we set the ' Hooft mass y = 1 in eqs. (2.1), 2.2 and (2.4).
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The anomalous dimension of the renormalized vacuum energy reads:

d X A
Y fd 27 — . — -
oon) = 23 B = (43— €)20(m) + (~e 4 B) g Za(m)
4
= <me) ( Z mfmf ) ab) (2.5)
I fif
where a, = f—; =% and
A AL
ZO( me —+ Zond Z mfmj/
i

For the case of just one massive quark we have fp = m;‘ }/0 i(ay) and yd =

3. Calculation and results

We have computed the 5-loop contribution to the § within the massless approach (that is with
the use of the global R*-operation [12-14], the FORM [15, 16] program BAICER [17] and the
computer facilities of the KIT) for a general case of arbitrary many quark flavors with different
masses. Our results for

di _ di G i nd __ nd O i
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Here { is the Riemann zeta-function (with {3 = 1.2020569... ., {; =1.0823232..., {5 =1.0369278... .,

86 = 1.0173431..., {7 = 1.0083493...). Cr and Cy4 are the quadratic Casimir operators of the
quark [79T%);; = Cr§;; and the adjoint [C?C%)pg = Ca Spa, (C*)pe = —if®* representations of the
Lie algebra. ny stands for the number of quark flavors, dg is dimension of the quark representation
of the gauge group and 7} refers to the trace normalization tr (T9T?) = Ty 5. The higher order
group invariants are defined according to [8, 18].

Note that if a color structure contributes to yé‘d then the same color structure also appears in
yg‘i with an identical coefficient. This is a direct consequence of our way of separating fo(m) into
two pieces in eq. (2.5).

For the QCD with the colour group SU(3) we have
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or, numerically,

yd = 1632 (1+1 333a,+(3.546 — 0.4167ns) a?
(6.069 —4.8170n; +0.03327n7)a;
+(—14.658 —26.779n; + 1.0816n§+0.000038n})a;‘)
— 1.+ 1.3333a,+ 1.04585 4% — 21.636 4> — 136.384a*

3
0= 2(0, +(13.7968 — 0.07407 ns) a2 + (128.339 — 8.2703n — 0.0093 12) a )

4. Applications

4.1 Mixing of all scalar operators of dimension 4

Along with the B-function and quark mass anomalous dimension %, the vaccum anomalous
dimension §p lead to a complete description of the renormalization mixing of the operators

01 =G4, G4, O =my,y;, Of =mim?. A.1)

The corresponding matrix of anomalous dimensions reads [10, 19,20]

d d d ~ 0
27 e - - 123 45
H du <as aasﬁ> 01+4 <as 8as Ym) ;02 +408asg0»
d d
szLZ 2} _ m'8 go, 4.2)

d

Here

d ——m; = m;Y(ay). 4.3)

d as—asﬁ(as) and ﬂ d‘uz

4.2 Quadratic mass corrections to R(s)

As 7} fully describes the mixing of myy to m*, our result could be effectively employed to
find the quartic mass corrections to R(s) at order o). At orders o> and ¢ it was done in [20]
and [21] respectively.

4.3 Application for the RG optimized perturbative theory

1o as well as the (perturbatively computed with all quark massive) VEV Wy are main ingredi-
ents of the so-called RG optimized perturbation theory [22,23] as applied to the chiral condensate
(in the massless limit!). Using the previous 4-loop 7}y and the 3-loop value of < Yy > the authors
of [24] arrived at

— <Yy >3 (2GeV) =281 +4+7 MeV (4.4)

which is in agreement to other independent determinations. It would be useful to upgrade the
analysis by one more order of PT.
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5. Conclusions

We have computed the QCD vacuum anomalous dimension at 5 loops and, thus, have finished

the program of the 5-loop renormalization of the QCD Lagrangian.
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