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1. Introduction

With [Vyg| = 0.9741721) [1], three-family-unitary impliesV,s| = 0.22589). DirectK,3 and
I [Ku2] /T [,2] determinations, using recent 2014 FlaviaNet experimeegallts [2] and 2016 lat-
tice input [3], yield resultgVs| = 0.2231(9) and 022537), respectively, compatible with this
expectation. The most recent update of the conventiondeimgntation of the FB FESR hadronic
T decay approach [4], in contrast, yields théa low result|V,s| = 0.217621) [5].

In the Standard Model (SM), denoting the differential disttions for flavorij = ud, us,
vector (V) or axial-vector (A) current-mediated decaysdfy; /a;ij/ds, whereRy aij = [T~ —
v hadrong /a;ij (y)]/T [T~ — Vi€ Ve(y)], one has, Witrp\(,J/)A;ij the spectral function of the scalar

polarization, I'I\(//)AI i of the corresponding current-current 2-point functioh [6

dRy/aij 121 Vij°Sew 2 5

with y; = s/m2, p(s) = (1+ ZyT)p\(,l/)A_ij (s) +p\(/3>A_ij(s), Sew a known short-distance electroweak
correction, and/; the flavori j CKM matrix element. Rewritten in terms of kinematic-sinayitly-

free combinations, the domin %1) term appears multiplied by the “kinematic weight; (y) =

(1—y)?(1+2y). The non-chirally-suppressedandK pole contributions dominatﬁ,&?ad’us(s). The
remaining, doubly-chirally-suppressed continudrs O contributions are negligible fdj = ud.
Forij = us, they are small and can be estimated using the relatedjs scalar and pseudoscalar

sum rules [7, 8]. The experimen@R, /5 j/ds distributions then yleldav/A ud.us ().
(0+1)

The inclusivet |Vys| determination employs FESRs for the FB differedde = M,/ g —
I‘I\(,Oj:;)us, and associated spectral functidp = p\,ojAlud p\,ojAlus [4]. Generically,
% 1/
/ w(s)Ap(s)ds = ——— w(s)Arl(s)ds, (1.2)
0 210 Jig=s0

valid for anysy > 0 and any analytiev(s). For large enougls, the OPE is to be employed on the

RHS. On the LHS, for general, subtracting) = 0 contributions yields thd = 0+ 1 analogue,

Rvo;fu/ds of dRy /a;j/ds. Defining the re-weighted integrals

) dRPI AL (9)
RY (S0 /dSWTs e (1.3)

Eq. (1.2) can be used to replace the FB differedB¥, ,(s) = R‘V’VT\’;UZTZ(SO) - R*V“VT\’;UZ‘SZ(SQ with its OPE
representation, yielding [4],

;U SO WV,
Vus| = \/ RY, pus(S0 Rvpijﬁ) — SRR (s0) | - (1.4)

This result should bgy- andw-independence, providing self-consistency tests.
The > 30 low |V,s| results noted above are produced by a conventional impletiem of
Eq. (1.4) [4] usingsy = m2 andw = w; only. This choice allows the spectral integrals to be
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obtained from the inclusive non-strange and strange bnagdhactions, but precludes- andw-
independence tests. Sineg has degree 3 WﬁPE(so) has OPE contributions up to dimension
D = 8. D =2 and 4 contributions, involving onlgs and the quark masses and condensates [3, 9,
10, 11], are known. Experimentally unknoiih= 6 condensates are estimated using the vacuum
saturation approximation (VSA), arid = 8 contributions neglected [4, 12]. This treatment of
D =6 and 8 contributions (especially the use of the VSA) is kntwoe potentially dangerous [13].
The slow convergence of thg = 2 OPE series which, to 4-loops, has the form [9]

3 ms

7_
TR 1+§a+ 19.93a% +208753° | , (1.5)

with a= as(Q?)/m, andms = ms(Q?), as(Q?) the runningMS strange mass and coupling, is also
potentially problematic, given thatm?) ~ 0.1.

Figure1l: |Vys| from thew; andw FESRSs, Figure 2 [Vus] from the conven-
with conventional implementation OPE as- tional (solid lines) and new implementa-
sumptions as input. tions (dashed lines) of they FESRs.

- W'[(y) = W,(y), VSA D=6| |

=4 — w,(y), VSA D=6

0-23 | w(y) 0.228 — w,(y), VSA D=6

[ - wy(y), fitted G

g 7 -+ wy(y), fitted G
—30.225 ] ;% - Wi(y), fitted C,q | |

1 ] 0.225 |
0.22- 1 I

0-2153—/:"’”]’"’7" . ] 02225

Conventional implementatioR > 4 assumptions are testable by compaiady) = 1 — 3y?+
2y? andwi(y) = 1—3y+3y? — y® (y = S/%0) |Vus| results. Integrate® = 6 and 8 OPE contributions
for w are —1 and —1/2 times, respectively, those fov;. SmallD = 6 and negligibleD = 8
contributions fow; thus require smalD > 4 contributions fow. The two FESRS should produce
compatible,sp-stable|Vs| results. A breakdown of thed® > 4 assumptions would, in contrast,
producesy-instabilities of opposite sign for the two FESRs and an ouys| difference decreasing
with increasingsy. The results of this comparison, shown in Fig. 1, obviouslyport scenario two.

TheD = 2 convergence issue was investigated by comparing OPE tatioes tons =2+ 1
RBC/UKQCD lattice results foAlN(Q?) [14]. An excellent match oD = 2+ 4 OPE to lattice
results was observed in the broad highinterval 4GeV? < Q2 < 10GeV? when 3-loop truncation
and a fixed- (rather than local-) scale treatment of loganithcontributions were employed for the
D = 2 series [15] ConventionaD = 2+ 4 OPE error estimates were also found to be extremely

IThe fixed- and local-scale treatments are the analogueseoffitted-order” (FOPT) and “contour-improved”
(CIPT) FESRD = 2 series prescriptions.
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conservative [15]. Much larger deviations of the= 2+ 4 OPE sum from the lattice data were also
seen belowR? ~ 4 Gev? than conventional implementatid > 4 assumptions would imply [15].

2. A new FB FESR implementation

The above observations suggest an alternate FB FESR implatiom in which the 3-loop-
truncated FOPT version & = 2 OPE contributions favored by lattice data is used and fleetafe
D > 4 OPE condensateGp, are fit to data [15]. FESRs based on the weights

N 1

are convenient as they involve only a single unknd@va 2N + 2 > 4 OPE contribution. The/]%'
scaling of this contribution allows both,s| andCyn 2 to be obtained from they FESR fit.

We determine the weighted non-strange and strange spetagidals as followsK andrt pole
contributions are evaluated usikg,,, 1> and SM expectations, and continuwa contributions
using the ALEPHud V+A distribution [16]. Continuumus V+A contributions are obtained by
summing over exclusive modes, with Belle [17] and BaBar [I9,results used for this®7r~ and
K~ O distributions, BaBar [20] and Belle [21] results for the it = and K%~ distributions,
and 1999 ALEPH results [22] for the combined distributioneg€lusiveus modes not re-studied
at the B-factories. We consider two different possibiitfer theK ~ °v; branching fraction which
normalizes the exclusivig ~r° distribution: 00043315) from the 2014 HFAG summer fit [23]
(dominated by BaBar), and.@50(Q14) from a preliminary BaBar thesis update [19]. Central
results below correspond to the latter choice, which isreddy BaBar.

Figure 2 shows results fg¥,s| obtained from thav, 34 FESRs. The solid lines result from
conventional implementation OPE assumptions/input, #shed lines from analyses using instead
as input the central effectiv® > 4 condensate values from the new-implementatighnFESR
fits. The switch to fittedCp~4 input is seen to completely cure tlsg- and w-instablilities of
the conventional implementation approach. With the d#fifervy FESRS yielding|Vys| in good
agreement, we base our final result on a combined 3-weightditmalizing the exclusivé ~ 7°
distribution with the favored preliminary BaBar branchifngction, we find [15]

Vus| = 0.222922) e (4t (2.2)

The theory error is dominated by the uncertaintyrimss), the experimental error by the errors and
covariances of the strange exclusive distributions [13ie Tesult agrees well with that froKys,
and, within errors, with 3-family unitarity expectatiofigoughly half of this improved agreement
results from the data-based treatment of highe®PE contributions, and half from the use of
the new preliminary BaBaK ~1®v; branching fraction. The curing of th&- andw-instability
problem, however, results entirely from the data-bd3ee 4 OPE treatment.

Significant reductions in th§/s| error are possible through improvements to the low-mudiiy!
strange exclusive branching fractions [15]. Th&5% uncertainties in the weighted spectral in-
tegrals of the combined, higher-multiplicity 1999 ALEPH&idual mode” distribution, however,

2Normalizing theK ~ 1 distribution using the HFAG 2014 branching fraction, y@Nys| = 0.220423)exp(4)th,
0.0024 higher than the conventional implementation resutiobd from the same experimental input.
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Table 1: Relativewy-weightedus spectral integral contributions in thsg fit window of the alternate FB
FESR implementatiorsy is in GeV2. K 17 column entries are the sum of the 7° andK®7r~ contributions,
K 717r column entries the sum of the~ 7t andK%rr 7 contributions, andResidual column entries the
contributions of the residual mode part of the 1999 ALEPHritigtion.

Weight s K K Krr Residual
Wo 2.15 0.496 0.426 0.062 0.017
3.15 0.360 0.414 0.162 0.065

W3 2.15 0.461 0.446 0.073 0.019
3.15 0.331 0.415 0.182 0.074

Wy 2.15 0.441 0.456 0.082 0.021
3.15 0.314 0.411 0.194 0.081

represent an important limiting factor. A competitifgs| determination requires sub8% preci-
sion, hence weighted inclusive spectral integrals with sub-% precision. The relative dbot
tions of the lower-multiplicity exclusive modes and resitimode sum to the inclusive,-, ws-
and wy-weightedus spectral integrals are shown in Table 1, at the lowest ankeligy in the
analysis fit window. Thev 25% residual mode error corresponds~i@% inclusiveus spectral
integral errors at the lower end of this window. A factor-e® improvement in the residual mode
sum distribution errors would thus be needed to make the FERF&pproach fully competitive.

It is possible to circumvent this limitation by switching &odispersive analysis using inclu-
sive us data and weights designed to allow lattice data, rather tf®©PE, to be used as theory
input [15, 24]. Explicitly, one starts frorV,s|? 5(s), obtained from the experimentdR s\ ;a/ds
distribution via Eq. (1.1).p(s) is the spectral function of the kinematic-singularityefres V+A
polarization combinationlusya(Q?), with Q2 = —sand

~ 2 — —
Ausva(@?) = (1—2%> My ia(@) + Ny A @). (2.3)

Choosing weights\W (s) = 1/ [N, (s+Q})], with poles at theN distinct Euclidean locations
Q*>=Q3,--- Q}, Q2 >0, one has, foN > 3, the convergent, unsubtracted dispersion relation

(2.4)

" dsVi N fls 2
/ dsW(S) Busv+A(S) = ) nus,v+2(Qk)2 '
: =1 (Qj - Qk)

The I:IUS;V+A(QE) on the RHS of this relation can be determined with good acguoa the lattice

if all Q2 are kept to a few to several tenths oBav?2 [24]. Thes < m? contribution to the LHS is
determinable from experimentdR sy a/dsdata, up to the unknown fact(m‘us\z. Keeping aIIQﬁ
below~ 1 GeV?, and choosing the number of polds, large enough allows one to also suppress
spectral integral contributions from the regisn- m? (where data do not exist and pQCD is used
for 5(s)), and that part of the kinematically allowed regi®r m? whereus data errors are large.
IncreasingN, improves this suppression, at the cost of an increase iartioes on the lattice side
(the level of cancellation in the sum of residues grows witlréasing\). The error orjVs| is to be
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minimized by optimizing the choice d¢f and theQﬁ, subject to these two competing constraints.
Space limitations preclude a discussion of the prelimimasplts from this approach presented at
the conference. A paper containing the final results is ipgmation [24].
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